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Practice Question
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Practice Question

Evaluate the following:

1. ” re“ cos#sinddrdé, over the upper half of the circle r = 2a cos 6.

2
Ans.:a—(3+ l‘)
16 e

2. ”r’drde, over the region between the circles r = 2 sin@ and r = 4 sin 6.

451
Ans.:
[ns 2]

3. ”rsianA, over the cardioid r = a (1+ cos @) above the initial line.

4
Ans.:—a’
Ans.:

drde, over one loop of the lemniscate r’ = 4 cos 26.

>
+ ”\/rz + 4
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Exp Change the order of integration and evaluate L

Solution :
1. Since inner limits depend on x, the function is integrated first w.r.t. v.
2. Limits of y:yp= i o y=2Jar, | 4i |
along vertical strip A5 pe=dax | _—
3. The region i1s bounded by the parabolas \ / (44, 4a)

x* = day and v — dax.
4. The points of intersection of x* = day

. day
and y* — dax are obtained as
x'= loa’y’ x
16a” (dax)
et 6da’) -0
x=0,x=4a
Ly 0,y 4da T—
The points of intersection are O (0, 0) :::.
and I (4a, 4a). :::.
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5. To change the order of integration, i.e., to integrate first w.r.t. x, draw a horizontal

strip A8 parallel to x-axis which starts from the parabola -

the parabola x* = 4ay. ¥
¥ '"
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Example 1. Find the arca bownded by the parabola y* = doy - Yy

ot
and ity fens reeinm, o| 4
Solution, Required area = 2 (area (ASL) " 1 ;
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1) Determine the area of the region bounded bv the curves xy =2 4y =x* y=4.

S
(Uptu-2001,2008) Ans—;——‘llng 2

1) Find by double mtegration the area bounded by the pair of axis y =1-x and L J(1-x). Ans= %

Question 3. Determine the area of region bounded by the curves

xy= 2,4y =x", y=4.

2
Answer "?S—-'-}]n::g 2.

—

Question 4: Find the area inside the cardioid oee
=a(l+ cos@z) and outside the circle r = 2acos®6. 09
AnNS: na b

2
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Introduction to Triple integration
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Uslume L. the %WﬁWleﬁwmb?,

\Iplume :(HSKdRQUdL



Cxp: F{nd the vo LumL. 0“£ the. &s8lid kotnded Mint
lOU N‘QJ Mi-‘aoe g (x:’o ,V=0/ =0 ce.z'fj‘{“Z: -L GROUP OF INSTITUTIONS

(201619 ,2020-21])

Sol”. Velume = Hl&d"“’tf“?
o 1 B '”:’("\3 dy (Lde
: J S [7-* 0O

Y=0 ‘/:0
i o et o
=0 }':(\ o

-

e Sb' _\"7‘ Ct=2-y) dy d=x

-—

ey gl e

i) [ ol ) - ”
o ' [ 0000
(-2)> = L Ang. coes
= e [ & 0000
X =3 © 000



e e volume of the L egton
pecel Y= =22, a=y?2

£ the planeld TE8 T ER [2619-207)

<ol \Ustume = fﬁf k] dt? az. — O
2
= dr dy dx
&’X O *&y~'x§. \&Z__@ ’
. Gy DD [ED 2" (5, 9
'J- =
o | e

D(_$/2 y?,>

-x 4 (
2, (Q E
S

= 1 cwbic umt
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Example A triangular prism is formed by planes whose equations are ay = b, y=0 and "I nt
Y= 0. Find the volume of the prism between the plane 2 = 0 and surface 2= ¢ + 1. I

GROUP OF INSTITI.ITIDNS

Sol. Here x varies from 0 to g
bx

Y varies from 0 to "

z varies from 0 fo ¢ + Xy
Hence, the volume is

V = r 'mT”de:dyd: = H:Jri{c+xyldxdy

00 Jo
I 2 e / 2.3
=J cy-r-%' dx = ib"FI+M1 1:1‘3:
0| Ju 0\ a W)

000

[? 2T b b“_ﬂ_blw, a5,

EEACI AR



Practice questions Mmict

GROUP OF INSTITUTIONS

(Oues: Evaluate “the Beiple ,QV\QG‘_a/’zC’LO
[ Jhr‘*?l'f— gﬂ——z')a\}?

o) 0 0

Ay z dn dsa dz_
[20l6-1%]
Quel ECvalualy “S axz] y dn @d dy Wmahm«&

the, volume lobunded by Qe planeg

220, Yoy 2= & T+ A+E o

[2016-17
Quet: find the volume of the Lolid which
(& bdunded \oa M,Q Fivefaces 332,
3z = -ty g B | [a601-12]) EEE:



|-32 | cewormsmunmes

Change of variable in
double and triple
Integral




Change of variable in double ||||Qt
integral

Lotk the douwvie -t e_e(s. ol
I= Hﬁrﬁ'xr\ﬁ da ctya-@<f &8 ty be Changed

in the nervo Vartables ULV,
Q-Q_L_ou..@?ém Lt no€een LUV/?L‘Q‘(/ J o) %’(UQM \gxd

A= Bruy) L Yy= W)
Thoat
I = H&rﬁwy) d Ay

= | SK,’Q % CQQ(’V)/ W ttyv) | 19 leuar —®

0000
: T DY) 00000
wherte.  dxy Y= )T dieav <€ J /?)(CU*V) EEE:



m . n t
GROUP OF INSTITUTIONS

(harae od vorlables frm (49 Polan.

Coo;}z,d.ij;e) (%8) 3
Hht 7= 0080, Y= L8NG

g(&r(—mrv dadJJ = “ (HJZCDM, &%”@]&Md&




ot ooy e 1 e | ML
/s_e%(’on byunded lobt the P%Mﬂﬁam_.m 1) -
the 'Xa..P‘Q_O,V)e_ UWHt vesh'ced Cr,o),(zzr),(2/22
Cort) , using e Lo fosm b on
U=24y , V=1-2Y (201920

o The VeAtfCes ALY, B3/, €223, blosl)
0f the baeoalledeysa e ARCD Tn o y-plane

betome, ACAY, R(41) ,CC4=2) £D0)
n the tw-plone 10%] ujg{ma M

thonsfosw OO
o YY)
g 95 iy
0000



The. /%e%cm

2!.,3 pLa e e 06 mey

bhe Legion” R m )tw - plane, wh'eh
2 a Lectargle ot ded by the Lne

. Sol

=1, =4, V=-2 Lv=1 \m’\? the glvien

oy podions  cfox xd 4 we ge
=4 (2uty), Y=y uv),

U A1) R (4,1

C (2 2) V=]
.')(0/0 ‘ @ &(g/l) Hr\ &, =4

v . N=—"2_

AC1,0) NUPD C N 4)-2)
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~ (U _ |P2 D2 2 Loy
owy) [DW ovi|=|2 * [
DY DY A
dt OV 3 3
dady= \T| dudy = |-4 | dudv= dud
9.
“ (2+9) " ey HR'U |71 duedy
:S\S‘*Fup_ A Sl (u%
-9 | = = 4 2
= 2| Any
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Exp, Bvaluate |7 (€ LAY dudy by Uargivy "Ilgt
t polas. cosrdinates, hence &new thhat

[:D 5% dus 8% § [ 2018-19)
2_ »
Col": (piven )LG%JCW“ o+ \m@ﬁ“ 3 gy > %

rﬁ-q.ﬁft‘m 'R .;["Q‘t CLLqufz-Qut-
To chamge &t Wty polde
we howe

Y= L Cp80 LAz‘Lﬁ%n@. 51 -

dwa - Sdado.

@ o —0F4YH) " R o d e00
0 0000
0000
00
[ X )



H

€
=
~8) " d6
_Jie ]o
Y (o-1D 306
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W B
vew lep = (2 @ ax

between the Lame Lavsty » wie hawe

I= XOD suidy

0
co ®)) Q, A
JQ:B g Eu : ev Cl'adAa‘
5] O

o (1D i
= JO l, ¢ / dw &y ‘Qp‘



Ques 3.

Sol,

Since

Also,

Using the transformation x +y = u, y = uv; show that

I pl-x I
f{x +y) = — {p _
LL Y dy dx 2{E 1)
=u(l-v),y=uv
0t ot
ox,9) |3u | |1-v -u| _
J= u.0) ﬁ -az= =U-UU+UU=U
du v

dedy=|J | dudy=ududy
x=0 = u(l-v)=0 = u=0v=1
y:[} — up =0 h='-' =

i+y=1 = u=1 >

Hence the limits of & are 0 to 1 and the limits of v are 0tol.
1 pl-x ' 1M
. yx+y) - unfu Jldudv
' juju'e oy d -L-LE !

1,1 i y _l 2
=L .L le dudu{;]ﬂ (E ]{._ 2( 1).
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2 Iy - ym
Example 4, Evaluare L -[l::. (X~ + 37} ﬂf}-‘ dx M|nt

GROUP OF INSTITUTIONS

e
b [ T
= L

Solution, L J.; o (x* +y7) dv dx

Limits of ¥ =1!|11'-I: = };:Zr_xz = XET}-':-ZI = () ,._Ii_i

(1) represents a circle whose centre is (1, 0) and radius = 1.

Lower limit of 315 0 i.e., x-axis.
Region of integration is upper half circle.
Let us convert (1) into polar co-ordinates by putting
x=r¢os 0, y=rsinb
¥ -_2rcosB =0 = r=2cost

Limits of » are 0 to 2 cos ©

-

I . o000

Lirnits of 8 are 0 to 5 %%
0000
o000
o0



L waraa miot

GROUP OF INSTITUTIONS
b 0

I:z I: e »> (r dB dr)

_ J-.'E_.-E dﬂ; IZJIIE'& r3 [fr
Ll ]

4 2¢cosf
"ol
= : 3 )

= 4 cos” 0 40
Sxlx
=4x W w2
3x 000
0000
o000
o0



Exp. Bratuote the rfOIlew-}Y\a sz (‘I/\am%,«‘m.a 2mle m nt
‘Al v
Po,QQ’z. const d N joa go az-Yy \j W dzda I

3y Copry dinated

GROUP OF INSTITI.ITIDNS

Coln~

Cl'\cwuaiv\a To ])o,ﬁc(
we have Y= % CoL0 ,Y=HRind

2
X0 +YPes . £=0

a A0 ux
] il Y [ty dady
= lﬁ)"‘ &Q % 331")’"@/: Ald g do-
0 o

- &'91 B - (A5 )0 de.
O S 6

= as KTY/'L C HCBR2.0) de .

— D - )
: 1 YY)
RS [‘ ©— SN2 )W'?-- 0000
= = 00000
-
- 0000
= MWa&- 000

2.0 ee



Charge of Vaniables in_Tiple Mteqsnd
3= ([], Atwsz) deayadr , con ve Charged

Wk Mg vaklabkles  tyvwo G4

(] $ 1 b, o, o)
%

GROUP OF INSTITUTIONS

17| dwdydw
whorte U= &, (2f,2) v B (U7
R= %@W’/ZQ
4 T dLunz)
ko 2,



Chonge 0F cww-emm wa nofes Cxy,z) to

SFM@)JCAJJ polab. wm'ane
1§ we howe = “\ Atuyz) dadydz 0

Thow bo thowde {aove Me?&qo A
gww‘w poﬁsus_ Cote Nater |, we how o
A= % FNOCORG 5 Y=5 HNG ng ) 7 =% 088

. DU Y2 ) PRE Y
VO $) |
0 d™ dydsz s 925N ¢ d/’?dd}dﬁ’

S0 D ool be

& HSK'F(&/@,QI) %150 d&d@d}}l»@
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@g%?hé?ii cal }){Bi&Q} coosdnally <yrtem:
A=LHNOOA P
e 5% N8N G

v - 20RO

general equation of a sphere 13

xtytzi=r at origin:




Que s Evetuate J’i I CE K’sz dzdydx "Iint

1117 1
ba chomging & sphoncal po.@;};’ gcl;:?]rnmx.
081", hene segrion 0¥ L2 QE’J‘L“‘**LG” s
bmmded 10\3 DeZ < J"qq_wf ;

ey < a4 o=asd
A (12471+7ﬂ:/3;’;gpv\e)m o Sadfus 1)
)’2@%‘07\ fe In J%F octantonly

A e o ﬁZ’iﬂ————'
b o N =

d &

0 0 Ty
S TR TS
m 0000



GROUP OF INSTITUTIONS

S@" OLJ [ﬁj —m]&m@dﬂad@)d/@
& ‘?zgo»/gmg [)}fh" (’vlﬂ" l.%m’*&)]@d@
a 8'9 &@2 AN (P - P) 16d g

'9 ( Co,g@)rz d/@

—— ﬁ
& 0
= ﬂ OQ d
L Xo ¥
- T4
Q 000
0000
00000
0000
0000



Example-  Evaluate over the volume of the sphere iy +r=l
Yty +d

Solution-  Here, we have  ;_ 2dy dy ds
= Iﬂ Jrz+y2+zz -
Putting x = £ 5in 0 c0s ¢,y = rsin 0 sin §,z = rcos 0, draj:dz=?sin9<ﬁ'cﬂd¢in(l)weget

[T lmits r, and  over the first octant of x* + P 2=rae0, \2;0, 5 and 0 s

LI ) 4 24 .
] = EE E Lf f“°s-f5“‘9drded¢
r




/- 8[ _E J;E r'eos Bsm 9 1 dodo 'mgt

= 3Ld¢£ﬂﬂ5 0sin 6 0. Lf

(o] gn ) 22 2
[EIE[ COS ]l} =B‘i’1§a3" g Ans.




Example ‘mict

Evaluate the integral m '+ y rh ) d dy a taken over the volume

anclosed by thesphere’ +y +7 = ]
Solution. Let us convert the gtven tntegral tnto spherseal polar co-ordumates. By putting
x=rsmbeosd; y=rsmfsmo; z=rcosf
|

H (xiﬂ,!HE) dedydz = Jon J : ,[0"2(?'! s § 49 d ¢ dr)

oI on 1 Y ) n
_ . 4‘_ . ! l. T 2
-'0d¢j0 smﬁdﬂjordf-.[o d¢Josm8d6[ oL [d¢[ ] - j
(g s,
- §(¢)0 - R A, EE:.



Practice questions

Ques Eveduaty b\ﬁ Cm.nainz the voou ablei

H(aw)ldxd}a Wheke R 4 Bhe 2egHtON YO Undeq

by the lnest aty=o ,¥+Ys2, 31-24=0, 202y =13
202 -1 2026-214")
J =

Ques: Evaluode H('a»'d)“exp (FtY)dadyy WwheRl
R j4 the 8qparL n the -y plane with vertica

ot C1,0), (2,13, Qp2) KC8/1) . [2012-12)
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Practice question mmt

(Ques: T4 +he volme 0 an object Expretted
'n the cphericad eoordirates QA K(\U”B-(Iofhal.

\\= gzﬂ S: g: ﬂ;};aﬁhgzs A/m;xd@ . Cvalmade

the wvalue & V. [zo\(,~|#]



unit IV
(Multivariate Calculus-I)
L-33
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Gamma Function and
Beta Function




Gamma Function

[fn s positive, then the definite integral J ey dy, which is a function of n, is called the
l

Gamma function (or Bulerian integral of second kind) and is denoted by T (1), Thus

[(n)= J: ¥ e n > ),

Inparticular, T(1) = J etdr=|-e"| =1,
0




Some Basic Formulae mmt

L [T s D —mron | o oo

2 I'n+1)=n! (when n is a positive integer

3.1t n is a positive fraction, then by repeated application of above formula, we get

[(n) = (n - 1)(n - 2) x go on decreasing by 1 ......

the series of factors being continued so long as the factors remain positive, multiplied by I' (last factoy)
(3)-2(2)- 3 30(3)
4 4 4

4 -vE



mict

We know that [ =J:f”E"dx (1)
(i) Replace x by £ 3, so that o = k dy; then (1) becomes
n

e - g

(i} Putting ¢ =y, sothat— e dx =dyand -x =logy, x = log l, (1) becomes
Y

¥
, l L
0 fey) 02 i,
0000
000

S



m . nt
GROUP OF NS

l
Example . Evaluate E

Solution, [n+1=nn

_l.i.l:_l — = |Vl:-1 -l = 1'[:—1—l = ‘l='2\/i AllS.
2 21 2 2 212 21 2 2



Beta Function llllﬂt

GROUP OF INSTITUTIONS

L FE] 1 + I'
[l m, n are positive, then the definite integral J 1] = gl dx, whith is a function of
|

n and 1, 13 called the Beta Function (or Eulerian mtegral of first kind) and is denoted by
Bm, ). Thus,

i val o
- =1y an-1
3m, n) = Lx’“ (1-2)"""dx, m>0,n>0.
Note
. Beta function is a symmetric function. i.e. B(m,n) = B(n,m), wherem > 0,n > 0 :::.
1
o0



Transformations of Beta Function ||||Qt

m-1
(1) & dx
B(m n) 0 (1+ )m+n _
Proof. B(m, n) = J‘lx"‘ "1 1-x)1dx Put x= dx=- . d
0 1 1 Y[ -1
= 1-—— d
.[,, (1+ y)m1 [ 1+y) {(1+y)2} ’
n<l 2y n-1
= o 4 dy = d
Io T+ )™ T Qe A+ ! L+ yymn
xn—l
m, n
B( ! ) 0 (1+ x)m+n
xm—l
n, d
sk’ A+ 000
But B(m, n) =B(n, m) ::::
- -1 ' 000
B(m, n) = dx et

0 (1+ )™ | ‘ *



2o
= J sin®™ 0 (1- sin? 8)"! -2 sin § cos 6

n/2 '
=9 J sin?™-1 § cos 2L .
0

Put x=¢in?0

. dx=2sinHcos B df

Mmiet
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SYMMETRY OF BETA FUNCTION l.e., f(m, n) = f(m m) mmt

B(m, n) :‘J. 1= e, m> 0,50
)

1
B(m, n)=J1 (1-x)" 1= (-2 1dx=J (12" dv=pln, m)
0 0
Hence, | B(m, n)=pn, m)



RELATION BETWEEN BETA AND GAMMA FUNCTIONS

[(m)T(n) [AKT.U. 2018, 2018, 2022]
f{m, n) = T
m+n)

Method-| to Prove Relation

In)=4" L okl gy

2| ey Rk
Multiplying both sides by ¢ ™ Wegel 0o
U\ +pt A=) = TN M :::.
l(n) (2 -I‘;Z" (el Te .2::1'1 dx:lo Athie] c.:{lu}.‘.n-ldx :0



[ntegrating both sides w.r.t. 2 from 0 to e, we get

r(n) jm o* 2= (fz = Jm il ‘J: pm ) zm'l-n—l dz} dx
0 1}
32 B m-pu=l dy
- n-1 -5, Y ax
=y I'nT'm= jﬂ X =3 L ¢ 1 +x)m+u-1 (1 + I)}
where 2(1 +2) =Y 8

= r _—xi-)—:—mr {J:e"’ y'""""1 dy} dx

0 (1+x

-
—

_.xf;l-- [(m+n) =I(m +1) B(m, n)
r (1+x)mm

Mm)T ()
Bm, 1) = "m + )

Mmiet
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Othfltdz= 14 %



Method-Il to Prove Relation

We know that [{m) = r gt -l gy
0
Putting ¢ = % 50 that dt = 2z dy

Similarly, Tin) =2 I" E-:fr yza-l dy

[ [ eham e

D)

Mmiet
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GROUP OF INSTITUTIONS

Changing to polar co-ordinates, we have

n.'m 4-|J"'I2J‘ - E{m+r:] lmsim lElsmﬂ!.u =i 8 dr do

nid A on e e
=4 I - '.i'[m+.'1] -1 dr Jﬂ msﬂnt ] HE]I'IE lﬂdﬂ .,.[E}
* A 2wkl arl 'zrm msm-lﬂﬂil’lh-l H‘del
= EJI:I g T 0
- ) Bl | Using (2)of 418
)Tk} veo
fenee, | p(m, n}= I_{m o000
it




Some Important Results

(|) J:/zsinmecosnede_ [ 2 ) (

)

o)

—-_—

(i) If j“’x doe=—2 |
0 1+x Sin n
then - \
I'nl'(l-n)=—
Sl 7170

where 0 < n < 1,

Mmiet
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Example  Prove that [

1
Solution. Putting n = 7 in result of example 22, we obtain

() 10-3)

l

4

J

o

s

K
Sin —
4

s

Proved.

Mmiet
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Mmiet

DUPLICATION FORMULA

GROUP OF INSTITUTIONS

1
r (m) | [m + —) = .

2)” (2)7 [(2m) where m is positive. ~NM.T.U. 2013;
Proof. We have

2T(m + p) (1)
Putting2n —1=0 o

_—

5 In (1), we obtain

/2
J, sin*"tedo~_Ttmm
2 F(m e @
Again putting n = m in equation :

(1), we obtain eo0e
J>1t/2 T : 3 0000
; sin 0 cos m*lede=M oot

2T(2m) :



' /2 2
J.n (2 sin O cos 9)2™1 d6e (I'm)
22'""1 T 2Tr(@2m)
/2 . _ (l'*m)2
26 2m-1 2d9 —
22'" ‘[: Lscn) . 21T(2m)
Putting 26 = ¢ so that 2 d6 = d¢, this reduces to
T . 2m-1 (" m)?
do =
22m .[o SInT 0 A0 = o o)
m/2 | 2m—1 (rm)2
dod =
2m -[ s ¢ P 2 T°(2m)

Replacing ¢ by 6, we finally obtain

/2 22m—1 (Fm)2
-_2m—1
O =
-[o sin od ST @)

From (2) and (3), we get
rea)e 2271 (@rm)?

( 1) T 2T(2m)
201 m + —
2
= () F(m + —%) = 22,:_:_1 I(2m)

(3)

Mmiet
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Home Work

Prove the following problems:

L TArd)

r@ =23 Jn (AKTU 2017)

2 F(—%}:%ﬁ

B(p,g+1) _B(p+1,9) B(p,q)
- = L 0,
3 ” 5 e »>0,g>0)

4 Bmn)=Fm+1,n)+Bmn+1),form=>0n=>0

Mmiet
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unit IV
(Multivariate Calculus-I)
L _3 4 GROUP OF INSTITUTIONS

=
() —
—f

Problems Based Upon
Beta & Gamma
Functions




Gamma Function

[fn s positive, then the definite integral J ey dy, which is a function of n, is called the
l

Gamma function (or Bulerian integral of second kind) and is denoted by T (1), Thus

[(n)= J: ¥ e n > ),

Inparticular, T(1) = J etdr=|-e"| =1,
0




Beta Function lllll!t

GROUP OF INSTITUTIONS

s P 1
[ m, n are positive, then the definite integral J 2" 1(1 = 2! dx, which is a funetion of
0

m and n, ig called the Beta Function (or Eulerian integral of first kind) and is denoted by
Bm, n). Thus,

1
B(m, n) = J ™ H1-x)"Tdx, m>0,n>0,

]
Note
. Beta function is a symmetric function. i.e. B(m,n) = B(n,m), wherem > 0,n > 0 :::.
Ty
0000



\ mi)
Using Beta and Gamma functions, evaluate: 2.

(z) J':xﬂ4 e“‘/;dx

(3 2
(ii) j{ — ] dx  (AKT.U. 2014, 2018)
— X
.. L 5 3 \10
(i) j x% (1= x% )10 gy 2.
0 . coes



(z) Let I = J.mx V4 o> dx Illlnt
0O GRO NS

Put |y - y = r=y"s0that dx = 2y dy then equation (1) becomes

. - ‘ 00 - 3/2
[ = [ Yo Yy dy :ZJ ey dy
) |

9 [ 1 YUy =0T 6/2 | By definition
!
31 9
_ 9 § i\fnzé\/& | Tt D=nl(n)



i) Lot [- J ELIRCL f 0 Bt

0 TTTTTTTTTT

L )
Put 43 - )= p=ys thatdx=§ v dy then equation (1) hecomes

L ~ 1/2,1 -2/3d _l"l V61 .\ 12
1= [ -y y-BJOy 1- 4 4y
i 1
TR (.5_ 1)
s (1-9) dy,-gﬁ nr
1TG/6)r/2) ‘ MO L)L)
~3 T4/3) [(m+n) o000



It T(5/6) n [(5/6) T(1/6)1(2/3)

——————————————————

Ty Ty TWOTUIRL)
U
‘inn
M2/3) = i 3
- Jn e e =
/e, SIN
6
—T(2/3)
- [(1/6)

(iii) Solution is similar as (ii)

m.nt
GROUP OF NS




Foaluate:

= x5 — %}
L + dx  (M.T.U. 2013

GROUP OF INSTITUTIONS

b+ x)?
. 8 Ny 14
Sol. () I=| —Fan-[ T
0 (1+ x) 0 (1+x)*
- J- 291 2 o ,15-1
Jdo (14 )10 JL—J.O (1+ x)1°+9 -

= B(9, 15) — B(15,9) =0



Mmiet

GROUP OF INSTITUTIONS

) 1
Evaluate: | ax (G.B.T.U. 2011)
0 \/1 + x?

Sol. 1 dx
b= ’L' \/1+ x?

Putx?=tan8® = x=Jtané

-

dx = sec? 6 db
2./tan 6
/4
1= [© = sec” 0 32,

et 2ftant



1 /4 dO _J‘Tf/“ d© I'Iint
1 - '

e COS 6 ) \/8in 29 GROUP OF INSTITUTIONS
dt
Put 20=¢ .. d8=-j2‘
J' nV2y g
2f

1 2 2 1 T(1/4)1(1/2)

C 22 2r((*1/_2)_10f_2j T 42 134

2

2
Jn T4y _ Nt /4y = L] .
42 TU/4)T3B/4) 45 ( L J 8y

Sin 7t/4



Example "Ilnt

GROUP OF INSTITI.ITIONS

| 2 40 n2 (L.P.T.U. 2014
Prove the following I —— X J. Jsin @ do=r.
O Jsin @ Ji

}

ni 2 6 n/3
Proof: We have | ———x[" Jsno o

S
B T 0 Ve
- jﬂ s1n Bcos” 040 « .[n sin/? 6 cos” 0 db
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Example "Iint

GROUP OF INSTITUTIONS

Prove that,
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Proof:
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Home Work mlnt

Sh ow the fO”OW'”g GROUP OF INSTITUTIONS
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DIRICHLET’S INTEGRAL | et

GOOS TIONS

It Vis a region bounded by x 20, y 20 and x + y + z < 1, then
j-” 31 Y- 1_n- 1d'rdyd”—‘ ‘ ‘(m)

‘ (I+m+n+1)

This integral is known as Dirichlet’s integral This

is an important integral useful in evaluating multiplesses
Integrals. 44



x z
Example | . Find the volume of the ellipsoid —+ Z., +— =1
a= b°
Sol. The volume in the positive octant will be
V= Hj dx dy dz
2 oy 22
For points within positive octant, —+-—+— < 1.
g B
.
Put '_2=zlorx=an_,y=bJ_,Z=czv,
a
1 1 1
dx =

ﬁu_E du, dy = —v 2 dy, dz = ﬁw_E dw
2 : 2 2

1 1 1
V= %lw”ju(i—l]v(i_qw(i_l]du dvodw,where u+ v+ w<1

e |(2)](){3)

8|[111)
l+—+—+—
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Example2. The plane §+%+§ = 1 meets the axis in A, B and C. Apply Dritchlet’s integral

to find the volume of the tetrahedran OABC. Also find its mass if the density at any point is kxyz.

Sol.Let%-u,%-v % = w,then u20, 220, w20and u+ v+ w<l
Also, dx = a du, dy = b dv, dz = ¢ dw.

Volume OABC = ||| dvdyd:

Ijjoabc dudvdw, where u+ v+ w<1

— abc ” g"lvl“lwl'ldu dr dw

L JO[@ [ _abe _abe

i (1+1+1+1) 3! 6

Mass = Hj kxyz dx dy dz = Hj (au)(bv)(cw) abe du dv dw

= kazbzczjﬂ w* o> 'w* du dv dw

ka2b2c? |2]2]2 12120 2 11111! kazbzcz.

(2+2+2+1) 6! 720




Example 3. Find the volume of the solid surrounded by the surface

.(3)2/3 . (1)2/3 (2)2/3
+| — =1
a b c .

2/3
Sol. Let (g) ¢ = x=aqu®? s de=32,12 gy
" 2/3 . :
(g) e = y=bv3? s dy= %ll vY2 dv
' 2\2/3 : . ac
(;) =w = 2z =cw3? ;. dz= 5 w'? dw
For the positive octant,
x>0 = au®?2=0 = u=0
y=0 = bv¥2=0 = v=0
2>0 = cw??=0 = w=0
Then,wehaveu+v+w=1,u20,v20,w20.
Required volume = 8”:‘- dx dy dz

~

—8”““ 3a w2, 3b Tk 3; V2 qu dv dw

- 27abcjjj ug—lvg_lw%_ldudvdw )

f(3)r(5)r(2) | sman

= 27 abc . (11) 35

'"‘t

(U.P.T.U. 2008) riONS



. Cxt oy
Example 3 . Find the mass of an octant of the ellipsoid — -I-‘F +5
a b o

-
-

any point being p = kxvz.

Solution. Mass = JJJ pdv = JJJ (kxvz)dvdyd:
k II I (xdx) (vdv) (zd=)

. - v 7
Putting -~ =0 —<=v, —=wand utv+w =1
a- h- -
2 vy 2 v dv 1 - -
2xely 2 vy 2zd;
50 that — = du, — = (v, — = dw
a- h- "
P ST AN *,
a-du [ bedv [ e dw)
Mass = £k
55 = JJ ) I ) b
xﬂ" P B U
kabc ([
= T dudvdw  where
12 9 .
ka-b-c ¢ oL
_ gl=1 -1
9 .

_ ka* i e |_l [ ] ’_l - ka b et

§ (341 § %6

1,7 7
Cka b

48

= 1, the density at

H+v+w=l

w!h =1 du dv dw

(1)
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X 2 IONS

J
Example4 The plane ” + b + P I meets the axes in A, B and C. Apply Dirichlet’s

integral to find the volume of the tetrahedron OABC. Also find its mass if the density at any

point is kxyz. (AK.T.U. 2012, 2018)
X z
Sol. Put —=u,%=v,—=w,thenu >0,v20,w20andu +v+w<l.
a ¢

Also, dx = a du,dy =b dv, dz = ¢ dw.
Volume OABC = jo dx dy dz

]D TRt T oy B

= abc my w0 ' du dvdw

Fr@r abe abe

ol _
O 1+1+1+1 3! 6




m . n t
GROUP OF INSTITUTIONS

Mass = mp hayz dx dy dz = m” hlau) (bv) (cw) abe du dv du

= ha'b'e ’m ot dudo du

o 111 kathc
ka2b2 2 (2) F(2) [(2) kazbz('“l | 14:/%(1 ‘b(‘ |
- (94242+]) 6 720




Home Work miet

1. Evaluate HJ' xyz dx dy dz for all positive value of variables of ellipsoid x2 ¥ 2 =
- a

2. Evaluate ﬂ J' (ax? +by® +cz?) dx dy dz where V is the region bounded by x% + y* + 2% < 1.
vV

8. Compute J:”: 2 dx dy dz over valume of tetraheron bounded by x = 0, y = 0, z = 0 and

Xy 2z
-t =+ - =
a b c s

4. Evaluate J- I Lx2yz dx dy dz throughout the volume bounded by planes x = 0,y =0,z = 0 and



ANSWERS

. a’bZc=
45

) mw(a + b + f'"}_

- 30

= a b o

(=18

- a2bZ2c”

2520
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GROUP OF INSTITUTIONS



Unit IV

(Multivariate Calculus-I) mmt

LIOUVILLE'S EXTENSION
OF DIRICHLET’S
INTEGRAL




DIRICHLET’S INTEGRAL | et

GOOS TIONS

It Vis a region bounded by x 20, y 20 and x + y + z < 1, then
j-” 31 Y- 1_n- 1d'rdyd”—‘ ‘ ‘(m)

‘ (I+m+n+1)

This integral is known as Dirichlet’s integral This

is an important integral useful in evaluating multiplesses
Integrals. 44



Mmiet

GROUP OF INSTITUTIONS

LIOUVILLE’S EXTENSION OF DIRICHLET THEOREM

If the variables x, y, z are all positive such that h (<+y+ z)<h, then

Jjjf(x+y+z)xl-lym—lzn—1dx dy dZ _ F(l) r(m) F(n)J‘hﬂf(u) ul+m+n—1 du .
I'l+m+n) /n




Mmiet

GROUP OF INSTITUTIONS

Example 1. Evaluate J” log(x + y +2) dx dy dz, the integral extending over all positive

and zero values of %, y, z subject tox +y +z < 1.
Sol. 0Sx+y+z<1

: ”jlog (x+y+2)dedydz = J.”xl‘lyl"lzl'llog (x+y+2z)dxdydz

TOTOTW (* 1yenr, o
) I'(3) Jot v log dt | | By Liouville’s extension

] -
14, 1 ST 1l 18| 1
== [Plogtdt== I AT Y B D K B P
ZL : 2“ logt]0 L3 alr,l_2 3(3J T




dx dy dz 5 . .
-~ log 2——, the integral
ryt+z+1)P® 2 767 the integral being tapey

throughout the volume bounded by planes x=0, y=0,z= Oandx+y+z=1.
Sol. 0<x+y+z<1

Example . Show that JJJ.

1-1,1-1_1-1
m (x f;ilyzciﬁ =m (L yy+zil)3 iy

rarar ¢t 1

_ 3u].+1+1—-ldu
FCA+1+1 JYo@w+1)
1 1 g2 ..
= 7 du | By Liouville’s extension
20 (u+1)
Putu +1=tsothatdu =dt
. 172(t-1) 1e2fe?-2t+1
R d integral = = dt = — dt
equired integra b7 ) 3
2
1 ¢2
== (1—— 1) l{logt+g——2]
2hilt 2 ¢ 2 t o 2t°

Mmiet

GROUP OF INSTITUTIONS



Example  Find the value of m log (x + y + 2) dx dy dz the integral extending over all l'"nt

positive and zero values of x, y, z subject fo the condition x +y + 2 < I,

Solution. By Liouville's theorem when 0 < x + y +z<
m log (x +y +2) dy dy dz
[

s +y+nx "y A Ve dvdz = (logu)™"" du
]” A ¥ l+1+lJ ;
- N
e, ] I 1( 1] |
= =| u'logudu=—|logu| —|--——| ==|-=|=-—
A EEUH 1 9) I8 s
) -0 ceeo
0000



Home work mmt

p q r
1. Find the mass of a solid (fj + (%J + (i) =1, the density at any point being p = kx!-1 ym-1
a c
-1 where x, y, z are all positive.
¥ 2 N
2. Find the mass of the region bounded by ellipsoid >’ + 2 + 7= 1 if the density varies as the

square of the distance from the centre. [Hint. p = k(x2 + y2 + 22|

dx dy dz _TEZ
Jl_xz_yz_zz 8

the variables for which the expression is real.

, the integral being extended to all positive values of

3. Prove that j”

_ 52
4. Evaluate J.” \/ > dx dy dz, integral being taken over all positive
I1+x%+ ye 4z

values ofx, y, z such that x> + y2 + 22 < 1.,



