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> Leibnitz Theorem

> Partial Derivative

> Total Derivative

> Euler’'s theorem on Homogenous function
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Definitions and Notations

Successive differentiation Is the differentiation of a function successively to derive its higher order
derivatives.

If y = f(x) be a function of x, then the derivative (or differential coefficient) of y w.r. . X is

denoted by jyur Dy or f'(x) or y, and this is called the first derivative of ¥ w. 1. t. X, where
X

jycan be differentiated once again, i.e, if y = f(x) is derivable twice w. r. t. x, then the
X

2

d’y
derivative ufj— w. I. t. X is denoted by d—ur D yor f"(x)ory, and this is called the
X X

second derivative of ¥ w.r.t. X.
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d
Similaly, ET can be differentiated once again, ie., if y = f(x) s derivable thrice w. 1.t x,

i} /
fente derateof — ... ¥ s by d—z}
Y

i
the third denvative of J w.r.t. X.

or DSym £"(x) or y, and this1s calle

In 3 similar manner, we can find the fourth derivative, fifth derivative and, in general the n®
derivative of J ... x by diferentiating Successively the given function ¥ w.r.t. X four times,

five times and n times,

Following notations are generally used for the successive derivatives of ¥ w.r.t. ¥ -
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or

or

or

or

First derivative  Second derivative

N
f'(x)
y

dx

Dy

Third derivative

bk
flll(:l:)
&y
dr
Dzy
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n™ derivative

J,
/')
dy

dy’
D'y



0" DIFFERENTIAL COEFFICIENT OF STANDARD FUNCTION:

1.  n' Derivative of (ax+b)™,

et y = (ax + by"
Yy, = maax + by™!
y, = m (m-1)a* (ax + b)™*

y, = mm-1) (m=2) ... (m - n=T) a" (ax + by™*
Case I. When m is positive integer, then
m(m=1)...(m=-n+1)(m-n)...3-2.1

= ar(ax + b)™"
% (m-n)...3-2-1 ( )
n m
= y = L(fﬂ + b)m = I_ ﬂ”(ﬂ.l' _!_b)m-ﬂ
Todx" m-n
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Case [I. When m = 11 = +ve integer

]! n
e Y T S L
i, 0 ()" = | i = = —(mx+h) L
Case III. When m = -1, then
: K 1
Y= @+ b= )
o= (1) (2) (3) o () a® (e + by
"1 (0" na"
o r:I - | = I_] 4448
dx Hl'l'l['| [:TI+HI”+ o000
H




Case IV. Logarithm case: When y =

In general.

Hence D" log(ax+5b)=(-

Note:

D" logx =

1
W= =a(ax+b)" = a(0!)
(ax +b) (ax + D)
e a’l _  a.1)
2 (ax+b)  (ax+b)*
a2 a2y
(ax + b)y (ax + by
—a'? 4 2}
V= ;34 -1 3-0—(3)5 and so on.
(ax +b) (ax + b)

o ,,_Ila".(n—l)!
=0 by

1y a".(n-1)!

(ax+b)"

1) (n-1)!

log (ax

+ b), then
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2. Exponential Function

() Consider

(1) Consider
Putting

¥y =a"

Y, = ma™. log a
i, = ma™ {log a)
y = ma™ (log ay
¥.= &7

i = ¢ In above

y = me™
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Example. Find the nth derivatives of 1Sy 460 mlnt
Solution. =
] 1
Lety=— = .
6x"=5x+1 (2x-1)(3x-1)
| _ 4 B _AGx-D+B(@x-1)

T6xr=5x+1 2x-1 3x-1  (2x-D(Gx-1)

I = AQBx-1)+B(2x-1)

Putting x = - Jd= —E 1.6. B=-3:putting x = . A= 2.
S . sss
2 3 5 . coes
Hence y = - =2(2x-1)" -3(3x-1) oo

2x-1 3x-1 .



fi

d
Therefore 3 = —H{E(E.T )" }

dx

Now we apply the formula,

D ax+0)" = (=)' (") ax +0)"" ",

Hence v, =2.2" ()" (m)(2r=1)™" =3.3" ()" () B3x-1)™",

4 i

%n—l

_|_

e G-l
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Example Find the n* differential co-efficient of log (ax + ). swnp e memron

Sol. Let y = log (ax + x%) = log x(a +x)
= logx + log (x + a)

Differentiating n times,

n n
y,ai-n-logni_.. log (x +a)
G U T 1S S Ul (X I

x" (x+a)

.(-1)4-1(,,_1)![.1... : ]
" (x+a)"

i I—l]”'J (n=1)a" 00
Lﬂ Hoglax+b)] ‘— o0

dx (ax + 0"




" Derivative of y = sin(ax + b) "I|nt

GROUP OF INSTITI.ITIONS

If v = sm(ax + b). then

v, =acos(ax+b)= asin[

% +(ax+ b)]

—

1 9 . | 2;’?
v, = a cos(ax+b)=a" sin

+ (ax + b)] and so on.

- ]

% | 1
In Geneml.yln= a"sin| ax+b+ = nw ]

"o . 1
Hence. D" gip (ax+b)=a"sm|ax+b+—nx
9. 000
e 0000
. : 00000
s : nw | 0000
Note: D" smx =sm| x+ | 444
2 ) o0



n'" Derivative of y = cos(ax + b) "Ilut

GROUP OF INSTITUTIONS

Ifv =cos(ax+5b). then

£ +ax+b ‘
. _.

v, =—asin(ax +b)= acos

27

e L l_ 2 *'
¥, =—d 5111‘ ?-I—HI-I—E} ]zn' COs +ax+b 1.311{:151:- on

'-_ — i L1 -—

| 1
In general. v, =a" cos| ax+b+—nx l

f 1 L
Hence. D" cosx(ax+b)=a" {:05‘ ax +b+ Pz '

_ : ' 1 ] cecs
Note: D" cosx = cc:-s[ 1‘+:Hﬂ' ) :::'
! _ o0

—



Example 1 Find the n*" dertvative of sin6x cos4x

Solution: Lety = sinbx cos4x

o o
=E{5mIUJ: +5n2 x)

Y= % [lﬂ” sin (10.1‘ Jr%) +2% sin (21 T %)]



Example 2 Find n*" derivative of sin’xcos®x

Solution: Lety= sin®xcos®x

mint

= sin‘xcos’x cosx

v sinf2x = % (1- cos4x)

1

4

1 1

== rpsx —=cosdx cosx

8 E

1

Emsr — e LC{JSEI + cosbx)

= E (2505:1: — cos3x — cos5x)

: 1 .
== 5in®2x cosx = ; (1 — cosdx)cosx

Y, = %[.?.ms (I - ?) — 3"cos (EI - ?) — 505 (5_1' + ?)]

cos A cos B = -:—- [cos (A + B) + cos (A — B)]




Example 3 Find the n'" derivative of sin*x
Solution: Let y = sin*x = (sin’x)?
1 . 9 2
= (—2 SIn 1‘)
2

= i([l — cos 2x)°

=

31— 2z +2costa0)]

_ 1l e
—4{1 20082x -I-E[__

3 1

1
== —{"{?SZT + —Eﬂsf-

+ ms«h)]

X

e — ——Z“f'ﬂs (Et’ + ) +24%c0s (-’-h, g 7 )

GROUP OF INSTITUTIONS



n'" Derivative of y = e**sin(bx + ¢) "Ilnt

GROUP OF INSTITUTIONS

Consider the function y = & sin (bx +¢)
i, = e%b cos (bx + ¢) + ae™ sin (bx + ¢)
= ™ [b cos (bx + ¢) + @ sin (bx + ©)]
To rewrite this in the form of sin, put
@ =rcos b=rsnd we get
I, = &% |rsin ¢ cos (DY +¢) + 7 cos § sin (b + ¢)]
i, = re“sin (bx + ¢ + ¢)

Here, r= 4zt +4? and ¢ = tan’'(b/a)

Differentiating again w.r.t. X, we get
Y, = rae sin (bx + ¢ + 9) + rbe” cos (bx + ¢ + 0)



‘mint

Y, = 1e% 1 cos ¢ sin (bx + € + §) + 1e™ r sin ¢ cos (bx + ¢+ §)

Substituting for @ and b, we get

= e [cos ¢ sin (Y + € + 0) + sin ¢ cos (bx + ¢ + 0)]
= re“sin(br+c+ 0+ 0)
Y, = e sin (bx + o+ 20)

Similarly, Y, = r'e“sin (bx + ¢ + 30)
””f
y = Ff‘” sin(bx+¢) = r"e™ sin (bx+c+no)
2
000
5 111
“¥s =e™ (a®+b%)7 sin(bx +c+ntan12) | §%
L}
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" Derivative of y = e**cos (bx + ¢)

Similarly if y = e**cos (ax + b)
Vv, = e** r™ cos (bx + ¢ + na)

= e** (a® + b*)= cos (bx +c+ ntan"z)




Summary of Results

Function h Derivative
.,-I;r,: El'].'.!t' Ji"“ —_ {1]‘1 Eﬂ:
m!
r _ a'{fax+b)" " m>=0m>n
y=(ax +b)™ (m—mn}!
ey 0, m >0, m << n,
Yn = n! a®, m=n
(—1)"nta” —
L (ax+ b Plke=
= _ ¢_1yn—1 (n—1)! a”
W= ]ﬂg{ﬂ.'l:' T b} {' 1) (ax+b)™
y =sin(ax +b) |y,=a" sin (-:u + b+ ?)
y=cos(ax+bh) |y,=a"cos (m: +b +¥]
T b
v=e®sin(bx+c) | y,=e™(a”+5b%)2 Sin(bx-l- r:—l—ntaﬂ_l—)
a
v=e cos(bx +¢c) | y,, = e® (a® + b*)7 cos (bx +c+ntan’ E)
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Exomple = Fonds 20 0l alivatise of ||||gt

\_)34”)% sz GROUP OF INSLTUT'“"

Soldioni- Y= B e

v«&mk(r.’s’/\ Cod X_= szu X

. )X,«'n?’i :E (.-_.- Qvﬁ)

= :!F ;l‘( 4 D’ﬁ‘)o Cen)
- N s,



\ - l LA w__l_, C,_Sl-r—_'__b 53\)(
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Example 4 Find the n™ dertvative of e**cosx sin’2x

Solution: Let y = e cosx sin“2x

: . } |
Now cos x sin*2x = : (cos x - cos x cos 4x)

¢ 5in“2x = %( 1- cos4x)
Iy (- : -
= E(ms X 2(ms 5X + C0S 3:{.)

1 ! !
2y = ¥ eosy sin“2x = Exmsr—legxms 51—;93“‘3:05 3x

cos A cos B = > [cos (A + B) + cos (A — B)] EE:'



m . n t
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A, = le“’ 9+ 1) 008 (r n tan'lé) - iﬁ'a'r (9425): cos (5*4" Fta” E)
_E Eﬁ-"f 94 9) 2 (08 (31’ Fntan” j)
:5 3:::103 ms(wrntan'l%)—i 3”341 cns(SHntan'l;)

- g, cos(3x + ntan 1)

y=e™ cos(bx +¢) | y, = e™ (a* + b*)2 cos(bx+c+ntan Z) cor




1 [ |
Example § Ify = sinax + cosax. provethat v, = a"[14(~1)"sin2ax 2 ""m:
solution:  y = smay + cosax

= [sm(er )+ms(m 1 T)]

1

(o +2) a1 5 | |

zﬂn' it (m, 4 )-|-ng ( +M)+25m (m 1 HH) cns(ax Jrn—;)]E

=014 sin(2ax +mr)]z
=q"[1 4 sin 2ax cosnr + cos 2ax sinnm ]z sese
000
[ i o0
=0"[1+(-1) sm2ax]z vcosnm = (~1)" and sinnm =0 o




Examplel. If y = x log I—_i Show that M|nt

.1- -I- GROUP OF INSTITUTIONS
x-n  x+n |
— (1y | n-2 - '
i [ e [[:r—l}" (x+1)" |
x-1
Sol. We have y = xlog Tl = F [log(x - 1) - log (x + 1)]
Differentiating w.r. to x’, we get
1 1 ]
Yy, =log(x-T1)-log (x+ 1) + x L—I_Hll
1 |
= log (x-1) - log (x + 1) + 1+—+|—1+—
og (x-1) —log (x + [ \ sy
1 I)-log (x+ 1 23 1
or ¥, = log (x-1) —log (x + ]+.‘::—1 |
Differentiating (#-1) imes with respect to x, we get 44
ti"_ g l J:];n—l d”—! :::’
y, = ln -1)- log (x+1)+ (x-1)7" +——(x+1 o0
dx™ B¢ dx' AR dx"! A dx" = 2 :



, =) -1y n 1" 1 4"
T toglar+b) = 0 = i L., mlut
dx” | (ax+h)" dx" lax+b) (ax+b)™

GROUP OF INSTITUTIONS

dm f’] ﬁul ] fri ]
iy = lﬂ ¥-1 ]D +1)+——(x-1)" + x+1)
v, s g(x-1)- PN g(X+1) o —(x-1) px (%)
_ {_1;”‘3| n-2 {_13"‘3| 1=2 (a1 (1 e
- — 4 + -
{I_lrh! {I+If I {I—lw fI*lﬂ
{—1}""| 2| g2 { )" - 1}| n— 1) Lin— 1) n-2
) f,r_n”’ {tm”l (x-1)" (x+1)"
_ (- ”_,J_ ¥=1 . a#l . (m=l) fns ) ]
) - (x=1)" (x+1)" (x-1)" (x+1)" |
- : ssss
) (12| =2 .;r—f-r" r+n”_ eoe
(x=1)" (x+1)" | o




l.

3 If y=e'cos’x find y, 1e. the n™ dervative of y

4.

Practice Questions: 1

If y = sin” x, find v,
3

< T, OO % By (=N (A 2 |
[Anu. Ism(:ﬂxsl—zﬁ .smt 3x+n§”

2. Find the n*" derivative of cosx cos 2x cos 3x
Ans.i [2" €S (Zx ) + 4" cos (4x ) + 6" cos (6x + —)]

n

Ans. 3 92 cos[m: ] %.10? ¢* cos(3r 4 ntan”3)

4

Ifvy =cos™ x, prove that (1 —x2 )y, —xy, =0

2022-23

Mmiet
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Practice Questions: 2 Mitt

GROUP OF INSTITUTIONS

1 X n
l, Flnd\n \shenv 2( 1) I-—]
). Find nth derivative of log v [Ans (1) 11-1.2‘.41]
' R i
3. Find the n** denvative of
(x=1)(x~2)
16 1
—1\! -
Ans.( 1) n. [(x_z)nﬂ (x-l)““]

4. Find n™ differential coefficient of v = logl(ax + b)(cx + d )]

¢ v=(— B0l - AN a" ¢ l 555:0
Aus. yy= (=1)""(n U'Laﬁb)n (cr+d)! 00cs
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nth derivative of product of

functions



LEIBNITZS TE

[f 1 and v are fanctions of ¥ such that thetr n™ derfvatives exist then the n™ denivative

FOREM

of their product 15 grven by

V)= Ul T, Uy Uy F T Mg Ty b0 Ty U 1 U0

Whete 1, and v, tepresent 1" dertvatives of u and v respectvely.

D'(im)= U4 My Vy 1

m . at
GROUP OF NS

i G

Tl Uy Uy 1o T U



Evample  Find the th denvative of ' sin . mict
S0l Leti=sindxand =1 o

D) = D" (sn )= sm( r+?]

D) = W DF=20'f)=0
By Leibnitz's thorem, we have

D'(u) = % 0 0+ D40 D)+ &, DD D¥ )+ He D

D (Fsindt) = DFsin 3+, D% (sn ) D (), D¥¥in B ) sae:



D*(¢'sindx) = P (sinJe'+ ¢, D¥ (s 3) - D () + ', DF¥sin &) - DAY I'I|nt

= 3 5in!31+% I1+J13"'5m|33+—‘ A}
nn-1 n_9
- [,; | .y Slﬂ{?.:ﬁﬂlﬂ
LL R
( 1
= Iy Slnlzﬁg 2 g {ql-l-%‘
+3Hn(n—1)-sinl . §§§3




Example . Find the nth derivative of & log x.

Sol. Let u =& and v = log x

{—1}” 1 _]
Then D" {u)=¢" and D" (7) = \—

By Leibrutz's theorem, we have

Mmiet

GOOS TIONS

i

D" log x =

- (n-1)

X

[ (elog2) = D¢ logx+c D7 (¢) Dlog 1) + ', 0P (D (log

+.+ 8 D (log X)

: L -] r{ 1

: L’J'lﬂgﬂm’-x B 7
it afn-1) -1
5 DElgy) = & Ingx+———+ —
vl ]

(_1 )JJ-I E
T”



Example. 3. "Ilnt

If y=acos(logx)+bsin(logx), show that x“ v, +x3, +v = PO WSTTUTONS

and x°v, ., +(2n =1y, +(n" +1)y, =0.

Solution.
Let v = acos(log x) + bsin(log x).
. 1 1 .
1, ==asin(logx).—+bcos(logx)— or 1, =-asin(logx)+bcos(logx)
X X
Now again differentiating both sides. we get
L 1
v, + 3, =—acos(logx).— —bsin(log x)—
X X
or X’ v, +av, = acos(logx) +bsin(log x)]
000
or X"y, +xy, =—¥% 11
, Hh
or X'y, +xy, +v=0. 000
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Again differentiating both sides 1 times by Leibnutz's theorem,
D'(x*y,)+ D" () + D' (1) =0.

| .\ D'y, +nDx’ D"y, + ( b D'y'D"y ] +D'y, 1Dy, + 9 =0

or X'y, +2my . +n(n=1)y +xv . +my +v =0
“ nt) v nl 8 B L S T

o .\'2)', +(2n=Day , + (nz+1)yn=0.

n+l



Bample 4 If y=sin(nsin™x). prove that "Ilnt

GROUP OF INSTITI.ITIONS

(1-x")y, =1, +m'y=0 and deduce that
(1- \),,+» (271+1).\)',,+1-(nz—mz)yn=0.

Solution: Let y =sin(msin™ x).

m

Ja-2)

(=0 =t =t sint (nsin™ ) =’ -my
N .

)] = cos(msin” x). or (1- \)12 =m’ cos (msin” x).

000
0000
| 22 12 ) 00000
(=x) 'y = 00co
000



-~

-

Again differentiating both sides, we have

299,(1- r')- 7nl+7m 1, =0.0ry,(1- \)-nl+nz\-0

Now ditfemtiating n tine by Letbnitzs theorem, we get

(1=x°) y,00 +0(<2%)y,.; +

or (1-1° )

-4,

n{n l)

(=2) y } W = 0(1)y, +nm =)

-(n2 -1 )y, =0

Mmiet
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. Example 5.

Solution:

‘miet

GROUP OF | S TUTIONS

Ify=1log(x+V1 +x7)

Prove that (1 + x%)y,42 + (20 + 1)xyp4y + 0%y, =0

=log (x + V1 +x*

= mw(l t o 2") - e
=31+ 2y, =1
Differentiating both sides w.r.t. x, we get

(14 x2)2y,y, + 2xy,° =

000
0000
= (1+x%)y,+xy, =0 EEEE.
00
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Ustng Letbnitz s theorem

(W) = UpV + Ng Uy Vg + N Uy Vy + o+ N Uy U+ F UV,

br”'l'zﬂ T IE] T ﬂﬂl}'nH]I t Mgy Vn E] t [FJH'II 1 fig, ¥ae 1) =10
= ]"RH(]- 'l_ IE) -|-}’ﬂ+12]'1I + ﬂ[ﬂ - 1—)]'51 + Yt '|' y, = 0

F (142 ysa 4 (204 Dypey 0%y, =0



Example 6. If ¥ = 1" log x, then prove that mlnt

'l GROUP OF | SI.IOS

(') yml = ? (”) yn = nyn—l T (”-1)~

Sol. () We have ¥y = x" log x
Differentiating w.r. to X, we get

n

X
y, = mx*'-logx + —
X
= Xy, = nx" . log x + x"
Xy, = Hy + 1" (i)
Differentiating equation (1) n times, we get
'ryml T nyn = nyn ¥ u (XX
0000
00000
" HE
=3 v, = = Proved. 00

x o0
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P - sl |
[1 logx) = o ][dl lﬂgll
Hﬂ_l Es +1x" L lo r.‘
{1’1”_1! X - B .
i.‘;rl-l l d" -1 3
1 1" logx]+ a
ﬂ‘l'"'_l | 05 ] dx™ = |
ﬁﬂl
As Y, = x" log x
5 I"r Iﬁh;-rll: Dg .|
ny_ + |n=1). Proved. d¥t ey
: S Wpr =——(x" log x|
dx o0
0000
e000
000



Cotamble = Fad e bk olicoaking of | S
o

= X .

Solubiom iy = X" hegx (base )

M—21

\(h — (Y\ -*\)';('n v)t'(.oa X + X

MLElyong Asoth Sidgs ,@7 X Hun wegeh
L (, /

~ 0 "M
= (M=) ”jm /Qr‘\ > M P!
{‘

|
)
( — ﬂ'” L ”’ \/i |
Y, 'l

(—4

- s % |
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0 §

/ ! e — - w | i
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Practice Questions Mift

L. 1f v = cos (m log x), show that Y Jooat (nt1)xy +(m1+n:],1-',,=ll

|

b 0

0y=(¢ - 1) prove that (¢ = 1)y, ., +2 Xy =n(ntl)y =0

N
2. If cos™ [J]:lug[x]  prove that .rzyn gty +2 s p=0

4, Ify= [_f_m}"{ show tht (x" - )y, sqt@ntl)xy,, + (" - m) y, =0
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miét
Beomplei= & 4= (S2)7 prov it
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Avew ’&Wcﬂw
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ool i = Bin Log (224D, e
et

(T4, o GmDed Y, Y=o
ERO[L ) \QJ

Seluttion ¢~ i M= ,&Mlﬁ&gxﬁm&p
Rt w. > J0 X

k{h — "MJ&VL@? (78:#23(—1—9 (;(Jf_f_—rx-H >(ZY+2’)
M= on [eg (32504 | <"7<2’¥T>
@t—H) AC'h - 5 ’Cws[%(x’fr&xﬂ'_);] (1)
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('>(+‘>JTL+ Aj'\ = — <4 "6‘»

o)




Mmiet

GROUP OF INSTITI.ITIONS

Example If /™ + y'/™ = 2x, prove that
-y, ,+Cn+1)xy,  +@-m)y =0.

[2014]
Sol. Given Y™ 4 yl/m = 2x
wnih "/m Zwl/m +1 =0
or Qll/m).. Zx(yl/vn) +1 =0
= 2 -2z + 1 (y'/= = 2

2r+\/4r - \/x_—

r2
]

m 000
=y = g =y=fe ] Lo s5se.

Differentiating equation (i) w.r.t. X, we get esee



¥y = m[:.r +JT——] { it ].'"[I irlj]

= Y = J% = w'fE:my

or gt =-1) = myy i)

Differenhating both sides equation (ii) w.r.t. X, we obtan
- 1) + 2, = 2mt oy,

= Y, (X =1) +xy, —-my =

Ditferentiating 11 times by Leibnitz's theorem w.rt. x, we get

GROUP OF INSTITUTIONS
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Practice Questions m'“

\/‘T ’%f = —Jlx 'éﬁbeme, Thack
i) e e

L ROIB, 2017, 2029)

, Eyva? —1 =log, (x +/x% — 1), prove that (x* — 1)y, +

(20 + 1)xyn + 175 = 0. 2022-23



Practice Questions ""gt

) If y=xcos (log x), prove that
xzy,,”+(2n—l)xy“1+(nz—2n+2)yn =0

|, If y= (sin 'lx)z,pmve that
(l_xz)yn+2_(2n+1)xyn+l_(n2)yn:0
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To find nth derivative of a
function at x=0




DETERMINATION OF THE VALUE OF THE nTH DERIVATIVE OF A mict
FUNCTION FOR x = 0 |

Some times we have to find out the nth derivative of a function at x = 0.
Working Rule;

Step 1. Write down the given function as y = f (x)

Step 2. Find y,

Step 3. Find y,

Step 4. Differentiate 1 times both the sides of the equation obtained n step 3 by Leibnitz
theorem.

Step 5. Substitute x =01y, y,, y, and the th derivative obtained in steps 1, 2, 3 and 4.
Step 6. Put the values of y(0), y,(0), y,(0) in the result obtained in step 5.

Step 7. Putn=1,2 3 4in the last cquation of step 6. Egss.
Step 8. Find out y, (0) when n is even and  1s odd. 0o’
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«%Hﬂ%@} TN,
g (W=p89+", ¢ o) @W”Z%M O
. t W B ) .

Va0 o |
OUL)= Blagt ™, Uyt Ty U e+ LTy
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\a_ —~* e e (D)
Rikh ) 7 bonpp w0 X J(?Ef Keidorikg-
A ghem S 5 -
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‘/17‘3, “FAM A=0 U () W 4?() 3

() () 27 i



\mam% o= »%« H»: &(@&J‘X))M M!Ngmtns
(%’Oo [&DIS’ 218, 2102,0:] 2022-23

Solution - %_‘ VA,dm(CLSJ‘X) 1)
A= tos (085 (,J —
A = a elaa™)  ---(2)

‘)-’WM&MM

QI) ‘\3 a., (M(QJ&M})

JUNE %CQMS‘D 32,
(ot - Re o



(1+—2) 13|" & (a8s'%) "Iint

S (t—. Bl Catx ‘x}) e a wrron
(l-‘f’) "g‘l)_ = (AL(l— «f’) (3)
AL () w. hdp X
(— 2%) “d‘L—g— 2 \d"%i‘(i -1?') = — 2_63-‘332—‘

&‘—XL.) %7_‘3( Aa'l — .al%:o : (‘1)
libl- (1) N e us o S oy U3ing

M SheeScom | e qet
Q0-2) My a— ¥~ (=) 4=

: -(E 0000
Moo e g ) S

J’}W‘;S A=0 i wquetteny V), (), (3) oo




() ol (8) Twe Hed, Mict

T (), = ) ) - ©
“E“w? Y Gy e B R TH AR

Y3(o) = (1= 2) %) =(Fa)a
‘hlo)= EEulitak) = ©
Yeo)= ()= () (=) 1

4}6(0)_{4%03‘) ’y‘f(o = © oo
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j,n W
g %“ 2 )45 2] (3= ) (114

(A)M/T\,lggdﬁ(/



Example If y = (sin™'x)?, show that
(2~ xz)}’m—z - (2n + Dxyp4y —n°
Solution: Here y = (sin"'x)*....D

oy L= 2 i
2y, = 28I Xe—m=  ...... 2
A = @

Squaring both the sides, we get
(1-x*)y,*
=>(1-2)y =4y

= 4 (sin"'x)?

Mmiet

GROUP OF INSTITI.ITIONS

y, = 0. Also find y,(0)

Differentiating the above equation w.r.t. x, we get

(1-x%)2y,y2 +y,%(-2x) -4y, = 0

2=y, +n(-x)-2=0 ... €),
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GROUP OF INSTITUTIONS

Differentiating the above equation n times w.r.t. x using Leibnitz’s theorem, we get
Dntall —2%) + Ne, Ynt1{—2x) + 1, ¥ (=2)] - (Vneax + ”E'EFH:[} =
= Yugz(1 = 2%) = Pppa2nx —n(n = 1)y, — (pgax +1ny,) =0
= (1—x"y, . —(2n+ Dy o —ynt =04
Tofind y,(0): Puttingx = 0in (1), Zand @), we get
y(0) = 0,y,(0) = 0 and y,(0) = 2

Also putting x = 0 1n (4), we get

Yns2(0) = 77y, (0) eoss

Puting n = 1,2,3 ... n the above equation. we get



Mmiet

y3(0) = 1%y,(0) s o
=0 “5(0) =0

vel0) = 32}’:[“‘]
=222 w ¥:(0) =2

vs(0) = 323”3('3:1':"]
J‘E.'[m = 42}’4[5} = 4°2°2

0, if nisodd 0000
= ¥a(0) = { 2 42 f Bire 34t
2.2°. 4% ... e e (n—2)" ,if nis even oo

nis not 2
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Example Ify = emsin"*x' Sho“r that GROUP OF INSTITUTIONS
(1= 2")ynsa = (20 4 1xyney = (0" + )y, = 0. Alsofind 3,(0).

Solution: Here y =e™"™* ()

m ta=d

- msn °x

ThERES
- (c‘)\
Jl.T cessne\w/

2 (1-x%)y,* =m?y?

Differentiating above equation w.r.t. x, we get

(1= 252y, + 9 (-22) = m*2yy,

000
; . 0000
2 (1-x")y,—xy, -miy=0 ... &) coec
143
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Differentiating above equation n times w.r.t. x using Leibnitz's theorem, we get
Wita(L = %2 + g, Ve (—22) + 16, Y (=2)] = (uaax 4 ng 3ul) —my, = 0
= Yasa(L = 2%) = Yasa2n% = 10 = )7, = (parx + ny) —mPy, = 0
= (L= Wtz — @n+ Dxypsy — (02 +m%)y, = 0. &)
Tofind 1y, (0): Puttingr = 0in (1), Zland 3
¥(0) = 1, y,(0) = m and y,(0) = m’
Also putting x = 010, we get

Yu32(0) = {“3 T mz]:ﬁz{ﬂ}

Putting n = 1,2,3 ... m the above equation, we get 0000
.
o0



v5(0) =

4(0) =

(1% + m*)y, (0)
=(1* + m*)m y1(0) =m
(2% +m*)y,(0)
=m*(2* + m%) y2(0) = m’
¥s5(0) = (3: + mz)}’a{ﬂ}
=m(1® + m*)(3* + m*)
2 +m*) . n-2)+m?], if niseven
S+mi) (3 +m) L [(n—2)" + m7],if nis odd

Mmiet

GROUP OF | S TUTIONS



Practice Questions mmt

If » = sin™' x, prove that {1 _r:;g-ﬂq s=(2n+ Dxy ., - " y, =0

Also find the value of ¥, when x = 0.

[ LT i |

Ty =g show that

(1 - ::;l Voa =20+ 1y xp,. - [.-r2 + m°) Y. =u

and calculate v, (0O},

———

3. Wy =log (x+1+x%) findihe value of y, ot x =10

x|
-

4 Ity= []{}E{I-f -dI] +x* I.]_ . show that coo

{0} ==u*y (0) hence hnd ¥ (0. 000

II!-"'



Answers I'IMt

GROUP OF INSTITUTIONS

. Ans. When no1s even v, (0) = 0 when n s odd, 3, (0) = 1°3°5° _ (n=2F

1. Ans. When no1s even, then

T
I —

¥, () = me 1 (2w (4 ) lin - 2y + nfl
when 15 odd, then

n
v, (0=~ m e 2 (PF+mi(F+m) o fin 2) + m-’-[

3 Ans, when n s even, v, (0) = 0

H-l
: " 3 J al =l _j:'
'n'l.'h:E“ s l'!.l'LI -.!'H ﬁ'ﬂ = | |] ] 3 5 ......... [H _]' :::.
0000
000
=2 (X ]

4, Ans,misodd, y (), =Oniseven y ()= (-1} 2 -2 (n-4y..4#2°2. o
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Introduction to Partial
Derivatives
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Q. Find the $ orden

(W) ’%2‘{ — % L"—B CCH ‘dq) =

X
xy”

¥ ! CONG ot -
<) W= Y iy z= Wyode) | di) Z%@ﬂ
X I, ) 1
> M - 2 (\jx\ = 4 ,Lyf\ p (lokng 5 Conn ot Aren
) N 7)) S W = .t ij 3 )
Q) Ut :{1 G ‘ |
f
'l‘)“w . :’)' ( ) 3 —_— & xp\ ..( X ) x‘\i |
oY Ny J ) =X J ' "‘\"H\j W oA - Casp foad \\?l
W ‘i\ y}“ = "N X )
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2 oY) =ms (40
4yt M Cf
-l-..
0000
000
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GROUP OF INSTITI.ITIDNS

QT WO Y 2) = Jirg deoct Fond £ 22, showr thal
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e

by

|I--.'| ' g )
> Z = 1 .Q? — )QQ"ZQ' elb- 1
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FE:rampfe Find all of the first order partial derivatives for the following functions. GROUP OF STTUTONS

(@) f(z,9) =2 +6,5-10
[h] w= ;]:Ey — lUyEEE -+ 43z - ?tﬂﬂ(‘ig)

Solution

(@) f (z,y) =2* + 6,510

Let’s first take the derivative with respect to  and remember that

as we do so all the y's will be treated as constants. The partial derivative with respect to z is,

fr (z,y) = 42° ssss



Mmiet

GROUP OF INSTITUTIONS

Now, et's take the derivative with respect fo y. In this case we treat all 2's as constants and

50 the first term involves only z's and so will differentiate to zero, just as the

third term will. Here s the partial dervative with respect to y.

fy [ﬂl,y) =



Mmiet

GROUP OF INSTITUTIONS

(b) w = z*y — 10y*2* + 43z — Ttan(4y)

Here is the partial derivative with respect to z.

Here is the derivative with respectto y.
chy
. 2" — 2z — Wsec (4y)
Here Is the derivative with respect to z.
eooo
dw 2.2 0000
i —30y~z oo



Example Find all of the first order partial denvatives for the following functions.

Ou
(a) z = :
us + v
z sin(y)
(b) g(z,y,2) = —
Z
Solution (a).— ¢

We also can't forget about the quotient rule.

9 (u? + 5v) — 9u (2u) B _0u2 + 450

24 —

(u? + Enru}2 N (u? + 51:}2
(0) (u?® + 5v) — 9u (5) _45u
Eu — j—
(u? + 5v)° (u2 + 5v)°

Mmiet

GROUP OF INSTITUTIONS



z sin(y)
fh}g(fﬂ,y? E} — 3
sin(y) 05y
bt yr)=—=  wloy)=—;
& z
g [*T"i 1, 3} =T Eiﬂ{y}z_g
O
g: [fﬂay, 3} = -2 Siﬂ{y}g_ﬂ — _ fﬂEl];[y:]
Z

Mmiet

GROUP OF INSTITUTIONS



Example

Solution.

i .
Find —:md — :,l' u=¢ """ cos {rsin )

i = Erlmg.ﬂ
el
ir
- mH
1
m Trmm
.F‘lil

. C0g (r s b))

¢ 0 = sin (rsin 0)5in 0 + [cos 0.¢" ™) cos ( sin 0)

(keeping ) as constant)

| sin {r s 8).sin B +cos (r sin B).cos 8]

¥ oog (rsin B+ 0)

_r Er-:w. 1
- F Er.l PR

[~ s (r sin 0).r cos O] + [-r sin D¢

J pis B

|.cos (¥ 5in 0]

(keeping ras constant]
[sm {rsin B).cos B + sin B cos (1 sin B)]

il (r 30 01 + 1)

Ans.

Ans.

‘mipt

P OF INSTITUTIONS



Example fu=1{(l-2x+ j:.'r"”" prove that,

rt_-‘n'i . oh i3
o e e iy
& B
Solution. b=(1-2 4+ _'r':TI':
Differentiating (1) partially wrl “x", we get
o | 5
T —(1 11;'_1.' : _l,;:] 3 | E_]';I
ox !
{-'r” . ff
I— = gy (] = 2+ )
iy - - .

Differentiating (1) partially wrt, ‘)", we get

"] |

= = ——(1-2xy4 j':] Y3 (-2x4 2y
v 2

11';‘1.1 htl -3 32

Y= ==y {l =2o+y)""
oy V=] R

Subtracting (3} from (2), we get

(1

A2

43}

TUTIONS
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_J:-'TI' (i N ] 33l
—=y— =gl -2+ ==y (1 -2+ )
o Oy

| "--1.',:'
— l'l.l- [l - 1Tj ok ||-r g

= I Proved,



Practice Questions "I|nt

find all the 1st order partial derivatives.
1. f(z,y,2) = 423y — ey + 5 + 4y — 2
2. w=cos(z® + 2y) — e =V 4
3. f(u,v,p,t) = 8ut°p — Jopt > + 2u’t + 3p* — v
4. f (u,v) = w’sin(u + v*) — sec(4u)tan ' (2v)



ANSWERS

: 22°
— fI — 123.723,1'2 — ;[:3
= f, =82y —de*y’ +4
; 3
=f=—eY'+

.Mf

Mmiet

GROUP OF INSTITUTIONS

? = fu = 16ut®p + dut
O e L Lo
v fo 4 1
a—di = fp = 8u’t® — 2,/opt™ + 12p°
rfi'f = f; = 24u*%p + 5,‘/_pzt NS T
ot
= fu = Jusin(u+v') + v’ cos(u + o*)

u

— 4sec(4u)tan (4u) tan ! (2v)

D

0 2sec(4
%f—fﬂ_:ﬁvums(u—l—wg) 1+i;)
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Example 1. Verify that *u = du where u(x, y) = 1
P S A axdy | dydx e A=
(g2
Sol. We have wlx, y) = log | .
Y
= w(x, ¥y) = log (x* + ) — log x — log ¥
Differentiating partially w.r.t. x, we get
du 2x 1
dx 4yt x
MNow differentiating partially w.r.t. y.
du Lxy
dydx Y2 242
I (x*+¥7)

Again differentiate (f) partially w.r.t. y, we obtain

du 2y 1
W (Fey?) Y
Next, we differentiate above equation w.r.t. x.
3" I
dxdy (x? _'_F?_']l

Thus, from (A) and (B), we find

al" B & u
dady dydx

Hence proved.

[ x

2

7
85 |

“ |
|

£y

)

(A)

(B}
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GROUP OF INSTITUTIONS

\ aE al
Example 2. If f = lELﬂ"'[i |r verify that / = f
X

dydx dxdy
Sol. We have f= tan’ [EJ A1)
\X
Difterentiating (1) partially with respect to x, we get
aj_' 1 ( —y ! f _y y -
—_— = — - was “:l
> : ()= =7 f"
SR T EANR R
T
Differentiating (i) partially with respect to y, we get
s_f 3 A & (i)
1 s Syt
VP
X

Differentiating (i) partially with respect to y, we get

*f ol —y ]_ (2% + 57 J(=1)—(~y)( 2y)
aydx oyl x*+y? )

7 2
X" +y~|



7
jl" —X
+y°)

E

2

Differentiating (fif) partially with respect to x, we get
(x% +y7 1) —a(2x)

f 9 «x
dxdy  ox| x* 4y’
. Y=x
[:-:E +5.r2:|2
. 2’ f @’ f
. From eqns. (iv) and (7), we get o — TR

7
[13+y2)

Hence proved.

Mmiet
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i)



fiét

INSTITI.ITICINS

F 2 (¥ yx’ ¥ e oy [i]
> ax -z tan (;]_Iz+y.1_x2+yz'_zxtan x) Y
Differentiating both sides with respect to y, we get
Bzf 1 [1] 2_ 42
o e —1— i)
Y 1+(£]1 !r'z ey 1
X
1 1 1
Again %211 1*;—2?m-l[i —- 2.[_%]
' 1+(£] J 1.+[£] 4
* y
L RS S—— [i] xy? o
. ay 2 +y’ Sl ¥ * x? 4yt ::.

'@
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r[:rz+y':| () EI]
. 2= _ _ g | =
= Iz_l_yg 2y tan '&JJ’J x — 2y tan |y
Differentiating both sides with respect to x, we get
9°f 1 flw 2 Xyt
dxdy bty T T ) T Eyzz =i yz -..(i)
[ x ¥) xS+ y XT+y
1+ —
Ly
Thus, from (i) and (ii), we get
2
i = f . Hence proved.
dxdy dydx
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Example 4. If u = log (* + v + 2} — 3xyz); show that

(@ @ d) g
Ermar—war ‘n—— —.
\dx dy oz, (x+y+2)
(a a aY 9.9 I dl‘
Sl = B =1axaya~1&raua:

(@ 8 a\ou_ au_ du
=\ oy kNox oy o=

so we have to find partial derivative of u w.r.t. ceo

X, ¥, Z 0000
0000
o000
o0
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Sol. Given u = log (¥ + " + 2" — 3xyz2).
du It -3y ,
e T A1)
dx X4y 4z -3nyz
E— ’
Similardy, N G- i

dy 4y 42 3y

dul } 3xy (i
dz x‘3+y3+33—3.ryz'

-90
0000
0000
000
o0



or

Adding eqns. (1), (i) and (i), we get

MNow,

i)

} from (iv)

u o Ju 3 [';r;E +yt 2’ —xy—yz -z
dx i dy & 13+y3+33—31yz
3{xz+yz+:1—xy—yz—:r}
) [I+y+z;['11+y1+32—1y—yz—;1}
|.."-":.5ﬂ'5+f13+E3—3H?bf=[ﬂ+b+ﬂ}fﬂi+flz+cz—HIEJ—EJ'E—EH}
o w3
Eb:+&y+az B I+F+El
: ( (
(3. Y. _(2,2,2)2,9,9
ety ™~ Laﬁafaz]ta;"ay*az !
(2.2 & fﬂu+6‘u+ﬂu] (a,0,2) 3
“lox dy az)lax Ay 3z) T lox ay )l x+y+:z
B LA 1 ]+a; 1 ]’,
=8 _&r[:-:+y+z yl x+y+z) Bzl x+y+z |
1 1 1| 9
=i b 7 o i e 7
(x+y+z) (x+y+z) (x+y+z) | (x+y+z)

Hence proved.
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Example 5.z = f(x — by) + ¢ (x + by}, prove that

A HZE
;#a"‘

FrC T

Sol. Given z =flx—by) + ¢ (x + by)
d
= = -y + ¢ (x4 by)
'z
Eu:; = " (x — by) + ¢" (x + by).
oz

Again from (i), E =— bf" (x — by) + b§" (x + by)
a9z

> = Y (x — by) + P¢" (x + by) =

(i)

(1)

5

from (ii).

2 D

dx be
bo

XX

o0
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Practice Questions

1. IfV=(x2+y2+z) ,provethat oV 82\5 82\/
o’ oy> o7

2. Ifu(x,y, z) =log(tan x + tan y + tan z), show that

sin 2x@+sin 2y@+sin 22@ =2
OX oy , 0z

0z ,02
f z=f(x + ct) + @(X — —5=C—
3. If z=1(x + ct) + @(x — ct), show that v oV

i B ] '
A Ifw=,x"+y°+z°&x =cosv,y = usin v,z = uvthen
: a0

dw w
rove that {u— — v—| = ——. (Long question
P |u5~ v 5] = T (Long queston)
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(W)
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N
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Example

Solution,

And

1z 02
y=—r k=
oV

We have,

t‘ 'I_.-I-f
( V
L
|
¢ COS
0z Ox 0z dy
dx Ou 0Oy Ou
02 3 02
‘ " -:. - —
0x ~ 0y
0z 0x 0z Oy
dx dv 0y ov

p=e¢'sinv

C!

_(J

Ox

Afz= [, y) wherex = ¢ cosvandy = ¢ sinv, show that

‘mipt

OF INSTITI.ITIONS

(MU 2009; Nagpur Univesity 2002)

COSV

0z

dy

02
" sy -\—H'
0x

(Q

0y

(1)
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= _( ¢! amvH—{e COs V)=
dy 0y - 0x E_r
N
(2 0 402
¥ Eonpy ey A2)
dv dr 0y
On adding (1) and (2), we get
ITJ.' l'.:'a. 1 E.E: o2 . LS ﬁ:
Joti— = () =l st vde sy —
du Qv 0y Cy
al N 2 (2
= ¢ (oos” v’ y)—=¢" — Proved. |99,
ovo0y vees
o0



Example

. L 0f _of 0 S 0f 0f, of
Show that (1) —=u—+v- ad (i) —==-v—+u~
dx o Ov oy u v
. % il , Ol
Solution., =205y, —=¢"cosy=u. = — =-€siny=-v
0x ' 0y
=3 v dv .,
v=esiny, —=e siny=v, —=e"cosy=u
0 x dy
”'.f ¢ [ du ﬁff"v
(1) We know that ~ Y=
f X Ol f.JI cv.adx
ef of af
Sy il ==Y}
ix i v
A dfou 0fdv _0 ( 0
(i) ﬂ = ,,f + / & v 1H——H= 1—f+r.'.—f
Oy dudy ov ﬂ_l Cl av du  Ov

A function [ (x, v} is rewritlen m ferms of new variables

=€ cosy, v=2¢ Siny

Lo (1) Proved.

.. (2) Proved.
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Practice Questions "I|Et

1 If'[f i {EI — 3} 3} — 4z,4z — 2x), prove that

5—+ 4—+3—_ 0.
o=

Find Ii—f: as a total derivative and verify the result by direct
substitutionifu = x* +y® 4+ z%andx = e,y =e**cos 3tz =
e=f 5in 3t.

Ans, 2e*

d*u d*u . d*u
. Ifx=e"cosB,y=e"sinf show that = E'”ET( + )
> ¥'= ar* - gy’ ar®  ag*/-

] : d 3 eoo
4. Ifz=sm (x-y), x=3 y=4r, showthal —=——. -4
i-!.lII \.'II—.I'- ::.
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Homogeneous function
A function f(x,y) is said to be homogeneous of degree n in variable x
and y if it can be expressed in the form x"() e) OR y"( (-5)

An alternative test
A function f(x,y) will be homogeneous of degree n if f(tx,ty)=t" f(x,y).

Example: f(x,y) = \/;3:@

- + +
Replacing x>tx, y>ty f(tx, ty) = \/E—;wm = JEES%KjE
f(tx,ty)=t"/2f(x,y)

So f(x,y) is homogeneous function of degree J%.
(X

Similarly a function f(x,y,z) is said to be homogeneous of degree nin jee

the variablesx, y and z if f(tx,ty,tz)=t"f(x,y,z) bel
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Q. Venfy Euler's theorem for the functions
fix, y) = ax* + Bhxy + by’

Sol (i) flx, ¥) max? + 2hxy + by?

:
. x“[n+2h%+%}é—]

= x¥ §(wix), where n[l]
k3

2
—|:|+’...?.F|'E+""§"IEIT 0o
0000
00000
0000
0000



L, flx, ¥) 15 8 homogeneous function of degroee 2,
By Euler's theorem, we should have

ol
H Y ] qE .'Eb 1 Flltﬂ}
:"'a:.r fexy ¥
Adding (1) and {(2), we have

::@I: 'I'Jl'-% = 2o o dhivy o Thy

B
= Dz « Zhxy « by?) = 2f
Hence Buler's theorem is verified.
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TIONS

xy + yz + 2% S au Bu
Example () If u=cos ( 2}, prove that x—— 4 =0
P 2ry%+ ™ h By 82
(
] _ Xy +yz +2X
Sol. (i) u (x,y, 2) = cos sz e o1 22)

t2(xy+yz+zx)\
2(.,.2 2 2
(" +y° +27))

U(tx, ty’ tZ) = COS {

x2 +y2 + 2%

=t° cos (xy+yz+zx\ =t°u (x,y, 2)
Hence u is a homogeneous function in x, y and z of degree 0.
Hence by Euler’s theorem,

au 8u z_a_y_zou g

Bx ay 7




Q. If e = (x® 4 v ghowr that

P
Sol. Given nt{.tiq-_r']""“'n-"l-’m[l"'—i]
o 2). s
3 % 1
¥ =
W ere ﬁ[r-:l - [14—%1-]
:t..uhnhmmnwlﬁm:ﬁmnfdapﬂ%.in:. .

- By Euler's Theorem of higher order,

ﬂ +
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Practice Questions

\('%
2= ni(x +y), ind the value of ¥ 424y

3.3 A -
. I} hi o
L. vy = —3— 3« show thal ¥ —=+ Y —=3¥,
r 4y dt o

3. Prove that g(x, ») = x log (3¥x) is homogeneous Verify Euler’s Theorem for g.

. X +\ cu cu 3
4. If u(x,y)= , prove that x—+ y— == 000
fx-*-‘ cx C)' < 0000
TXX)
YY)
)
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Deductions from Euler’s
Theorem
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GROUP OF INSTITI.ITIONS

e e e ——|
&, — — ‘
,, \ . NS Ly = y M | : ‘ |
| — - 1 \ | | 3 = L) 1.17 ! ‘
£ ( ] l]
e ) “\" [ | I - - < . | X
= o ( ."»"I W RCan e, { <+ (7

PR. -:L'Q U= =Sn~

-_— -
—_———

o3 i
\( X4 Y ez
BC+ Y€ C=/ 7

7L?&*D&”+ZQ&: R =nli

brsve that

X 2J N
f‘d‘. u \l ’ g:\ O A ‘* L W T\’. w2 _Ou .,\. o\ '\‘(\“ﬂ (-_;‘I"t
2 7 “l_ 7 N ‘
\ni - -9 ( '._;\.v.. S URPN ;«Ei {‘,._ ?(L,. P
A LY + C<
b YY) +(r=) 2 X +J A
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3 © STITUTIONS
2 L
S, - hat
@3 IJ\ W= Z=n Prse
— :x,a
CA) JL'D._&_k ~+ D?——\L = SinRW
21 29
2
2 s = DU =3¢ C
o)) o 2% qoxn P 4y S TG ru
x’l t§ D 325
%9\" \’\\ ll Tu‘ e \ ' O J ' G {U "\ '{ (‘—’14
=
e, s 8 o)
o P\lh‘ 0HY O 1\‘ \ ‘, <
1 ) T,l N =2 ‘}(_'1 \ ) (n {
\ ( " g C L
| y (L
= ¥ < ‘ o0
000
1A 0000
000
0000
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Example/

Jdu

X— +

ox

y

du

: If u = sin’!

du

- B

X+ 2y + 32

8 8 8
L\/)( +y +2 b

—+Zz2—+3tanu =0

dy

dz

GROUP OF INSTITUTIONS

, show that



S et

L] a a -1
Solution : Here given u =sin e P OF mSTITUTIONS
JX +y +z

e siny = X+ 2y + 3z - f (say)
Iyt 42t

Now here f is a homogeneous function in x, y, z of degree (1 - 4) i.e -3.
Hence, by Euler's theorem
of of of

- 4 2= = =3f
xﬂx F&y dz
or xi (sin u)+y — J (sin u)+z 9 (sinu) = -3sinu
ox dy gz
s f=sinu
du du u .
orxcosu —+ycosu —+ zcosu— =-3sinu
dx oy oz
du E:‘u Ei'u sinu
or X== +y = =3
El'},r dz Cos U 000
du du du cecs
orx—+y—+z—+3tanu =0, Hence Proved 000
dx "~ dy oz o0
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S i & ) ALY "
Example5 Ifu =x¢ (Z') + Wy (l}, show that:
X x g
.. du Ju
() x—+y—=x¢.(l) — 92y 52
3 (i2) x + 2 A, ST
X ay x o) xy oy + Yy r')_y‘? 0
Sol.Let v=x¢ (l) and w = vy (-Z-) =x°\u(l) so that
x e x 4
u=v+uw o)
(i) Since v is a homogeneous function of degree n = 1 in x, y
du Jdv
L O OU. .(2)
ox oy
Since w is a homogeneous function of degree n = 0 in x, y
Jw Jw
x—+y—=0 (3)
ox 7 oy

Adding equations (2) and (3), we get

d
x—a—(v+w)+y-5y—(v+w)=v

ox
ou u _ (l)
= s o~ "
(ii) Since v is a homogeneous function of degreen = 1inx,y
2 2
2% 0, O L 298 _p-Du=10-Dv=0 ~A4)
ox? 0x3dy oy
Also since w is a homogeneous function of degree n = 0in x, ¥
..(5)

2w %w o Pw _ _ ) =0
x 2-+—2:cyE 3 Yy 2
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Practice Questions

X-I—
1.1f u=cos™ , show that x@+y@+£cotu:0.
Jx+ ox ~oy 2
3 3 3
X + +Z
2.1f u=gn™ Y , prove that X@Jr y@+ z@ = 2tanu.
ax+by+cz ox ~oy oz
- , 0°U o°u ou
3.1f u=dn- ( T yl,Gj , then evaluate the value of | X° —+2xy— +y'—
X" +y X2 oxoy  ° oy
_ (o) & e
A If u = s ' | show that X~ +¥.-— =2 cof u, then evaluate
i, L'+ % PR | I':'-'
21 i : 000
U, T &N . 0000
Aoy ramy o R Ans, 2eolu o ntl) 0000
iy el Y 000
o0
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Practice Questions

QS Show NG J(Uztfjug,(_z\li - W, Udene

’_3.
’(‘t\) 2

Ao b‘§+ C=

I‘\)l

. Can™ (

QL )(\/3—%»\,3 (=
—_— ll) L\:‘. S\“‘—\ ( \(5\,1 s"\ﬁ"\.«l ‘kaj
= 13

D W _BE SN,
’)x_&g %
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B
[ \ - : 1.7 X Tj \
. Crove fad DUy 4 0%y 3 po fene Y U= Sin (ﬁ‘( tﬁfj— )

Vv

. Xty xy
Ques. If 4 = ———— 4+ cog ———— |, prove that

x% 4+ ) x4yt
=y 2 a2 g 2 oyt
2 B oy Sy T T Y 2022-23
chye - chechy #; Lha xT 4y
Answers
2
(3) tanu(secu-12)/144 0.
0000
000
o0
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Curve Tracing




Introduction
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This nwlh(Xi is uwd in CarlcSian &lual ion. GRDI.IPOFINSTITI.ITIONS

I Symmetry:

(@) A curve 1s symmetric about x-axis if the equation remains the same by
replacing y by ~y. here y should have even powers only.
For ex: y*=dax.

(b)It 1s symmetric about y-axis if it contains only even powers of X,
For ex: x*=4ay

(c)If on interchanging x and y, the equation remains the same then the curve
Is symmetric about the line y=x.
Forex: x* 4+ y* = 3axy

(d)A curve 1s symmetric in the opposite quadrants if its equation remains the
same where x and y replaced by —x and -y respectively.

000
Forex: w=c ceos,
0000
o000
000
o0
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Symmetry about y — axis

¥
Symmetry abouty = x Symmetry in the opposite quadrant
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2. (a) Curve through origin:

The curve passes through the origin, if the equation does not contain
constant term.

For ex: the curve y*=4ax passes through the origin.

(b) Tangent at the origin:

To know the nature of a muluple point it i1s necessary to find the tangent at
that point.

The equation of the tangent at the origin can be obtained by equating to zero,
the lowest degree term in the equation of the curve.

3. The points of intersection with the axes:

(a) By putting y=0 in the equation of the curve we get the co-ordinates of the
point of intersection with the x-axis.

- 2
Forex: —+ = = 1 put y=0 we get x = +a )0 @
CraE T bz BNED g . * 000
Thus, (a. 0) and (-a, 0) are the co-ordinates of point of intersection. ::::0
(b)By putting x=0 in the equation of the curve, the co-ordinate of the point  \)g00

of intersection with the y-axis is obtained by solving the new equation. ::'



4.
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Regions in which the curve does not lie:

If the value of yis imaginary for certain value of x then the curve does not
exist for such values.
Example 1: y* = 4x
Answer: For negative value of x, if y 1s imaginary then there 1s no curve in
second and third quadrants.
Example 2: a*x* = y*(2a—y).
Answer: (1) For y>2a, x 1s imaginary. There 1s no curve beyond y=2a
(11) For negative value of y, if X 1s imaginary then there is no curve
in 3™ and 4" quadrants.

Asymptotes are the tangents to the curve at infinity:

(a)Asymptote parallel to the x-axis is obtained by equating to zero, the b4 .
coefficient of the highest power of x. ::::o
Forex: yx* —4x* +x+2=0 o000

<> (y—4)x*+x+2=0 o0
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The coefficient of the highest power of X i.e x* isy =4 =0
“ ¥ =4 = 0isthe asymptote parallel to the x-axis.

(b) Asymptote parallel to the y-axis 1s obtained by equating to zero, the
coefficient of highest power of y,

For ex: xy* —=2y* +y* +x*+2=0

@ (x=2)y'+y*+x+2=0
The coefficient of the highest power of y i.e. y*is x = 2.
S X = 2 = 0 1s the asymptote parallel to y-axis.
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Remoember POSTER

P = point of intersecuaon

O = Origin
S = Symmeitiry

T = Tangent

A = Asymplote

R = Region

Mmiet
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IMPORTANT DEFINITIONS: MInt

(I)
(11)

(1)

GROUP OF INSTITI.ITIONS

Singular Points: This is an unusual point on a curve.

Multiple points: A point through which a curve passes more than one
tme.

A double Point: If a curve passes two times through a point, then this
point is called a double point.

(a) Node: A double point at which two real tangents (not coincident) can
be drawn.

(b) Cusp: A double pointis called cusp if the two tangents at it are
coincident.

’
0
Ois acusp 000
0000
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(IV) Point of inflexion: A point where the curve crosses the tangent is called
a point of inflexion.

(V) Conjugate point: This is an isolated point. In its neighbour there is no
real point of the curve.

At each double point of the curve y=f(x), we get,

) —62 2"

(dxdy ay?

a) If D is +ve. double point 1s a node or conjugate point.
b) If D is O, double point is a cusp or conjugate point.
c) If D is —ve, double point is a conjugate point.
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Example: Trace the curve ay® = x*(a — x)
Solution: we have,
ay? = x*(a-x) )
) Symmetry: Since the equation (1) contains only even power of y,
St as symmetric about the x-axis.

[t is not symmetric about y-axis since it does not contain even power
of x.

2) Origin: Since constant term is absent in (1), it passes through origin.
3) Intersection with x-axis:

Putting y=0 in (1), we get x=a.

& Curve cuts the x-axis at (a, 0).
4) Tangent: The equation of the tangent at origin i1s obtained by

equating to zero the lowest degree term of the equation (i). -
eo00s

) 000

ay* = ax?®. 0000



Mmiet

Cb yz > — < x2 GROUP OF INSTITUTIONS
o y= +x

There are two tangents y = $x atthe origin to the given curve.




Example: Trace y*(a® + x?) = x?*(a* — x?) MInt

GROUP OF INSTITI.ITIONS

Solution: Here we have.
y*(a® +x?) = x*(a®-x?) (i)

1) Origin: The equation of the given curve does not contain constant
term, therefore, the curve passes through origin.

2) Symmetric about axes: The equation contains even powers of X as
well as y, so the curve is symmetric about both the axes.

3) Point of intersection with x-axis: On putting y=0 in the equation,
we gel

x{(a*=x%)=0, x =+a,0,0
4) Tangent at the origin: Equation of the tangent is obtained by

equating to zero the lowest degree term. 000
o ‘ 0000
a’y* —a*x*=0= y=4x ee00s
o o 000
There are two tangents y = x and y = —x at the origin, 0000
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5) Node: Origin is the node, since, there are two real and different
tangents at the origin.

6) Region of absence of the curve: For values of x > a and x < —a,
y* becomes negative, hence, the entire curve remains between x =
—a and x = a.

=




Polar Coordinate System m'“

A | r = radial coordinate,
Y radial distance

or radius]
4 -+ P (r, ©)
¢ k> at what
3 | angle
how far
2 _
1 -
' -
0 | | |
1 2 3 X vee
0000
( 0000
Origin ::'

(Pole ; reference point) ®



TRACING OF POLAR CURVES mln t

GROUP OF INSTITUTIONS
The following steps may be taken while tracing the curves in polar co-ordinates :

1. Symmetry :
(1) The curve is symmetrical about the x-axis (initial line, 0 = 0) if the equation is unchanged when
0 is replaced by -0, or the pair (r, 0) by the pair (-r, n-0).

g rcos0=asin’.
(i1) The curve is symmetrical about the y-axis (the ray 0 = n/2) if the equation 1s unchanged when 0
is replaced by n—0. or by the pair (-r, —0).

e.g. ) =a.
(i11) The curve is symmetrical about the pole if the equation is unchanged when r is replaced by -,
or 6 is replaced by 0 + 7.

H v4 N

(r, 7-0) or (r. 0)

(. 0) (-1, -0) (r, 0)

000
A % 0000
X : 00000
0 X . 0 0000
(r, =0) or (-1, 7-0) (=1, 0) or 0000
(r, 0+m) o000




1, Origin (or the Pole) : Check whether the curve passes through the pole or not. For this putr=1, I'"nt

GROUP OF INSTITUTIONS

I1'we get some real value of 0, then the curve passes through the pole. 1f we cannot find real value
of 0 for which r = 01 the curve does not pass through the pole. 1. if on putting r =0, we get f =
03, 0.... Where 6, 8.....are al real numbers, then the curve passes through the pole and 6= 0, 0
={.... Are the {angents at the pole. But if on putting r= 0, we do not get any real value of 6, then
the curve does not pass through the pole.

4

Forthe curve =4 00s 0, forr= 0, we gt

n 000
00s20=0  or  B=1= (real values of 0) 337
cos



3, Asymptotes ¢ If =0 as 00, (finite value), then there is an asymptote and we find it as

. ok . ok l
follows : If ot is a root of the equation £{0) = 0, then r sin (6-0c) = === is an asymptote of the curve
)

. o T, f, T
4, Points of Intersection : Find the points of intersection with the lines 0= 0, = . = ; 0= 3
)

and 50 on, or we make the table of the values of  corresponding to some suitable values of 0

(cespecially for those values of 0 for which the curve is symmetrical).

5, Region @ Solve the equation for r and consider how r varies as 0 increases from 0 (or some

convenient value 0;) to + o0 and also as O diminishes from 0 (or 0) to -,

Mmiet

GROUP OF INSTITUTIONS



Find the regions in which the curve does not lie, This can be checked as follows : mlnt
(1) I 1 15 imaginary, say for a<0<f, then no portion of the curve lies between the rays 0= o and GROUP OF WSTITUTIONS
0=,

(11) If 1 15 @ for all real values of 0, then the whole of the curve lies within a circle of radius a,

and 1f 1, 1 b, the whole of the curve lies outside the circle of radius b,

0. Special Points : Find ¢(1.¢., angle between the tangent and the radius vector) at P(r,0) using the

d
telation tan¢=r—
dr
. , T
Find the points where ¢ =0 or .
2 000
0000
0000

.. fil' ‘ , o @ 000
Also il 56 15 +ve, then r increases as 0 increases and 1f &)' 1§ -ve, then  decreases as 0 decreases. o
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Practice Questions "I|ut

Q 1.Trace the curve
x3+y3=3axy, a>0

Ans.

Q 2. Trace the curve
xy’=4a’(a-x)

YVa

Ans.




Q 3. Trace the curve

Ans.

Practice Questions

9ay? = x(x - 3a)>.

Ans.

> =<

Q 4.Trace the curve
y:(@a+x)=x*(b-x)

0i0.0)
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Practice Question
Q.5 Trace the curve r=a(1+cos 0) mlut

GROUP OF INSTITUTIONS




