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Topics: ""gt

> Successive Derivatives

> Nth Derivative of standard functions

> Leibnitz Theorem

> Partial Derivative

> Total Derivative

> Euler’'s theorem on Homogenous function
» Curve Tracing




Definitions and Notations

Successive differentiation Is the differentiation of a function successively to derive its higher order
derivatives.

If y = f(x) be a function of x, then the derivative (or differential coefficient) of y w.r. . X is

denoted by jyur Dy or f'(x) or y, and this is called the first derivative of ¥ w. 1. t. X, where
X

jycan be differentiated once again, i.e, if y = f(x) is derivable twice w. r. t. x, then the
X

2

d’y
derivative ufj— w. I. t. X is denoted by d—ur D yor f"(x)ory, and this is called the
X X

second derivative of ¥ w.r.t. X.
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dy
i

Similarly, if — can be differentiated once again, ie., if y = f(x) s derivable thrice w. 1.t x,

d i
fente dertheof — ... ¥ s by d—f
Y

i
the third dervative of ) w.r.t. X,

0r Dayor £"(x) or y, and this1s calle

In 3 similar manner, we can find the fourth derivative, fifth derivative and, in general the n®
dervative of 1 w.1.t, ¥ by diferentiating Successively the given function y w.r.t. X four times,

five times and n times.

Following notations are generally used for the successive derivatives of ¥ w.r.t X :
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or

or

or

or

First derivative  Second derivative

N
f'(x)
y

dx

Dy

Third derivative

bk
flll(:l:)
&y
dr
Dzy
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n™ derivative

J,
/')
dy

dy’
D'y



0" DIFFERENTIAL COEFFICIENT OF STANDARD FUNCTION:

1. n™ Derivative of (ax +b)™,

Let y = (ax + by"
y, = ma(ax + b)™
y, = m (m-1)a* (ax + by**

y, = mm-1) (m=2) ... (m = n =1) a" (ax + by™"
Case I. When m is positive integer, then
m(m=1)...0m-n+1)(m-n)...3-2:1

) a'(ax + b)™"
. (m-n)...3-2:1 ( )
" m
= UH = d ({ﬂ' + b) |— ﬂ"(ﬂ.l’ +b)m—”
- dx" m-n
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Case [I. When m =11 = +ve integer

d.‘ft
dx"

1" (ax+h) Lﬁr?”

J, —(ax+D)’ Lﬂ i

I::.II:

Case III. When m = -1, then

1
_ 1
y = o+ = (ax +b)

Yy = (D) () (3) o () " o+ )
d' [ 1 " nad
= . { - I ] e




Case IV. Logarithm case: When y =

1
| = @ _ a(ax+b)" = a(0!)
(ax + D) (ax +b)
N a’l a1
: (ax +b)’ (ax +b)”
a2 a (2"
(ax + D) (ax + b)’
—a2 4
— "'34 = (-1’2 '(3!)4 and so on.
(ax +Db) (ax +b)

4 a".(n-1)!
In general. v, =(-1)"" (n=1)

(ax +b)"
Y
Hence D" log(ax+b):(—l)"'l.a (n-1) -
(ax+b)"
1V =101
Note: D" logx:( D) l)'.

R

log (ax

+ D), then
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2. Exponential Function

(i) Consider

(if) Consider
Putting

y=a"

Yy, = ma™. log a
y, = ma™ (log a)
y = ma™ (log ay
y ="

1 = ¢In above

y = me™
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1 [ ]
Example. Find the nth dertvatives of [—Sva 6.\‘3 : mlnt
Solution. GROUP OF INSTITUTIONS
Lety= : 1
6 —5x+1  (2x-1)(3x-1)
1l 4 B _A4ABx-D)+BQx-1)

S — = - =
6x° =5x+1 2x-1 3x-1 2x-1D)(3x-1)

1 = AQBx-1)+BQx-1)

Putting x = L A= —E. 1.e. B=-3:putting x = ! A=2.
o0 ’ 28
2 3 1 1 000
Hence vy = - =2(2x-1)" -3(3x-1) 0000

2x-1 3x-1 -4



di“i
Therefore  y =—

dy’

g
2(2x-1)7 |- W[(m )|

Now we apply the formula,

D'(ax+b)" = (-1 (n)(ax +0) " a

Hence v, =2.2" ()" (n)2x-1)™" —3.3”(—1)”(u!)[31‘— )™

. + .
_(ET B 1)!J+1 (3T _ ])rHl -

2H+1 3;-1—1
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Example Find the n* differential co-efficient of log (ax + ). swnp e memon

Sol. Let y = log (ax + x%) = log x(a +x)
= logx + log (x + a)

Differentiating n times,

n n
y,aﬁ-n-logu.g? log (x +a)
G U U 1S S U (XD Iy
A" (x+a)"

-(-1r-l(n-1)![i+ : ]
" (x+a)"

n 1" (n=11a"
d—ﬂ}lﬂg{ﬂl‘—f]}} — ‘—} oot

B (ax+b)" .




" Derivative of y = sin(ax + b) "Ilnt

GROUP OF INSTITI.ITIONS

If v = sin(ax + &). then

% +(ax + b)}

ol

y =acos(ax+b)=a sin[

27
v, = a’ cos(ax+b)=q*sin [T + (ax +b)} and so on.

: I
In General._‘r]H =a" sm( ax+b+ SN ]

P 000

no. . 1
Hence. D" gin(ax +b)=a" sm[m +b+— n;r}

0000o

o . H,?T\ 0000

Note: D" sinx =sim| x + oo’
2 o0



n'" Derivative of y = cos(ax + b) "Ilnt

GROUP OF INSTITUTIONS

It v =cos(ax+5), then

. (T
v, =—asin(ax +b)=acos %+ ax+b ‘
(T . (27
¥, = 2
f 1 ™
In general. v =a" 1:05‘ ax +b + > nT |
.-' 1 "'E,I
Hence. D" cosx(ax+b)=a" EDS[ ax + b+ EHFE' .
| 000
1 ) e00s
Note : D" cosx = u:c:rs‘ 1‘+?u;:!' ] 000
. _. o0

i



Example 1 Find the n*" derivative of sin6x cos4x

Solution: Lety = sinbx cos4dx

== (sinl0 x + sin2 x)
2

Y= % [10“ sin (101 Jr%) +2% sin (21‘ T ?)]



mint

Example 2 Find n'" derivative of sin’xcos3x

Solution: Let y= sin®xcos3x

= sinxcos®x cosx

1 1.
= sin?2x cosx = - (1 — cosdx)cosx

. 1
¢ sinf2x = » (1- cos4x)

1 1
Emsx — Emﬂx COSX

1 1,
==CoSX — — (cos3x + cos5x)

1
== (2cosx — cos3x — cos5x)

Ly = 1_2 [.?,ms (,&: - ?) — 3"cos (SI - ?) — Kros (5.1’ - %)]

cosAcosB=%[cos(A+B)+cos(A—B)] o




Example 3 Find the n" derivative of sin*x
Solution: Let y = sin*x = (sin’x)?

2
— (12 sfnzx)
\2
= 1([1 — cos 2x)?

i 1 — 2c052x +% (:2'1‘05221)]
1t

4
3

1—2cos2x + % (1+ CDS4I)]
- lmsz X+ E4:“:}54 X

LY, = ——2“('4::5 (ZI + ) +24%cos (41 L )

GROUP OF INSTITUTIONS



n'* Derivative of y = e®sin(bx + ¢) "Ilnt

GROUP OF INSTITUTIONS

Consider the function y = ¢ sin (bx +¢)
Y, = e%b cos (bx + ¢) + ae™ sin (bx + ¢)
= 6% [b cos (bx + ¢) +a sin (bx + )]
To rewrite this in the form of sin, put
g =rcosd b=rsn0d we get
I, = ¢ |rsin0cos (bx +¢) + rcos ¢ sin (b + ()]
Y, = re® s (bx + ¢ + )

Here, r = gt +p? and 0 = tan"'(b/a)
Differentiating again w.r.t. X, we get
Y, = rae® sm (bx + ¢ + 0) + rbe™ cos (bx + ¢ + 0)



‘mint

Y, = 16" rcos ¢ sin (bx + ¢+ ¢) + 1 1 sin ¢ cos (bY + ¢+ ¢)
¥y

Substituting for @ and b, we get

'™ [cos ¢ sin (bx + ¢ + @) + sin ¢ cos (bx + ¢ + )]
= e sin (bx + ¢+ 0 + 0)
Y, = r* e sin (bx + c+ 20)

Simularly, Yy = Pe™ sin (bx + ¢ + 30)
i)
y, = Fe“ sin(bx+c) = r"e™ sin (bx+c+n0)
X
sooe
i 00000
~y, =e®™ (a®+ b*)7 sin (E:-x +ec+n tan_li) eecs
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" Derivative of y = e**cos (bx + ¢)

Similarly if y = e**cos (ax + b)
vy, = e** r" cos (bx + ¢ + na)

= e** (a* + b*)= cos (bx +c+ ntan'lz)

Q




Summary of Results

Function " Derivative
.F.: Eﬂ.:l:' :F.ﬂ — ﬂ]"l Eﬂ.l'.'
( m! n m—n - .
a’(ax+b)" " m>=0m> n
v = IELII + b}m IET]"L —ﬂ)!
' . 0, m=>=0, m < n,
Yu = n! a®, m=n
(~1)"nla” .
. (ax+ b’ e
] b (-1 n—1 (n—1)a®
y =loglax +b) | ¥=(-1)"" "=
y =sin(ax +b) |y,=a"sin (-:1:.!: +b+ ?)
y =cos(ax +b) |y,=a" cos (ﬂI +b+ %)
. i b
v=e"sin(bx +c) | y, =e*(a’*+ b*)? sin (bx +ct+n tan"l—)
a
v=e" cos(bx +¢) | y, = ™ (a” + b*)7 cos (bx +c +nmn‘1§)
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Eopample i~ Tind ootk -clnivative of mict

2 . ‘)_I C&BX_, . GROUP OF INSTITUTI

Selidion - V= LS 2T

=R E o G 2% =51~ )
g (1 (o) Gt
L [ ol —2(esF (omx
ik / es,



N o
= .(LQ_ Les Y. _*.lla Co’)SIf’_’_CGSSX
2 b
thin v
%=L Q@@(fﬂ)]g, g_@(m@
- M IL ;
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Example 4 Find the n™" derivative of e**cosx sin’2x

Solution: Let y = e cosx sin“2x

, , |
Now cos x sin“2x = . (cos x - cos x cos 4x)

¢ sin‘2x :é(l— cos 4x)
_ Ly |
= 2({3&51 2[cﬂs 5X + 08 31)

1 1 1
>y = ¥ cosy sin’2x = Exmsx—lekms 5.1’—;33:':{:05 3

0000
cos A cos B = > [cos (A + B) + cos (A — B)] EE:'



m . n t
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LYy = ;EE“”’ (94 1) cos (x +ntan - ;) - iﬂgx (9425 cos (5'}" T “*“_19
! 935'-“ 9+ 9) (08 (31? bntan” 2)
_ % 107 mg(r + ntau'li) —i SRl cus(Sx n tan'lg)

—;93:‘ 167 cos(3x + ntan'1)

y=e™ cos(bx +¢) |y, = e* (a* + b*): cos(bx+c+ntan :) cos




Example § Ify = sinax 4 cosax, provethat y, = a"[14 (~1)"sin 2ax ]z

Solution:

y = siax + cosax

Ly =0 [sin (mr t ﬂ—;) + 008 (m* t ?)l

RERCRE

|

1

Sil (ax 1 )HDS ( +ﬂ;)+23in(ﬂx + ﬂ—;).ms(m‘ Jrﬂ—;r[)]E
l+sm (20 + m)]ﬂ

1+ sin2ax cos HTT'|'CDSZ|H snmr]z

1+(-1)" 31112[11?]2 v cosnm = (-1)"and sinnm = 0

m . nt
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Examplel. If y = x log 271 Show that M|nt

.I + 1 GROUP OF INSTITUTIONS

X—H x+n |

Yy = (O [ 12 [{I—l}"_{ﬂ-l}ﬂj

x-1
Sol. We have y = xlog PR [log(x - 1) - log (x + 1)]
Dhfferentiating w.r. to X', we get
1 I
Yy, = log (x-1)-log (x + 1) + x L—l_:ﬁl_'
= log (x-1) - log (x + 1) + [1+—\ [ BTN
Lox=1) 0 x+l)
l 1)-1 1 : + :
or Yy, = log (x-1) - log (x + ]+I_1 e
Dhfferentiating (h-1) imes with respect to x, we get 44
41 i n-1 i :::.
h = dy"] log {I_]]_dxrr—‘l ]DE{I'I'I}_"dIn-l [I_l} +|!Ih’ 1 {I'I'l} o



n -1 n-1 ~“1a" n _1)" n a
d {lug{nIHJ]} _ (1) | (n-1)a at [ 1 ] _ (—1) Ij a mlnt
dx" (ax+b)" dx" lax+b) (ax+B)™!

GROUP OF INSTITUTIONS

ﬁ|-rr—l ﬂm—] n-1 E drr—l |
yﬂ — dl—-’!'l lﬂ'g {I_]-;I_dx”_] ]Dg{l’+l}+mil—l} +m{1+1}_

_ {_Hrr—3| n-2 {_”rr—3| n-2 +{_1~jrr—l|L_1+{_1}rr—l|L_1

{I—];I”_I {I'I-]_;IH_I {I—].]” {I_l_-”i'i'

_Hrr—f —E _1 -2 _E _1 n-1 _1 _2 K n—1 a _
( | n=2 ()77 +{}I{H )| n (<" (n=1)| n-2

(x-1)"" (x+1)"" (x-1)" (x+1)"

i - x-1 x+1 (-1 (n-1)
_ (-1 | et _ _
=) L_(I—l]” (x+1)" (x-1)" I[I+1]"_'

()2 H—E_ x-n  x+n | EE:‘

B (x-1)" (x+D1)" | o




L.

3. If y=e"cos’x, find y, 1. the n™ derivative of y

4.

Practice Questions: 1
If y = sin’ x, find v,

[Ann. %sin{rﬂz%l-%.?’.sin{ 3x+ ng”

2. Find the n** derivative of cosx cos 2x cos 3x
Ans.lIZ" oS (2x +ﬂ) + 4" cos (4x 4 ﬂ) + 6" cos (6x - "—")l
4 2 2 2

ﬂ

Ans. 3 92 co&{ \+M—J %.10? e* cos(3x 4 ntan”3)

4

Ifvy =cos™ x, prove that (1 —x2 )y, —xy, =0

2022-23

Mmiet
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Practice Questions: 2 |||igt

GROUP OF INSTITUTIONS

. 1-x 2A-1)"| n
|. FindVy, wheny=—. Ans. —
. N £ 3 ¢ [ (x+1)"“|
2. Find nth derivative of log X" [Ans. -1 ,;-1.2("]
' th " " X4
3. Find the n*" derivative of
(x-1)(x-2)
16 1
| -1Ynl =
Ans. (~1)™n! [(x_z)m (x_l)m]

4. Find n™ differential coefficient of v =logl(ax + b)(cx + d)]

. = (- D 4 ] $ide.
Ans. 3= (-1 n l)'[(aﬁb)ﬂ (cr+d)t 00co



Mt
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Leibnitz's Theorem &

nth derivative of product of

functions
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LEIBNITZ'S THEOREM oo or o

If 1w and v are finctions of ¥ such that thetr n™ dertvatives exist.then the n™ denvative
of their product 15 given by

U0}y = U0 4 g Uy Uy F Mg Uy Uy o410ty Uy o1 U0

whete 1, and v, tepresent 1™ dertvatives of u and v respectively.

il
(-1
D)ty Mty = Ty T F gy 1y 440 e,



Example  Find the th denvative of ' sin . mict
Sol, Let = sin Brand = s vmron

D) = D (sindy) = sm[ r+%)

D) = I D)= () =0
By Leibnitz' theorem, we have

D00 = o+ D100 D0 ¢ DD 4.4 0, D

D'(Fsind) = D'(sinde o' 0¥ n 3. D) ' D¥sin B DH) 822



D (snd) = Do+ D im0 - D)+ ndy - D) | TR

i
= J sm[BH—‘ 413 s |3I+—‘ I

+M ¥ sin ?.H%‘.Z

!
- ln‘

= sln[31+—‘+2ﬂ1 3+ s |3I+T

43D s { | ”‘f‘ |




Example . Find the nth derivative of & log x.

Sol. Let u = ¢e" and v = log x

Mmiet

GOOS TIONS

_1)" Iy,
Then D" (u) =& and D" (v) = (1) \_

IJ‘E

By Leibrutz's theorem, we have

0" (log 1) = D¢ logx+7c D (#) Dlog x) + ", DM (60 (log

P

¢ log v 4+ et =t ——t

+o+ 8D (log X)
I nn-1

L

3 [(elogy) lﬂgx+———+ +

D" logx =

(-1 (n-1)!

A"

| (_l)ﬂ-l m

n nfn-1) -1

1
R,

s

i

f



Example. 3. "Ilnt

If y = acos(logx) +bsin(logx), show that x*y, + x3, + v = P OF ISTITUTIONS

and x°v, ., +(2n=1)xv,, + (" +1)y, =0.

Solution.
Let v = acos(log x) + bsin(log x).
. 1 1 .
1, =-asin(logx).—+bcos(logx)— or xy, =-asin(logx)+bcos(logx)
X X
Now again differentiating both sides. we get
| &k 1
v, + 1, =—acos(logx).— —bsin(log x)—
X X
or x°v, + 1y, =—acos(logx) +bsin(log x)]
000
o 832,
, HE
or Xy, +xy, +v=0. 000
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Agamn difterentiating both sides 1 times by Leibnutz's theorem.
D'(x'y,)+ D" (x,)+ D' (1) =0.

r a -1 3 :
or | *D"y, Dy’ D™y, + (7 gDy -yz]. +2D'y, +nD™ v, 4y, =0

or X'y, +2my  +n(n=1y +ay +my +v =0
el v sl em el Y

or ¥'v.., +(2n=1py, + (" +1)y, =0,



Bampled. If y=sin(msin™x). prove that "Ilnt

GROUP OF INSTITI.ITIONS

(1-x")y,-1,+m'y=0 and deduce that

(1=3%)3,., = @n+ 1)y, ~(* -m')y, =0

Solution: Let y =sm(m sin” x).

e m N
o %), =. or (I-x 9l ; =" cos (msin™ x).
(1-x")
or (1-x )12 =m' -m’ sinz(msin'1 .\')=mz—mzy2
csso
g (1-.\'3).1'12 - mzyz =m’ EE;S.
{ XX



-

Agamn difterentiating both sides, we have

2 (=) =20+ 20w = 0.0y, (1= = w0y =0

Now ditfemtiating n time by Letbnitzs theorem, we get

(1=X7) 00 + 0 (=22)y,. +

or (1-1°)y,

E (2’ It l)'\.Tnél

n(n l)

(=2) y } W = 0(1)y, +zn\ =)

-(n2 -n')y, =0,

Mmiet
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Example 5.

Solution:

‘miet

GROUP OF | S TUTIONS

Ify=1log(x+V1 +x7)

Prove that (14 x%)yp42 + (21 + 1)xyn4y + 0y, = 0

=log (x + V1 +x°

1
DY, = Zx)
4 SN v ( T 2Witx? Vitas

> (1+x)y,° =1

Differentiating both sides w.r.t. x, we get

(14 x2)2y,y, + 2xy,° =
= (1+x¥)y,+xy,=0 coes



m . n t
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Ustng Letbnitz s theorem

(W) = UpV + Ng Uy Vg + N Uy Vy + o+ N Uy U+ F UV,

br”'l'zﬂ T IE] T ﬂﬂl}'nH]I t Mgy Vn E] t [FJH'II 1 fig, ¥ae 1) =10
= ]"RH(]- 'l_ IE) -|-}’ﬂ+12]'1I + ﬂ[ﬂ - 1—)]'51 + Yt '|' y, = 0

F (142 ysa 4 (204 Dypey 0%y, =0



Example 6. If ¥ = 1" log x, then prove that mlnt

’! GDI.IOSI.IOS

DY, = = (i)y, =ny,, (n-1)

Sol. (i) We have ¥ = x" log x
Differentiating w.r. to X, we get

n

X
y, = mx*'log x + —
X
= Xy, = nx" . log x + X"
Xy, = HYy + 1" (1)

Differentiating equation (1) n times, we get

‘rynfl + nyn = "yn + u 000
0000
(X X X O
K ege
= V,= = Proved. 000

x o0



(1)

L

As I, =

P
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d?r

" log x|
n—1
; n—1 I:'IH | ]DEI]
000
0000
0000
000



" L

Solublom - \J = x“"/h?(x (base <)

MN—2

= Yo vll-oa X+ X

hmﬂyu«jwﬁ Asoth Sidey \? X Haum \/\’KJCT

o k((\ = (‘7\— D ’jmp\)%a‘ AL —+ 1(}%,
()
"~
( = \7'1-\) L}r —}* |
S BN S
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Newo cLiW\mt'ciim Jsoth il (‘7\’! ) Aimes
Jﬁ; Z)Mwﬁ(y, thepseny, M(/d

§

Xyt D) = ()Yt )

\/

T U
w=

o

—



Practice Questions Mict

. Ify = cos (m log x), show that % Voot @t l)xy ¢ (mz + ﬂz]}'n =)

2. 1f cos” [y]:lcr
b !

30y = (- 1) prove that (0 = 1)y L, + 20y, -0+ 1)y, =0

fl
j:] . prove that_rlywz F2nt1)xy 2 ﬂj'}‘n =)

4. Ify= 1e_yyt " shawthat(f—l)y”+(2ﬂ+|),r}g +(n1—m1)y =)
[ 1: n+l n+ | n
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o
0 (U1D)=180g+", 4 10 B+ e 8 T B+ -
N tu R

'Y\ ;
D)= VUt Uy it e Up e+ W



Examples




mict
@‘M (2) W % h X

2O RO R, = 2§y

LD wley] — e e HE
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Beomple = 8 4= (F2)° prov At

Q—x)*gn 12 (n- ~Dx + M = -DO-2)Y, ;

Solution ©— [ 20 IIJ
Qvem ’&Wu‘&w
u«i (l—\-x
o b \ wna 2 F on dogth Aroled wotn (j@.&ﬁ@.

I = L[ Cro = =2 o i,
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. ISy - 1 _1_ e J__J:i l‘—>.¢+\+x"‘
/ﬁ" 2 H‘K) (( _é)

(122 M+ Y ,<->—>9+& ) %h£)
| :: A&V\—-] 000

e | \'éy\ 5= (m __\) @)9_)‘7}“,30 escs
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M i % Y = i %(Xz'ﬂ*?—""”}f(%"”m
St

(it _79?—,4&“* ?j— R+, ’—\- Lﬁ;ﬁ-} M=o
[Re12,18)

Wﬁvﬂi—m V{d,: /&imiearkxl"}'l%*‘p
Robt 10 40 <

Aé] = "M)&JL@?'(X}:?"ZX'%D <;Z,§_—?_x+] )LZFX—'Q’)
8= ton [Leg (24D <§I—T>
G 4 = 2 e[ egcCraxt)] Q)



%WVA%W““&%*“K |
-+C»ﬂ¥m;—22w@%ﬁﬁﬂi%wwg

@x+z)

X+Hﬂ

(‘>H~\> Aj;_ 4 Aj»l —— Aa,
MR i}

QX"‘W o Xy Q>L+\> *j»+ 4+ N=0 ()
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GROUP OF INSTITI.ITIONS

Example If /™ + y'/™ = 2x, prove that
-1y ,+@n+xy  +@m-m)y =0.

[2014]
Sol. Given Y™ l/l/m = 2x
Y "/m 21'1/“"' +1 =0
or Q/"”’)- 2xy"™m +1 = 0
= 22 -2z + 1 (f'==2)

2r+\f¢r - \/T

t2
]

m YY)
= y“”’ = xiw/xz—l =YY= [.r + \/xz-ll (1) ::::.

Differentiating equation (i) w.r.t. x, we get esee



Y = m[ximm-i {1,! lj | ?H[Ii 11

Ev'r:-:‘—l ' Jil-1

my
= rﬁy]’u"i— =my

or gt =1) = miy i)

Differenhating both sides equation (ii) w.r.t. x, we obtain
Em (0 =1) + 2of = 2y,

= gy (€= 1) + 2y, - my =

Differentiating 11 times by Leibnitz's theorem w.rt. x, we get

GROUP OF INSTITUTIONS

m
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Practice Questions m'“

\/ﬁ /g, - ‘éﬁwue, hack
/\J:ﬁ—x) ) T [(2” +2>X;—D T OO

[ ROIB, 20l 202_9)

, Eyva? —1 =log, (x +/x% — 1), prove that (x* — 1)y, +

Zn+1Lxy. +n<y._, =0 2022-23



Practice Questions ""gt

), f y=xcos (log x) prove that
:J:zy,,,”jt(21'*‘.'—1)4131,,,“+(1v:2—21iz+2}11,,l =0

| If y= (sin ! x)z, prove that

(1_ xz)yn+2 - (2" +]')x:yn+l - (nz)y“ =0
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LECTURE-15 GROUP OF INSTITUTIONS

To find nth derivative of a
function at x=0




DETERMINATION OF THE VALUE OF THE nTH DERIVATIVE OF A mict
FUNCTION FOR x = 0 |

Some times we have to find out the nth derivative of a function at x = 0.
Working Rule;

Step 1. Write down the given function as y = f (x)

Step 2. Find y,

Step 3. Find y,

Step 4. Differentiate n times both the sides of the equation obtaimed in step 3 by Letbnitz
theorem

Step 5. Substitute x =01y, y,, y, and the ath derivative obtained in steps 1, 2, 3 and 4.
Step 6. Put the values of y(0), y,(0), y,(0) In the result obtaied in step 3.

Step 7. Putn=1 23 4in the last equation of step 6. Egss.
Step 8. Find out y, (0) when n is even and  1s odd. 44
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m . n t
GROUP OF NS



Eoample = Yo = B8 '%), fud ""gt

(8n)o [2015, 2013, 2020]  2022:23

SM:OT).;‘ A\j: Mq(W‘X) Q)
/Yfl: C&é(a&n‘D() (,\]I..XL
A= 4'3’\ = QA m{w‘x} ---&2)

WMW
(1) 43— " W(“M“)
L(f ,_&MCO.Q,M\)C)) 000

(=) = S0-9) o



(=) ‘a”z-—-i*zh—*ral%——o gu’t,
lib- (1) N iy ve I Fo S Ay Uing

MMM’WW

. - (s
Now e Wl £o Holo), .
Ay fdb H=o L cauatten W), (), (3)

m . n t
GROUP OF NS
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(%‘L\)O = &

Q\Z}?\o: =

o (Fme), = (W) M) - ©)

&1&43 TR BN meee N (R —we(jaf

Y (o) = (1= ) ) =(Fd)a
)y;}(o):: (2.2-_-0\2—) 4}40) =0

Yo)= (A= (FO(E)a t35:
'}QLO):@%O}) ’%(a} = B 555:
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Example If y = (sin™'x)?, show that
K xz))’n+2 - (2n+ Dxyp4y —n°
Solution: Here y = (sin™'x)*..... D

— Yein=l, 2 .
Dy, =280 Xe—m—=  ...... 2
4 Vi-x3 O

Squaring both the sides, we get
(1 - **)y,’
>(1-2)y’=4y

= 4 (sin"'x)?

Mmiet

GROUP OF INSTITI.ITIONS

y, = 0. Also find y,(0)

Differentiating the above equation w.r.t. x, we get

(1-x3)2yy2 +y,%(-2x) -4y, = 0

s (1-Dytn-0-2=0 .0



Mmiet

GROUP OF INSTITUTIONS

Differentiating the above equation n times w.r.t. x using Leibnitz's theorem, we get
ns2(1 = %) 4 ng Vasa (=22) + ng 3 (=2)] = (Ynsax 1, 1) = 0
2 Yora(1 — 2%) = ypps2nx —nln — Dy, — (Ypprx +0y,) = 0
2 (1= x%)p4p — 20+ Dxy,yy —yn* = 0.4
Tofind v,(0): Puttingx =0in(1), @and @), we get
y(0) = 0,y,(0) = 0 and y,(0) =2

Also putting x = 0 in (4), we get

Y2(0) = 12y, (0) 1
o0

Putting n = 1,2,3 ... in the above equation. we get



Mmiet

y3(0) = 1%y, (0) =
=0 < y:(0) =0

y4(0) = 27y,(0)
= 2%2  y2(0) =2

¥s (':') — 32}’3 ('D:'z |
75(0) = 4%y,(0) = 47222

0, if nis odd eo0o
— . 'D — . 0000
¥a(0) {E.EE. 4 .. (n—=2),if niseven E:.

nis not 2
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EIample Ify = emin-‘x, ShO“" that GROUP OF INSTITUTIONS
(1= 2%)yns2 = (20 + Daypsy = (n* + m?)y, = 0. Also find ,,(0).

Solution: Here y =e™™™* (]

m g
- msn °x
TNhEgae

my

2 (1-x%)y,* =m?y?

Differentiating above equation w.r.t. x , we get

(1= 252y, 4 9 (-22) = m*2yy,

000
i i 0000
2(1=-2)y, -2y, -my=0 ... &) cocs
444
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GROUP OF INSTITUTIONS

Differentiating above equation n times w.r.t. x using Leibnitz's theorem, we get
[Vt2(1 = x7) 4 ng yper (—25) + ng v, (=2)] - (}‘nﬂI + ﬂt'.'l}rn:l} —-my, =0
= Yu2(L = 2%) = ypea2nx = n(n = )y, — Gpeax + nyp) —m’y, =0
= (1= x")yns2 — 20+ Daypay — (0P +m?)y, = 0.4
Tofind y,(0): Puttingtr = 0in (1), Zland (3
y(0) = 1, y1(0) = m and y,(0) = m*
Also putting x = 0 1n, we get

Vn2(0) = {1’12 T mzjj"n{ﬂ}

Putting n = 1,2,3 ... m the above equation, we get 0000
coes
o0



GROUP OF INSTITUTIONS

y3(0) = (1 + m*)y, (0)

=(1* + m*)m vy (0) =m
y5(0) = (2* + m*)y,(0)
= (2" + m) 3(0) =

ys(0) = (3% +m2)y,(0)

=m(1* +m*)(3° + m*)
co0o
m*(2° +m?) ..[(n-2)* + m*] , if nis even se0e

= 70 =]

m(1* + m*)(3* + m*) ..[(n - 2)* + m*] ,if nis odd 0



Practice Questions mmt

If ¥ = sin”' x, prove that (1 - 1'311'“ s=(2n+ 1)xy ., - ”3_]_" =
Also find the value of y, when x = 0.

m Cim -

Iy = ¢ show that
(= y.=(2a+ Dy, - +m)y =0

and calculate y, (0).

3. IWy=1log jx "'illl | TEJ. find the value ol y_ al x = 0.

2
4 Ity-= []gg{r-rﬂl-rxl i.] . show that coo

() ==wu*y (0) hence bind ¥ (0] 0000

I-FIJ#’



Answers m'“

GROUP OF INSTITUTIONS

1. Ans. When s even v, (0) = 0 when n s odd, p, (0) = "3 5 . in-=2Y
2. Ans, When nois even, then

T
¥, (0) = e 2 P+ @+ m) lin = 2 + m')

when 15 odd, then
i) ! -
yly=-meg 2 []] + m’) [33 + ml} ........... [(n = 2F + ]

3 Ans. when n 15 even, ¥, (0) = 0

n-|
I B 1
when n is odd ¥, (0) = (-1 2 17,3 .5 . (n—2) :::.
0000
000
-2 o0

4. Ans.uisodd, y (), =Oniseven y ()= (-1} 2 (n=-2F n-4)..4$2°2. ©
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Introduction to Partial
Derivatives
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Q). Find the “'\""5* oden \>o:3\o.9~ Lorivativers oy the %\md:xml
Q) W= \3 , ) z= Qﬂj()ﬂt?}) i) Z.:CMG)!
' ren
% '_3__\,& - '_3_ (\jx> o= \;3 Lﬁ» (k&\)&\)\é \‘j 0'?( C«_‘\)\"Q * L )
C‘\) N ”))\ \tads i‘ Q. = ¥ 9(1.
' !
MWD g . X~\ | -
oY) Y ) ) = X\J (—k“'\l\\\j W o4 Cengload ﬂ'*:\_‘ |
Voo RS *Y\ - WX ) |
W % = =% oy () = >( +‘a +}3
- X Tabivg n o el
By \ 3 a9 Cov Jod 4o hnd EE'
0000
000
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GROUP OF INSTITI.ITIDNS

QT U,y 2) = lrg Geoct dond t donz) ) show thad
A 4 S22 % =y

S A% %}T’: 4 S\ Y 9 =
Rl Ofengdiobing U- bondidly W a8 X, we gof
N B o b (St )

ML \rm\ 3 4 YenYe Yon 2o

2
o Seed o o | S p—
-3\3 *mxx + Yoo Y4 Joa= 9% Yonx A ,\ij{fmz
WS = Spx 3%;( + Sy o SRS D2 4
1
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GROUP OF INSTITUTIONS

e (20\-17)
) 2= + L 5, Y
Sol— u\\\j Q;:.‘J on \‘3(_‘”’\ Mql( 5 e
- R o Ay G )
LT 59

=) 2 = & 52) A.XD O3) Q
o 2= Kk L‘jQ..vLQ) i)r“) o ) ey

B\U'QJ\Q,I:XAQ.}Q’ 2 aqn.Q PQ\X)@Q—’? \WrA-d X ond (‘) we 90T

o oy \ i)
’%& _e—2x) Asgx-y) + (- =3 C |
L \ Q
= —2xy )y ¥ Y WEXD — @::.
Vo \(j X P14 D ;:::‘
0000
o000
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FErampfe Find all of the first order partial derivatives for the following functions. GrOuP OF STTLTIONS

(@) f (2,9) = 2" +6,/5-10
(b) w = 2%y — 10y*2" + 43z — Ttan(dy)

Solution

(@) f (z,y) =2* + 6,510

Let’s first take the derivative with respect to  and remember that

as we do so all the y's will be treated as constants. The partial derivative with respect to z is,

fz (z,y) = 4z’ ssss



Mmiet

GROUP OF INSTITUTIONS

Now, et's take the derivative with respect fo y. In this case we treat all 2's as constants and

50 the first term involves only z's and so will differentiate to zero, just as the

third term will. Here s the partial dervative with respect to y.

fy [ﬂl,y) =



Mmiet

GROUP OF INSTITUTIONS

(b) w = z*y — 10y*2* + 43z — Ttan(4y)

Here is the partial derivative with respect to z.

Here is the derivative with respectto y.
o
= 2 — 2z’ — Wsec (4y)
dy
Here Is the derivative with respect to z.
eooo
dw 2.2 0000
i —30y~z oo



Example Find all of the first order partial derivatives for the following functions.

a) Ou
=
u? 4 5v
z sin(y)
(b) g(z,y,2) = —;
FA
Solution (a).— 2
u? 4+ 5v
We also can't forget about the quotient rule.
9 (u? +50) —9u(2u)  _0y2 + 450
gy = =
(u? + Enru}2 (u? + 51:}2
(0) (uz + Ev] — 9u (5) _45u
v = ; - 3
(u? + 5v) (u? + 5v)

Mmiet

GROUP OF INSTITUTIONS
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GROUP OF | S TUTIONS



‘mipt

P OF INSTITUTIONS

il i

o o — cos g .
Example  Find 3 and = ifu=¢""" cos (rsin )

Solution. 1= ¢"™" cos (r sin 1)

(i
P ¢ 0 [ sin (< sin 0)sin 0 + [cos 0. ") cos ( sin 0)
(keeping 0 as constant)
= ¢ |- sin (r sin @).sin B + cos (r sin B).cos ]
= ¢" ™" coq (rsin B + 0) Ans.
i
H:.I = ¢ [ sin (r sin 0).r cos 0] + [~ sin 0,¢"™ ") cos (¥ sin 0)
(keeping r as constani]
= ¢ ™" [sin (rsin B).cos O + sin B cos (r sin B)] see,
= —rd ™" sin frsin 0+ 0) Ans. oo



Example  [fu =1(/ = 2vy + "~ prove that,

S gy
E'Jr }E} ¥,
Solution, = (1 - 2up + )7

DifTerentiating (1) partially wrl. “x", we gel

ol | a3
— = (-2 + ) (-2y)
ox 2
Differentiating (1) partially wrt, “y', we get
4 .
r;_u - ]{1 —Exy+}-3] 3 (=2x+ 2y}
oy .
o -2 7
Jr}, (=) (1 - 2 +3)

Subtracting (3) from (2), we get

‘mint

A1)

A2)

A3)

ITI.ITIONS
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GROUP OF INSTITUTIONS

oo

i—=y— = (I =2y 4y = -y (1 - Dy 4
- },j 1y 1) 1} (1 =yl - 2y L]
‘.L"[I -ltj-'+lu']|'

1 3
= Proved.



Practice Questions m'“

find all the 1st order partial derivatives.
1. f(z,y, 2) = 42"y — e*y* + i—i + 4y — x1°
2. w = cos(z? + 2y) — e?™ = W g8
3. f(u,v,p,t) = 8u?tp — Jopt ® + 2u%t + 3p* — v
4. f (u,v) = u?sin(u + v*) — sec(4u)tan ' (2v)



ANSWERS miet

3
. ? — f = 122%% — zia — 162" 3. ? = fu = 16ut’p + 4ut
£ H i
0 i of | I
%:fyzﬁmay—-‘-l'ﬂ”yuﬂl iR L R
of .
af . 4 3;2 = fP = Sﬂ-ﬂtg — Eﬁpt_a T 12'11}3
3 —F=ev o o7
f _
a — f! — Eﬁlugtzp —— 5\,"{5?21’: 6 + 2'1,&2
0 iy
: ﬂ_w —w, = -2z Sill(:tr2 +2y) - e " 4 3f
HH
S L ety = fu = dusin(u+v*) + vt cos(u + )
i = -2sin(z” +2y) + z'e + 3y o
O — 4sec(du)tan (4u) tan ! (2v
_‘L'_J —w, = 433ye4z_54y { } ( } { }.
02 af 2 sec(4u)

%_fﬂ_:ﬁvums(u—l—wg) 1
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Problems Based on
Partial Derivatives




atu 2%u

Example 1. Verify that

dxdy  dyox
[ 42 +HE 3
Sol. We have ulx, y) = log_|
XY )
= ulx,y) = log(x* + ) - logx—log y
Differentiating partially w.r.t. x, we get
du x 1
dx x4 s x
MNow differentiating partially w.r.t. y.
Fu - 4xy
dydx [:Ig "'HE:]E

Again differentiate (i) partially w.r.t. y, we obtain

w2y 1
dy [:13 + yzi] y
Next, we differentiate above equation w.r.t. x.
o u _ 4y
dxdy ['Iz_l_yz']z

Thus, from (A) and (B), we find
o%u o7

= Hence proved.

dxdy N dydx ‘

where u(x, y) = log,

\

A1)

(A)

..{B)
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GROUP OF INSTITUTIONS

o'f  a'f
E le 2. If f=t = :
P f=ta [1 dydx dxdy
Sol. We have f= tan™ !(£1 D)
X
Differentiating (i) partially with re-spect to x, we get
d
a_{ _ : { ] L ] i)
) 1+[._] xX°+ y
X,
Differentiating (i) partially with respect to y, we get
s—f = 1 - l = = X 3 .{I-”'}
2 o 7
e
X,
Differentiating (ii) partially with respect to y, we get
’F ol -y ] (- 2y)
dydx dyl x* +y* [:12+y2:]2 :
o0¢



o ytxt

. 7
[IE+_'_I,I'1_:|

2

Differentiating (iif) partially with respect to x, we get

aif af

X

dxdy ax | xZ +y3

_ ¥y -x
(2 +y?)
. *f  &f
. From eqns. (iv) and (v), we get Sy = a9y

(x% +y7 (1) —x(2x)

: 2
[13+y2)

Hence proved.

Mmiet

GROUP OF INSTITUTIONS

i)

1)
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INSTITUTIONS

Sol. i=2:1."*1:Ellf‘l'l ¥ +f-#x _¥ —3'2‘ 1 . l
1+(—] ]+[£]
* y
Jf y yx® v’ [y]
- =2r-tan? | =| - - = 2x tan? | < | -
or e [:::J 1yt iyt x L

Differentiating both sides with respect to y, we get

o' f 1 (1] 242 X2 —y?
— 2. ——— .| = a= 1=
e 1+(£]2 ’ oy x*+y? @
x
of 1 1 R 1 X
Again EZIL 1.;_23.[.3111 —| -y =
1+[£] ¥ 1 [I] ¥
x =
LJ
-— = — 2y tan?! | ,
" o ey y) Ty o

'@
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GROUP OF INSTITUTIONS

.I'[..1'1+y2:| (x [y
— _ -1 — o _ -1 | —
= iy 2y tan | x — 2y tan |y
Differentiating both sides with respect to x, we get
a2 1 r’-l' vl 2 .2
/ =1-2y \2 ]_1‘ zyzz - 5= (i)
dx dy (¥ Ly X“+y XT+y
1+ —
Ly

Thus, from (i) and (i), we get

2
of f . Hence proved.
dxdy By&x
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" |OUP OF INSTITUTIONS

Example 4. It u = log (x* + v + 2 — 3xyz); show that

Slfaaa# faaa]faaa]‘
I et L At vt o (i v =

(@ @ 2)ou ou au]
= \ox oy o )lax oy oz

so we have to find partial derivative of u w.r.t. ceo

X, Y, 2 0000
0000
000
00
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GROUP OF INSTITUTIONS

Sol. Given u = log (¥ + ¥ + z° — 3xyz2).
du It -3z
— (1)
dx 4y 4z -z
d 3y’ -3 .
Similarly, A y : (i)
dy 4y 4z - dayz
2
oo -y i
dz Ay 4z - Bayz
-J90
0000
0000
000



Adding egns. (i), (i) and (ifi), we get

du M Ju 3 [IIE +yt 28 —xy—yz -z
oy T T 2 +yd 4z’ - Bayz
3[12+y2+22—xy—yz—zr}
) (I+y+z}[11+y1+32—xy—yz—;x}
|1‘-"15n"]+f13+||:'3—3Hbf'=[H+EJ+r:.}|[ﬂ2+EJE+L"1—HEJ—EJ'E—EH]
ou du  du 3 (i0)
or o E t— = riyiz Aiv
(0,0 oy _[2,0,0)(0. 0 2}
Now, 15*5*5] \9x oy oz)|ox oy oz
(9,0 Yo ou ou) (2 3 a) 3 |
“lox oy oz )lox oy "oz “lox oy oz )lx+y+z) ¢ trom (iv)
(3l 1 +a_r’ 1 +a_r’ 1
=3_&xLx+y+z dyl\ x+y+z) oz x+y+z)|
1 1 1 | 9
=3 |- 7 7 7| T 7
(x+y+z) (x+y+z) (x+y+z) | (x+y+z)

Hence proved.



Mmiet

GROUP OF INSTITUTIONS

Example 5.If z = f (x — by) + ¢ (x + by), prove that

a%z d’z
a? oyt
Sol. Given z =f(x-by) + & (x + by) ..(i)
d
ﬁ — f (x—by) + & (x + by)
az
=" (x—by) + ¢" (x + by). )
Bz
Again from (i), g = —bf" (x - by) + bd" (x + by)
7 7
Byz =" (x—by) + " (x + by) = b EWET 3
be
vwd
o0
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\
MYy (D) =
L 29 /x ’3\7)u, o " :
2 g =D od J=- QR
509‘" <:’\'\\r'Q,r\ X = QUL e @
o 2 EAREE R, - - Ot y T =
f\&u\j QA 4+, > Y0 R =) S 3

' \
Suhacting @) frov Q) QERRERE® 5 V=5



2\(5Q 3"0 —0.l = (ah =9
NMAL“%@ M\:My w,m."% @%)( :"{b("zé

5531(’%%§u: (‘5‘5>(P}; = =
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GROUP OF INSTITI.ITIDNS

PJ\»% ﬂ\oj_
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=
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= il T o
22X °J
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N p
\-g)'\ )'/L D ) _) 'T
) 7 )
L 5
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00000
0000
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‘, N YA Y. o(, whe_ 9k e
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Practice Questions

1. IfV=(x2+y2+zz)l , prove that oV 82\2 azv
o’ oy’ o

2. Ifu(x,y, z) =log(tan x + tan y + tan z), show that

sin 2xa—u+sin Zya—u+sin Zza—u =2
OX oy 0z
0’z ,0°1
3. If z="f(x+ ct) + p(x — ct), show that?:c 52

i B ] '
A Ifw=,x"+y°+z°&x =cosv,y = usin v,z = uvthen
: a0

dw w
rove that {u— — v—| = ——. (Long question
P |u5~ v 5] = T (Long queston)
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Example . [fz = [(x y) where x = ¢ cos v and y =
EFJ"Z ﬁ: i E...
y—ti— =0
du  0v 0y
Solution. ~ We have,

x=e'sy,

0z @’6\ 0z Oy

b dxdu 0y Ou

02 0z ) 02

y— = gy=#)'—

Cu ox ~ 0y

0z 0z0x 0z 0y

And o M

ov ox ov oy ov

¢ sin v, show that

‘mipt

OF INSTITI.ITIONS

(MU 2009; Nagpur Univesity 2002)

y=e'siny

02 02 3 0z 0z
=—¢ CSV+—e s111tf*t7+"7
0x dy 0x 0y

1)



iz, 0z 0z 0z
— (" -.1nv}+—(1: COSV)=-y—tr—
- ox 0y 0x 0y
0z 07 40z
}— = ‘I_F_h_'l"ﬂ o
oV ox 0y
On adding (1) and (2), we gel
0z 0z 4 4 02 0z
p—tr— =\ +y)— = (¢ cos” v+¢™ sin” v)—
by 0y 0y
, 07 4,0z
= ¢ (C0S" Vs V)— ==
III'I..I '!{,I
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A2)

Proved. )98,

000
o0



Example A function [ (x, ) is rewritten in ferms of new variables
I=e cosy, y=¢siny
. A
of_ 0,0 N
Show that (7) tv— md (i) —
ffI H'I' v f?}' f'H MJ
Solution. U = €008 . ai_g'mgy = ﬂ-—exsmy-—x
0x 0y
. ov oy v,
V=Eesmy, —=¢ simy=v, —=¢ cosy=u
dx dy
{ fou Of dv
(1) We know that qf Y qf -
dx  Oudx dv Ox
0 ' )
—f = / "+ o v
0x du  dv
3¢ ofou 0 ; 0f 6
(if) ﬂ - 0f ou “h v/ A= 1u]l+ir.'=—v.iﬂr.'T f
dy du 0y r"v F‘} cu ov du  Ov

.. (1) Proved.

.. (2) Proved.
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Practice Questions m'“

1 If"[rF f{Ex — 3} 3} — 4z,4z — 2x), prove that

5—+ 4—+3—_ 0.
o=

Find Ii—f: as a total derivative and verify the result by direct
substitutionifu = x +y2 4+ z%andx = e,y =e*cos 3t,z =
e=f 5in 3t.

Ans. 2e4t

: : d*u . d*u oy (3%u | *u
. IHfx=e"cos@,y=e"sinf showthat —+—=¢ ET( + )
’ Y ‘ dx*  dy* dr*  86*/-

} . _ . i - il ”I: 3 :::.
4, Ifz=sm (x-p. x= 36 y-41, show that d!= — 00060
{i-¢ 4
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Homogeneous function
A function f(x,y) is said to be homogeneous of degree n in variable x
and y if it can be expressed in the form x"@ (%) OR y"( (i) .

An alternative test
A function f(x,y) will be homogeneous of degree n if f(tx,ty)=t" f(x,y).

Example: f(x,y) = \/;3?

Replacing x=>tx, y>ty f(tx, ty) =

f(tx,ty)=t2f(x,y)
So f(x,y) is homogeneous function of degree .
Similarly a function f(x,y,z) is said to be homogeneous of degree nin ree

the variables x, y and z if f(tx,ty,tz)=t"f(x,y,z) rel

sty  t(x+y)

VirHVty  VE(Vx+/y)
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Q. Verify Euler’s theorem for the functions :

fix, ) max® + 2hxy + by’
Sol (i) fx, ) max® + 2hxy + by?
i
-.tﬂ[r.t+2hl+ h—ﬂy
1 X
=1-=mm,wheren|:1]
x
oy 2 B
=a + 2h . +:§" :::.
00000
0000
0000



e, flx, ¥) 15 a homogeneous function of degree 2.
By Euler's theorem, we should have

df E;IF---ﬂﬁtl.l;’-|-==I-!I-1|u-r-l-!il'rh_".u-'i=

x e - _1.-'-EI:III
= Hax? + 2hay + by?) = 2f
Hence Euler's theorem is verified.
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‘mint

TIONS

f xXy+yz+zx ; = N <
Example ()If u=cos| 2 2 2 )provethatx—4y—1z—=0
x“+y +z2 ax yay Zaz |
F
SOL (L) u (x’ Y, Z) = COS L Xy + yz+z2Xx
x®+y? 42
2
ulix, ty, tz) = cos t2 (xy + yz + 2x)
t2(x% + y% +2°)

1 +y? +2°

= t° cos ny+yz+zx) =t°u (x,9,2)
Hence u is a homogeneous function in x, y and z of degree 0.
Hence by Euler’s theorem,

@L"*' Ql_t_+z_a_lt__0 =0
" yay N



Q. If e = (x2 + 203 show that

Ty aaa gﬂﬂ'u L
BTty o = -

Sol. Given o = (x? 4+ )3 = -'I-jﬂ[l-l‘ ﬁ;]

X
ara | ¥
= = Q[::]nu.r

e o2)=(3-2)"

Le., i is a homogeneous flunction of degree % Anx, w.
. By Euler's Theorem of higher order,

13* ' g d%u
et T axay T R

22 =
=pnin— 1) = 3[3 1)!-!_--9_#.
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Practice Questions

N TR I
\ ‘ , )0 i . 1

1002 = iy + y), find the value of Xy taxy )y Ansd

o'y

1 1

. Iy o
L Ifv= 55 show that ¥ +y_—=¥,
X4y de Oy

3. Prove that g(x, ») = x log (3¥x) is homogeneous Verify Euler’s Theorem for g.

x+y cu cu 3
4. If u(x,y) = \[T , prove that rc—r+x0—y=5u. Y
X+ Vv -V 0000
0000
00
o0
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Deductions from Euler’s
Theorem




Deduction {f\m“» Eulon!y Nearer
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GROUP OF INSTITI.ITIDNS

e Y
2 > U 2 U /
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— )y \) [ | [— Nt > ( K [ \

R caU [ R ConecXu + |7

PR. T, U= Sin~ ( e 83*_23 Prove that

A 4+ kY« = 4

DL?"U:— ‘tDZ}’L’"‘f—ZQ&: Il “'}"(')
X 2J ~Y
Sod' W ta waF o horguercoum Juncion 2.3
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2 STITUTIONS
£
@ T e Fooi' o LB brese. thal
= -3
CA DLD-_E-k M — SR
) L= X ¢ = \
R
”-2 e U e
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Examplej

Jdu

X— +

ox

y

du

: If u = sin’!

du

al -

X+ 2y + 32

8 8 8
L_\/X +y g o A !

—4+z—+3tanu =0

dy

dz

GROUP OF INSTITUTIONS

, show that



S et

L] a a -1
Solution : Here given u =sin e P OF mSTITUTIONS
JX +y +z

e siny = X+ 2y + 3z - f (say)
Iyt 42t

Now here f is a homogeneous function in x, y, z of degree (1 - 4) i.e -3.
Hence, by Euler's theorem
of of of

- 4 2= = =3f
xﬂx F&y dz
or xi (sin u)+y — J (sin u)+z 9 (sinu) = -3sinu
ox dy gz
s f=sinu
du du u .
orxcosu —+ycosu —+ zcosu— =-3sinu
dx oy oz
du E:‘u Ei'u sinu
or X== +y = =3
El'},r dz Cos U 000
du du du cecs
orx—+y—+z—+3tanu =0, Hence Proved 000
dx "~ dy oz o0
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oo d S J 2 LuUS W
Example 5 If u = xé (l) + Y (l), show that-
X x :
Ju
(L)x——+y—=x¢(l) i) 2 97U 9%u o
3 (Gi) x* —+ 2 29 %
a.)’ e ax2 xy ;}xay + ) ay2 0.
Sol.let v=x¢ (l) and w =y (l) =x% vy (l) so that
x x x :
u=v+w ...(1)
(i) Since v is a homogeneous function of degreen =1 inx, y
Ju Ju
e gy S e ...(2)
ax Yy
Since w is a homogeneous function of degree n = 0 in x, y
x.@g)— + ygg’—= ...(3)
ox dy

Adding equations (2) and (3), we get

d
x—a—(v+w)+y5;(v+w)=v

ox
3
- 2esfpmne(2)

(ii) Since v is a homogeneous function o

2 2 2
£29°Y 4 oxy s +y23—'2’=n(n-1)u=1(1—1)u=0
ox? 0xay oy
e w is a homogeneous function of degree n = 0 in x, ¥
2 % ...(5)
282w “w 2alé)=n(n_1)w=o(0_1)w=0

+
=57 P ey 0

fdegreen =1inx,y
...(4)

Also sinc




GROUP OF INSTITUTIONS

0 e )’
xzaxz V+w)+ 2y — By v+w)+y? — 3 7 (0 +w)=0
o’u u o%u
=5 2 (?} 2xy (@'Jﬂ’z (?]ﬂ.
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Practice Questions

X+Y
1. 1f u=cos™ , show that xa—u+ya—u+lcotu:0.
x+\/7 oy 2

OX
3 3 3
. 4 X +Y +<Z ou ou _ou
2.1f U=sin " Y , prove that x—+y—+z—=2tanu.
ax+by+cz ox oy oz
2 2
+ , 0°U ou ou
3.If u=sin- ( e ym] , then evaluate the value of | X° —+2xy— +yt—
Xty OX* OXoy oy
S = ) i it
Ifu=sec'|™ | show that x.—+ ¥.— = 2 cot u, then evaluate
4 ity 7 GG
A 1 1 000
L T N i . 0000
+ 3 +1x) - ¥ Ans. 2 eolp (2 csec-n+ 1) 0000
BN f.".'-!'?l' o ..‘
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Practice Questions

QS Show NS xu?(f\(j%—%'l\l*z "QCQjU& W
o

Wo Can- (X*B'Vz C203-1Y)

O &3\5_(- C=

\iz VR, (=

) ‘x —-k-

% ll’ W= S\n_\< Ny ;\j,g_ : Showr  tht
A

D D\k A ﬁ/«\
Aol & B 1

’ax—k\g Y \2
000
0000
00000
0000
0000
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xXT 4+ ) el
x° O7u + 2xy o u + - E_-!:' =2 :f_-]"_1 . 2022-23
o’ chechy oy e xT 4 W
Answers

(3) tanu[seczu-IZ]/144 0.
0000
000
L X



mict

L e Ct u r e 44 GROUP OF INSTITUTIONS

Curve Tracing




Introduction
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This method is used in Cartesian Equation. arouP o wsTTTINS

. Symmetry:

(@) A curve 1s symmetric about x-axis if the equation remains the same by
replacing y by ~y. here y should have even powers only.
For ex: y*=dax.

(b)It 1s symmetric about y-axis if it contains only even powers of X.
For ex: x*=4ay

(c)If on interchanging x and y, the equation remains the same then the curve
1s symmetric about the line y=x.
Forex: x* +y* = 3axy

(d)A curve 1s symmetric in the opposite quadrants if its equation remains the
same where x and y replaced by ~x and -y respectively.

o000

- AW i 0000
FOI'LX. Xy=C 00000
0000
0000
o000

([ X )



(0,0)}

\

Q

Symmetry about x — axis

Symmetry about y

=X

T GROUP OF INSTITUTIONS

T F{k, a)

L

Symmetry about y — axis

¥
Symmetry in the opposite quadrant



The curve passes through the origin, if the equation does not contain
constant term.

For ex: the curve y*=4ax passes through the origin.

(b) Tangent at the origin:

To know the nature of a multiple point it i1s necessary to find the tangent at
that point.

The equation of the tangent at the origin can be obtained by equating to zero,
the lowest degree term in the equation of the curve.

3. The points of intersection with the axes:

(a) By putting y=0 i the equaton of the curve we get the co-ordinates of the
point of intersection with the x-axis.

e X L : =
For ex: a2+b3 =1 put y=0 we get x = +a :::.
Thus. (a, 0) and (-a, 0) are the co-ordinates of point of intersection. ::::0
(b)By putting x=0 in the equation of the curve, the co-ordinate of the point )00

of intersection with the y-axis is obtained by solving the new equation. ::'
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Regions in which the curve does not lie:

If the value of y 1s imaginary for certain value of x then the curve does not
exist for such values.
Example 1: y* = 4x
Answer: For negative value of x, if y 1s imaginary then there is no curve in
second and third quadrants.
Example 2: a*x? = y*(2a—y).
Answer: (1) For y>2a, x 1s imaginary. There i1s no curve beyond y=2a.
(11) For negative value of y, if X is imaginary then there is no curve
in 3™ and 4" quadrants.

Asymptotes are the tangents to the curve at infinity:

(a)Asymptote parallel to the x-axis is obtained by equating to zero, the :::.
coefficient of the highest power of x. ::::o
Forex: yx* —4x* +x+2=0 e

<> (y—4)x*+x+2=0 o0
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GROUP OF INSTITI.ITIONS

The coefficient of the highest power of X i.e x*isy =4 =0
“ y =4 = 0is the asymptote parallel to the x-axis.

(b) Asymptote parallel to the y-axis is obtained by equating to zero, the
coefficient of highest power of y,

For ex: xy* = 2y* +y* +x*+2=0

S (x=2)y’+y*+x+2=0
The coefficient of the highest power of y i.e. y*is x = 2.
& X = 2 = 0 is the asymptote parallel to y-axis.
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Remember POSTER

P = point of intersecuon

O = Orgin
S = Symmeitry

T = Tangent

A = Asymplote

R = Region

Mmiet
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IMPORTANT DEFINITIONS:

(I)  Singular Points: This i1s an unusual point on a curve,

(I)  Multiple points: A point through which a curve passes more than one

time.

(IIl) A double Point: If a curve passes two times through a point, then this
point is called a double point.
(a) Node: A double point at which two real tangents (not coincident) can

be drawn.

(b) Cusp: A double pointis called cusp if the two tangents at it are

comcident.

—
Yy
»

P is 2 Node

>
Oisacusp

Mmiet

GROUP OF INSTITI.ITIONS



Mmiet

GROUP OF INSTITI.ITIONS

(IV) Point of inflexion: A point where the curve crosses the tangent is called
a point of inflexion.

(V) Conjugate point: This is an isolated point. In its neighbour there is no
real point of the curve.

At each double point of the curve y=f(x), we get,

2

- (ZL) = S4=%4
oxdy

a) If D s +ve. double point 1s a node or conjugate point.
b) If D is O, double point is a cusp or conjugate point.
c) If D i1s —ve. double point is a conjugate point.
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Example: Trace the curve ay® = x*(a — x)
Solution: we have,
ay* = x*(a=x) Q)
1) Symmetry: Since the equation (1) contains only even power of y,
O 1tis symmetric about the x-axis.

[t is not symmetric about y-axis since it does not contain even power
of x.

2) Origin: Since constant term is absent in (1), it passes through origin.
3) Intersection with x-axis:

Putting y=0 in (1), we get x=a.

s Curve cuts the x-axis at (a, 0).
4) Tangent: The equation of the tangent at origin i1s obtained by

equating to zero the lowest degree term of the equation (1). - .
seees

- 000

ay’ = ax?®. os0°
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C> yl = xz GROUP OF INSTITUTIONS
o y= +x

There are two tangents y = +x atthe origin to the given curve.




Example : Trace y?(a? + x?) = x?(a? — x?) MInt

GROUP OF INSTITI.ITIONS

Solution: Here we have,
y(a® + x?) = x*(a® - x?) (i)

1) Origin: The equation of the given curve does not contain constant
term, therefore, the curve passes through origin.

2) Symmetric about axes: The equation contains even powers of X as
well as y, so the curve 1s symmetric about both the axes.

3) Point of intersection with x-axis: On putting y=0 in the equation,
we get

x¢(a*=x4)=0, x =%a,0,0
4) Tangent at the origin: Equation of the tangent is obtained by

equating to zero the lowest degree term. 000
i ol 0000
A’y =ax*=0= y=+x T
gy 000
There are two tangents y = x and y = —x at the origin. 0000
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5) Node: Origin is the node, since, there are two real and different
tangents at the origin.
6) Region of absence of the curve: For values of x > a and x < —a,

y* becomes negative, hence, the entire curve remains between x =
—aand x = a.




Polar Coordinate System m'“

A | r = radial coordinate,
Y radial distance

or radius]
4 -+ P (r, ©)
¢ k> at what
3 | angle
how far
2 _
1 -
' -
0 | | |
1 2 3 X vee
0000
( 0000
Origin ::'

(Pole ; reference point) ®



TRACING OF POLAR CURVES mln t

GROUP OF INSTITUTIONS
The following steps may be taken while tracing the curves in polar co-ordinates :

1. Symmetry :
(1) The curve is symmetrical about the x-axis (initial line, 0 = 0) if the equation is unchanged when
0 is replaced by -0, or the pair (r, 0) by the pair (-r, n1-0).

eg.  rcos0=asin’0,
(i1) The curve is symmetrical about the y-axis (the ray 0 = n/2) if the equation is unchanged when 0
is replaced by 70, or by the pair (-r, —0).

e.g. 0 =a.
(111) The curve 1s symmetrical about the pole if the equation is unchanged when r is replaced by -,

or 0 is replaced by 0 + 7.

! v4 M
(r, m-0) or (r.0)
(r, ) (-1,-0) (r, 0)

o000
= % 0000
0000

A 0 4 /19 YY)

(l'., _G) or (_r‘ K—G) (“r. 9) 0l o0
(r, 0+m) [




2, Origin (or the Pole) : Check whether the curve passes through the pole or not. For this put =, “"Et

GROUP OF INSTITUTIONS

I 'we get some real value of 0, then the curve passes through the pole, If we cannot find real value
of § for which r= (), the curve does not pass through the pole. .. i on putting r= 0, we get =
03,05... Whee 0, 0,.... are all eal numbess, then the curve passes through the pole and 6=, 0
=f.... Are the tangents at the pole. But if on putting r= 0, we do not get any real value of6, then
the curve does not pass through the pole.

4

For the curve £ =4° 08 20, forr= 0, we g

I 000
00s20=0 or  B=1 (real values of ) 3



3, Asymptotes ¢ If r =0 as 00, (finite value), then there is an asymptote and we find it as

l
follows : If ot is a root of the equation {0) = 0, then r sin (0~): -—ls an asymptote of the curve

a)
|,
-=f(f).
r
. - o PRTE
4, Points of Intersection : Find the points of intersection with the lines 0= 0, = . = 2,8 :-5

and so on, or we make the table of the values of r corresponding to some suitable values of 0

(especially for those values of O for which the curve is symmetrical).

5, Region : Solve the equation for  and consider how r varies as 0 increases from 0 (or some

convenient value 0;) to + co and also as 0 diminishes from 0 (or 0;) to -,

Mmiet
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Find the regions in which the curve does not lie. This can be checked as follows :
(1) If 1 15 imagnary, say for a<0<p, then no portion of the curve lies between the rays 0 = o and

0=,

(11) I 1y 15 @ for all real values of 0, then the whole of the curve lies within a circle of radius a,

and 1f r,y;, 18 b, the whole of the curve lies outside the circle of radius b

0. Special Points : Find ¢(1.c., angle between the tangent and the radius vector) at P(r,0) using the

| d
telation tang = rd—
r

1
Find the points where ¢ = 0 or E .

(1l . ; w @0
Also 1if -&)- 18 +ve, then r increases as 0 increases and if &; 1$ -ve, then r decreases as 0 decreases.

Mmiet
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Practice Questions m'“

Q 1.Trace the curve Q 2. Trace the curve
x3+y3=3axy, a>0 xy?=4a?(a-x)

YVa

Ans. Ans.




Practice Questions ""gt

Q 3. Trace the curve Q 4.Trace the curve
9ay? = x(x - 3a)?. y2(a+x)=x2(b-x)

Ans. Ans.




Practice Question

Q.5 Trace the curve r=a(1+cos 0)

Miet
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AnNs.




