Lecture 21
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Taylor’s and Maclaurin’s
Theorem for a function
of one variable
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Maclaurin’s theorem.
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1+x
Example Expand log (I +x)in powers of x. Then find series for log, (1——_35) and

11
hence determine the value of log, (—9‘) upto five places of decimal. (M.T.U. 2012)

Sol. Let, f(x) = 1og (1+2 . f0)=leg1=0
then f'(x) = —— =1+ £(0)=1
1+x
0= 1) 1L+ W PO)=-1
@=1)E2) @1+ f(0)=2
fw(x) (" 1) ( 2) (— 3) (1 T x) f“(()) =-.9%3=_6
and so op_

Putting these values in 2 . 4

1) = 10) + 5 (0) + S37"0) + 5f(0) + (0 +



2 x3 4

log (1+x) =0+x——+-Z_+...
g (1+x) = 2 3 4
2 3 4
10g(1+x)=x—:f)+9; “%+"'
Changing X Into — x, we have
- 3 4
log(l-—x)=—x—x -
. . 2 3 4
oW, log (1 + %) —1og (1 — %)
B L e R A 5
o K mr-shsarauiaai £ b el St
i 2 3 4 ) i 2 3 4
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Putting =

log(”x] ,
1-%

— 1n the above resul

10

11
1 % —
°g(9J

11
103

(1
10

t, we get
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Example. Find the values of a and b such that the

2 expansi
pansion of log (1 4 x) A4,

) . ) . " * h
tn ascending powers of x begins with the term x! and hence find this (e '
Sol. log (1 + x) AL+ ax)_l e
(14by B ¥R) =l +an) (1+ by My
AUI
g2 2 o
= 9 g 4 T =+ axd) (1 - bx+ bl by

| Using binomia| eXpansiy

2 .83 4
( 9 9 4 +---]—[x+(a-—b)x2-b(a—b)x"+b2(a_b“/l_.l
1 1
=(~-——az+b)x2+{—+b(an-b)1x"—Il ; '4
? 3 R VR GO S



According to the question,
1

—

2-a+b=0 = a—-b=-

—_—

E

1
and — +bhla—b)=0 = LI
3 3 g 0 @ b=

oo

From (2), o= %;-

Required term = — [—1- +b%(q — b)} 23
4

1 oar s | sose
=2 A 1 fo_ 000
[4 9[ 2)},51 = t:
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(EXPANSION OF FUNCTIONS OF ONE VARIABLE

Taylor’s Theorem

: h3 ' hn n
f(x+h)=f(x)+hf’(x)+af”(x)+—é—!f )+ . +—f"(x)+ ...

n!




TAYLOR’S THEOREM Mitt
Working Rule B

Step 1. Put the given function equal to f(x + h).

Step 2 Puth=0andwrite fly).

Step 3. Differentiate 1) a number of times and obtain '(y) (e " "
Step 4. Now substitute the values of (x), (0, [(x) .. in h

% X
flt h) =)+ hf'(x) + 2,f()+5f”’()+



‘ m . u t
GROUP OF INSTITUTIONS

(0 Bpand sin (v +y) tn powers of y and deduce that

panp® . |
sin (t+9) =sin x.cos y +5iny cos 1.

bt ' he value lue of sin 31° correct to four places of decimals.
)
o)\

ol )()Putf(xﬂ’) =sin (x+))

()Mklngy -, we have (¥} =sinz

g fE=eosn [l)=-an
f"()=-cos%  ["()=sinx,..., and f*(x) =sin (x + nni2)

y H

Now, flet9) =100 +3f ’(x)+§!‘ )+ o



) ) 4

sin(x+y)=sinx+ycosx-2’2-|-sinx--g—'cosx+%sinx+...
R S B R
=singl1-S ol 4o y'Lf-y-'---
ol 4 N

= 510408 ) 1 008 % SN Y,

() Put 3= % and y=1°= Iga = 0175 radians 1n (1), Then

A AR,
eI 0 2 6

contect to four places of decimal.

+..=0.0101
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ANOTHER FORM OF TAYLOR’S SERIES m'“
—/—_—-—\ -

flx) 1s expressed as a series in ascending integral powers of x - a.
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Example. Expand sin x in ascending powers of (x - Ej :

Sol. Here f(x) =sin x

f(x)=f(g+x—gj =f(a+h),wherea=g andh=x—g

, h2 . h3 4
f0) = fl@) + hf @) + 2 (@) + 57 @) + 2 iy + .

Putting these values of @ and h, we get
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But
f(x) = sin x f(“) "Ilat

2
f’(x) =cos x f f_n_\ =0
\2 )
f7(x) =—sin x f”(_’i\ O |
\2)
@ mams po{E) =0
2)
f*(x) = sin x f i”(g) = 1 and so on.
Putting these values in (1), we get
2 4
(-2 (=-Z) 32
sinx=1-— = + 2 = cos
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Example. nxpana log x in powers of (x — 1

) by Taylor’s theorem and hence find the
value of log, (1.1).

Sol. Here  f(x) = 1(;8 x, a=1 S f@=0
Now, I = % f()=1
f@=-=. (1) =-1
n”’ 2
[” (x) = L F1y=9
f (V) = ;*f, f® (1) =6 and so on

We know that,
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_ ’ ( _1)2 3
09 =f1)+(x-1)fq) + le f7(1) + (x 1) Fr)

= logx:()+(x_1)'1+(x—1)2( (x—1)3 (x’1)4(__6)+...

= T) -

2| 3' ' 4'
= logx=(x- 1)——(x 1)2+ = (x 1)3-—(x 1)* +...

Putting x=1.1, we get

log (1) =(1.1-1)= L(1.1_ 12 L !
)= 5 (L1-1) +§(1.1—1)3-Z(1.1—1)4+

—0.095305
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METHOD OF DIFFERENTIAL EQUATIONS mlnt

GROUP OF INSTITUTIONS

Fg_?xpanfi functions like (sin™! x)2, e“ sin™ *, sin (m sin™! x), cos (m sin™! x)
etc. by the method of differential equations.
Working rule:

1. Put the given function equal to y.
; dy
2. Find y, = —,
Py E?

Then (i) Take LCM (if possible).
(i1) Square both sides if square roots are there.
(7)) Try to get y in RHS (if possible).
3. Again differentiate both sides w.r.t. x to get an equation in y,, y, and y
4. Differentiate both sides n times w.r.t. x by Leibnitz Theorem.
O. Put x=0in equations of steps 1, 2, 3, 4.
6. Putn=1, 2, 3, 4 in last equation of step 5.

7. . = .
Discuss the two cases when n is even and when n 1s odd.
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Example‘ Ify = (sin”! x)?, show that

(@ (1-%) Y2~ X1 e

. 2 2 2 42
(b) (sin™"x)"  «x +§—.x4+2'4 s
2 2! 4! 6!



gol. Let y = (sin™! x)?
( %) ...(1)

\[1_ = ...(2)

y; =2 sin™! x X

1- xz -y 1 = 2\/;

(1'—x2)y12=4y-
Differentiating again,

(1-x9).2y 2
L2y, Yy T y% (- 2x) = 4y

Dlﬂdlngbyzyly (1—x2)y - Xy = 1 3
which proves part (@). ? : e
Differentiating (3), n times by Leibnitz’s Theorem



(1- ) Yota T nCl ) (—2x) + an-yn (~2)- L nCl 9.« L=V
(1_x)2yn+2_2nxyn+l_n(n_ 1)yn_xyn+1—nyn= 0
(1_x2) yn+2_(2n—1) xyn+1=n2yn (4)

Putting x =0, 1n (1), (2), (3), (4), we get

=0, =0, y,=2

(yn+2)0 = nz(yn)O

Puttingn=1, 2, 3, 4 in the last equation, we get

y3 — ]_2 yl =)

Y, =22y,=2%.2=22"

¥Ye = 32 ¥s ={

Yy =4y, =2.2% 4
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* By Maclaurin’s Theorem,
£y
fle)=10)++f0) ETf 0+ af "(0)+
. d P {2 2 40\ 4
(sm1ac)2---0+x(o)+EI e (0)+-;1—,(222) 5|(0) 6|(22 A+,

3 SRV Y 2 4
L LT L hichproves pat ) A
2 A4 6! eoss




1.

3.

4.

HOME WORK
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Expand a and e* in powers of x by Maclaurin’s theorem.

Expand 4x* + Tx + 5 in powers of x - 3.

Bxpand sin”! % in ascending powers of x.

Ex zx . . .
pand e** sin x in ascending powers of « up to x°,
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Taylor’s and Maclaurin’s
Theorem for a function
of two variables
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t‘\cxczﬁn,t,;.)-um\)\ Trearem oL & ;‘“‘J“‘\m of Two Vorlelolon
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HOME WORK miét

|, Expand ¢ ot (1, 1) upfo three terms

i
Ans, ¢l #ix=T)4(v- 1]+ |l5-‘ I +Hx IJ||.-||+¢1-H|

o Expamd v at 1, 1 upto second ferm Aml = D=1 =1}
3 Lxpand ¢ an by m powers of v und p os for s the tems of thurd duglu. U1 T sem. Jan 2010)

Ans, J'11'+rn‘r;n]s+%[3r::ﬁﬁ::1' ﬁ"v*)*..
4

4, Txpand (v ' sty - o powers of (x - 1) and (x - 7

L el
Ans, FHetin-li{am i+ (=17 {dn-e) #2{x=1}{y-7]

i 000
0000
0000
000
o0
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MAXIMA AND MINIMA OF
FUNCTION OF TWO
VARIABLES
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.

Examine the following surface for high and low points z= 2 + xy + 3x + 2y + 5.

oz dz
— = x4+ y+3; —=x+2
dx i

2 2 F
b R D R I8
ax dxdy Ay

For the maximum or minimum we must have

oz 4 oz i

ax ~ oy Y

az .
From e O, wegetZx + y +3 =10 (1}

dz §
From a'_!f = 0, weget x+2=0. (i)
From (i), weget x=—2and . from () y=-3 +4 = 1.
Hence, the solutionis x =— 2, ¥y = 1 and for these values we have r=2,5=1, t = (L.

t—=(Q0-(12==1<0. N

*. There is neither maximum nor minimum at x =-2, y = L.



4

Example rows

Test the function flx, y) = x’y?(6 - x - y) for maxima and minima for points
not at the origin.

Sol. Here flx, y) = 2%? (6 —x —y) = Bx¥y? = x¥y? - %9
" fo= 182 2
f, = 12¢y - ety - 3y?
= 36xy? - 120%* — Bry® = 6xy*(6 - 2v - y)

f = 36x%y - Bx’y - 9x%? = x%(36 - 8x - %)
t f = 124 - 204 - 6xy = x%(12 - 2¢ - 6y)



‘ n!nt
1) NS

Now, f.=0
= %18 -4x-3y)=0
and fy:O
= y(12-2x-3y)=0 (2)
From (1) and (2),
4x + 3y =18

2¢+3y=12 and x=0=y
Solving, weget x =3,y =2andx=0=y. Leavingx=0=y, wegetx =3,y =2,

Hence, (3, 2) is the only stationary point under consideration.
rt - 52 = 6xy%(6 — 2x - y)(12 - 2x - By) — x4y%(36 - 8x - 9y)?

Now,
At (3, 2) rt-s=(+)ve(>0)
Also, r=6(3)4)6-6-4)=(-)ve(<0)

. flx,y) has a maximum value at (3, 2).



Example

Examine for minimum and maximum values: sin x + siny +sin (x +y).
Sol. Here flx,y) = sinx +siny + sin (x +¥)

[, = cosx+cos(x+y)
f, = cosy +cos(x +y)
r=f, =-sinx-sin(x+y)
§ =fxy=-sin(x+y)
{ = f”=-siny—sin(x+y)
Now, f,=0 and f,=0
= cosx+cos(x+y)=0 (1) and cosy+cos(x+y)=0 «o(2)
Subtracting equation (2) from (1),
cosx—cosy=0orcosx=cosy .. xX=Y
From (1), cosx + cos 2x =0
or o8 2x = — cos x = ¢o8 (% - x)
: n
or 2X=n—-X . x=3
L A A
000



e x=y=§- a stationary point. ’
T T J3 3 J3 J3 3
<l = — = =¥ s = ——=-48
At(ays), r 2 2 \/5,8 5 X 2 2 \/—
. ﬂ—82=3—%=—2'>0
Alsor<0
f(x,y)hasamaxlmumvalue at(; ;)

x ’t) sm£+smu+sm2u=‘/§ \/5 Jg 3J§
3’3 3 2" 2 2

Maximum value = f ( - e



HOME WorK miét

Find the stationary pomts of the following functions

L fey=y+dy-3r+x Ans. \.;-‘.{J-Mlmmum
i )
L [en=¥y(l-x-9) Ans, 3 Maximum
Lo fln = - 15815y 4 T Ans, (6, 0). (4, 0)
: \ ; i T] 155

| y ] |']||2H'. |::|-| Al 5 = i BOR Eel e

d flay) =y +dwt 2y + 2oty swchthat - y = L. Ans, )
Y
0000
0000
000
o0
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Lagrange’s method of
undetermined
multipliers




LAGRANGE’S METHOD OF UNDETERMINED MULTIPLIERS

To find the maximum or minimum values of a function of three (or more) variables, when th,
variables are not independent but are connected by some given relation, we try to convery
the given function to the one, having least number of independent variables with the help of
the given relation.

When this procedure is not practicable, we use Lagrange’s method.

Let fix, ¥, 2) be a function of x, y, z which is to be examined for maximum or minimup
value.

Let the variables x, y, z be connected by the relation ¢(x, y, 2) =0 1)
For fix, y, z) to have a maximum or minimum value, the necessary condition is

T A R A

x Ty e

o
a dg.:-a-—57 +_7 dz=0
: ) dy : (2)



‘mint
8¢

Also, from (1), taking differentials, we get 5; gjdy+-g§ dz=0 K

Multiplying (3) by a parameter A and adding to (2), we get

gl oo

Thisequationwillholdgoodifg--ﬁlﬁ-oi{’rl% _31'”3: 0.

x y

These equations together with aquation (1), gve the values of'x, y, z and A for a maximum
Or minimum.

Lagrange’s method does not enable us to find whether there is a maximum 0r
minimum. This fact is determined from the physical considerations of the problem.
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Note.

The above equations can be easily obtained by considering Lagrange’s function
Flx, y, 2) = fix, y, 2) + Mlx, y, 2)

and considering the stationary values of F(x, y, z). For stalionary values of F(x, y, 2), dF = 0.

* . w) . (i %

- (ax“a«]d”(ay Ay]d“(az az)“”

-0 axn.‘”-o-ﬁ kﬂ az+la‘ 0.
o000
0000
0000
o000
o0
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QUESTION-3

Use the method of Lagrange's multiolier to find the volume of the largest

777

- ~.

rectangular parallelopiped that can be inscribed in the elhpsold Z, 1

Lo
Sol. Let | = 2x
b = 2y
h = 2z
V = 8xyz
2 oy 22
and = 2
a R
For largest volume, from (i) and (ii), we get
dV = yzdx + xz-dy + xy-dz = 0
and —';—d.r-«-—',—dyﬁ-%‘_-d: =0

a“ b*° C
Now, equation (iii) + A x equation (i©), we get

A A A
(yz + n—zx) dx + (xz + b—zy) dy + (xy + =2 2)dz=0

A A
= _t/;-&-;}-xzo,x*-i-l—s-l/ 0, W+-:,---

=1,

(1)

(1)

(1)
{10)

(V)

‘miet
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Multiplying (v) with X, y, z respectively and adding then, we get o ornsmnos

r E P
ry:'}

?r_'ﬂf... + A - 5. F Bl + 7 = 1}
’ a b
= Jxyz + A = 0 (using ii)
= A = — 3xyz
Putting the value of A in any one of equation (v), we get
yz — 3xyz ig = 0=z Il—g’j‘: =0
{1 \ s S
3I2 i
= 1- = = = x= ‘u@ :
Similarl 2 -
Imuarty, Y = Jj, i= Ji ceo
0000
H the largest volume V =8 e eoec’
ence, =8 -
" 3,3 s
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Find the extreme value of x2 + y? + 22, subjected to the condition xy +
yZ + ZX = p.

Letf=x2+y?+ z2and ¢ = xy + yx + zx -p.

Then for maximum or minimum, we have

of . dp _ i :

E+ E—ﬂﬁ2x+l{}r+z]—ﬂ (i)
ﬂf d _ y
Ely a}r—ﬂ=:2y+.l[x+3]-l] (ii)
gf qu’ =2z+A(x+y)=0 (iti)
Z

Mthpl}rmg equation (i) by x, equation (ii) by y and equation (iii) by z and
adding we get.
203+ y2+ 73) + 2 (xy + yz + 2x) =0

= 2f + 2Ap =0 °
f %0

or A=-—— 20
p )



_ ARG A
on putting this value of A in (i) (ii) and (iii), we get

f
2x - — (v + z) =0
P{? )
f
2y - —(x+ z)=0
Y P

t
2z - — (x +y) =0
P

or 2x - 2y + %{x—-}r]ﬂ}

[£+ E} (x —y) =0

f. ~Z2and x=1vy

P

Similarly, we get y = z, therefore, f = 3x32
But

Xy + yz + zx =p
= 3x2=p=x2=p/f3

Therefore, extrema occur if




Example

i the condifion ax + by +ez=p+gq+r

Solution. Here, we have i

If

log u
| fu

iix

| ﬂu

nh

| 'u

0oz

ax + by + ¢z
o (x, ¥ 2)
il

oy

I

Find the maximum value of u = -:” A 2" when the variables v, Yz

plogx+qglogy+rlog:

LY
!
e A
1

—
1 ]
;
- =
prqTr

on_ pu
dr x

athytez-p—g-r

deb

.-l-l-l-l:L|

0z

\ mint

: are subject

(1)
.A42)
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Lagranges equations are .Int

NSTITUTIONS
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Putting in (1), we have

wy ‘ TR
Maximum value of  u = [;_] H‘ li‘ Ans,



Home Work

A rectangular box, open at the top, is to have a volume of 32 cc.

uestion 1:
< Find the dimensions of the box requiring the least material for its
construction,
: Divide 24 into three parts such that the continued product of the first
Question 2:

part, the square of the second part, and the cube of the third part

is maximum.

Answerl: I=4,b=4andh=2units

Answer2: x=12,y=8,z=¢
cont.

ONS
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3. Decompose a posthive number ‘o’ o three parts so thal therr product 15 maximum

4 da
133
4. The sum. of three numbers 18 constant. Prove that their produet 15 a maximum when they are equal
. Usmg the method ol Lagrange’s multipliers, find the lareest produet of the numbers x. v and = when
4096
253

Ans,

xFy+e=16 Ans.
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PROBLEM S ON LAGRANGE'S
METHOD OF MULTIPLIERS




QUESTION - 1 ‘ mint

Find the minimum distance from the point (1, 2, 0) to the cone z° = ¥ +
Sol. Let (¥, i, z) be any point on the cone then distance from the point (1, 2, 0) 15
DF = (x =12+ (y =27 + (2 - OF

Let = (x-10+-2¢+ 7 i)

Subjectto ¥+ -2 =10 i)
for minimum, from (i) and (if), we get

= (x-T)dx + (y - 2)dy + zdz = i)

xax + ydy - ziz = 00 10

Multiplying equahon (i) by A and adding in (i), we get
(x = T)dx + (y - 2)dy + zdz + & (xdx + ydy - zdz) = 0
= A+ de+ly(d+8)-2dy+{z(1-A)dz=0
= X(1+A)-1=0y(1+4)-2=0,z(1-4)=0
1 2

= Xi= a1 V=3 o k=l AT
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QUESTION - 2

‘mint

show that the rectangular solid of maximum volume that can be mscribed

a sphere 1s a cube.
Sol. Let the length, breadth and height of solid are

[ = A

b =2y

h =2
. Volume of the solid V = [bh = 2x2y-2z
= V = Bxyz A1)
Equation of the sphere

tryr+ = K

= +r+7-R =10 (1)

For maximum differentiating (i), (if), we get

dV = Byzdx + Bxzdy + 8xydz = 0

2udx + 2ydy + 2zdz =0




Multiplying (i7) by A and adding in (iii), we get nt
Syzdx + Bxzdy + Bxydz + A (2yvdx + 2ydy + 2zdz) = 1w
= (2Ax + Byz)dx + (2Ay + S8xz)dy + (2Az + Bxyydz = 0
Equating the coefhcent of dx, dy and dz to zero, we get
= Ax=-—dyz, Ay =-4xz, hz = — dxy )
These are Lagrange’'s equations
Multiplying equation (¥) by x, v, z respectively, we get
Axt = — dxyz, Ayt = — vz, A2t = — 4z

From these, we get

Ltl = ?Lyl: ;LL"'-E
— IE 1 - :1 .
000
= ¥ =y=z e

Thus, the rectangular sohd i1s a cube. Proved. 4



xample

Find the dimension of rectangular box of maximum capacity whose surface

area is given when

(a) box is open at the top (b) box is closed.

Sol. Let the length, breadth and height of box are x, y, z respectively.
So volume V = xyz 1)
There will be two surface area one for open and one for closed box

nxy + 2yz + 2zx = S (say) i)
or glx.p,2) = mxy+2yz+2zx-5=10 ol £11)

Here = 1, when the box is open on the top

= 2, when the box is closed.

v . dg .
> +i..ax = yz+ Mny + 22) =0 i)
£+ lﬂ_g =xz+ Mnx+22)=0 (0}
dy  dy

W B e My +2)=0 (o)
dz dz ' '

Miet
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Multiplying (iv), (), (vf) by x, v, z respectively and adding, we get
Bayz + A [2nxy + 2z + 2zx)]= 0

v
or W+A28] =0 = A= ——

25

Putting value of A from (zi) in (iv), (v} and (v1), we get

yz —3—2: (ny + 22) = A (my +22) =0

25

25
or ney + 2xz = —
3
25
Similarly nxy + 24z = —
25
Az +2zx = —
’ 3

From (ziif) and (ix), we get

xX=y
and from (ix), (x), we get
ny =2z = ::gzg

(i)

Ao

i)

L{x0)

..(xii)

miet
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Putting (x1) and (xif) in equation (i), we have MInt

GROUP OF INSTITI.ITIDNS

nx nx -
P e e BT g gy T eSS = 3t = 5

2 2
or 2 =

X =

Hence, the dimensions of the open box are x = y = E and z = %E

(b)Y When box is closed n = 2

Hence, the dimensions of the closed box are 000

5 S 110
I=H=\E and E=Jg' 0000
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Example' . A rectangular box, which is open at the top, has a capacity of 256 cubic feet
Determine the dimensions of the box such that the least material 15 required for the consiruction
of the box, Use Lagrange s method of multipliers o abtan the solution,

Solution. Let x, v, z be the length. breadth and height of the box.

= Volume =xz = 256 = nz-236=10 (1)
= 0 (x,),2) = xpz-256
Let § be the matenal surface of the box
S=xy+2yz+dzx
i) di
a=_v+iz and E=_1-‘z
08 Ci
= =xtz ad 5 =z
0y ay
v b 3
l:.']}'_' - 2}""11' :'].mi [E{I = IJ‘J ::::
o0 0



By Lagrange's method of multiplier, we have

a8 . g
o TS
fgx  Ox
A5 .|

0y -

ﬁ—'|'.-f..n—¢'
0y gy
i) e
az z

Multiplying (2) by x, we ge
xy+2xz+Axz

= xy+ 2 xz+ 256 A
= xy+2xz
Multiplying (3) by v, we get
n+2y+axz

= xy+2yz+ 256 A
=5 w+dy
Multiplying (4) by z, we get
2yz+2xz+hxz

= 2yz+2zx

=0 =
= 1) =
{) -
()
U
- 256 }
()
()
- 256 }
() =
o hiﬁ }4

ytl+thy =10

xt2+hxr=1(

y+2x+hxy =0

2yz+2xr+256 %

=)

A2)

-(3)

.{3)
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From (3) and (6), we have

wtle=wtlnp 3 In=lyp 3 1=y
From (6) and (7). we have

ytip=lptly =2 w=lg 23 y=2L

From (1) nz = 256
1I'|.
= () {r}(zl =26 = .1,'1=512 > y=§
II. #
=48 y=8 =4
Hence. length = breadth = 8, height = 4' Ans,
X X
000
X X X
100
[ X



HOME WORK mict

1. Find the maximum and minimum distances of the point (3, 4, 12) from the sphere,

CrPs =1l (UP.T.U, 2001) |Ans. D, =12, D =14]

2. Find the maximum and minimum distances from the origin to the curve
¥+ dxy + 61 = 140. [LLP.T.U. (C.O.), 2003] [f’&ns. D =45/06, D =121 .5539]
3. The temperature T at any point (¥, ¥, 2) in space is T = 400 xyz". Find the highest tem-
perature at the surface of a sphere ¥* + 1 + 2 = 1. [ﬂns. T= El]]

4. Find the maxima and minima of ¥ + | + z* subject to the conditions : ax* + by + &

I- m -
= v P I| A'“E' ¥ ¥ :ﬂ
L Ix+ my + nz =0, { (au=1) (bu=1) (cu-1) w

5. Find the maximum value of 1= ¥fz" when the varnables ¥, i, z are subject to the
]

P o
condition ax + by + cz=p+ 4+ r. {m g |£‘ |%‘ fid ‘
: VAS AR NER
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The Jacobians themselves are of great importance in
transformation of variables from one coordinate
system to another coordinate system (Cartesian to
polar etc.). They are aso useful in area and volume for

surface and volume integrals.



DEFINITION | mama
It w=wu (1, ) and v = 7 (x, y) where .t and y are independent, then the determinant

o du
iy
v or
oy
15 known as the Jacobian of #, » with respect to t, ¥ and is denoted by
d(u,v)
: [Ir ,'f] ar [ (u, o)
Similarly, the Jacobian of three functions w=w (1, ¥, 2), v=w (1, ¥, 2), w=w(x, y, 2) 15 defined
- du dil du
el -l

du,v,w) do dv oo

e 2 B, = d(x,y,z) ax oy o co0o
gir  ow i :E:'
[ )

dx dy z °
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oR miot

X, X X, X X ="
Ity = 273 y, = i I Vi = 122 , Show that the Jacobian of
! X, : X, ' X,

Y1, ¥, V3 with respect to x1, x2, xa 1s 4.

Solution: Here given

XX, _ Xa Xy _ X%

}FI"T* Y= X, ¢ ¥3 = X,
?3’_| aYl a}r_, _:":113 X3 ﬁ
ax, Ix, Ox, X\ XX

a{}"w}rzr}ra} _ ia?_?:z_ E}’_z i}’i _ X X4 X |

3(x, Xy, %5)  [0%, Ox, ax, X, X X soe
dy, dy; 9y, 1% X XX 413
ox, ale -ﬂ_x: *3 %2 Xy’ 3




1

—
—

2o, 2
_ %y Ry Xy

2., 2
xl. xixﬂ-

=0+ 2+ 2
=4

2

R -
X, "X, X,

2

2

Ko Xq
XogXyq

-1

Xq Xy

- XX,

1

XX,

1

1 -1 1
1 1-1
= -1 (1-1) -1(-1-1) + 1(1+1)

Proved

XX
XyXa

= Xy Xq

m . ut
GROUP OF NS




Example 4.

fu=x+y+tzuv=y+z,uvw=g Evaluate

Solution:

x=u-uv=u(l-v)
y =uv-uvw = uv (1 - w)

L = uvw

d(x,y.z) N

6‘(1,}',2)

5 a(u,v,w)

dx oJx OIx
Ju dJdv oJw
dy 9y 9y
Jdu oJv oJw
Jdz Jdz Oz
du Jdv Jw

d(u,v,w)

Mmiet
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1—vwv
v(l — w)
vw
1
v(l —w)
vw

— u

u(l — w)
uw
0

u(l —w)
uw

Applying R; —-R; + (R2 + Ra)

=u?v(l-w)+ uzvw

= uv

Answer.

Mmiet

GROUP OF INSTITUTIONS

- v
uv

- uw

uv



HOME WORK

| dfx,y)
Ql fr=rcosh y=rsnfhnd —.
| d(r,8)

Q2lfx=rsinBcos ¢ y=rsinBsing z=rcos b,

dalx,v,z)

- — = r’sin 6.
dir,0,0)
" o) ) |
1/3 X" +y~| d(u, v
Q3. Jfu=~, p= find =T
2_\ 2'\' () | X ' l/ l

show that

Mmiet
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1. If uw =u (x, y) and v = 0 (X, y), then

d(u,v) y d(x,y)
dx,y) dluv)

= Tor =

2 Chain rule: It u, v, are function of 1, § and 7, § are themselves functions of 1, i,

u=u(r,s),v=o((r,s)andr=r(x, y),s=s(x,y)

d(u,v) o (u,v) o(r,s)
then , = . . .
9 (x,y) ad(r,s) 9(x,y)
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Example 3. (2014-2015) ‘ M:N$
I x= -Jz;w ;Y= -..,'"IEL‘H o -.H"rmn and # = r sin 0 cos ¢,

d(x,V,z)

d(r,6,0)

Sol. Here x, y, z are functions of u, v, w and u, v, w are functions
r, 8, 0 so we apply the property.

7 = rsin Bsin ¢, w = r cos 6, calculate

d(x,v,z) d(x,¥,z) d(uvw) (1)

a(r,6,0)  guow I(r8,0)
dx dx dx
du dv dw

d (X, Y z) B atf {}y E}y

d (1,0, W) du dv dw eses
dz dz dz EE:.
du dv dw .




d(x,y,z)

d (1,0, W)
- d(u,v,w)
INEX a[nﬂ!q})

1w 1 [ov
0 Sl ot oW i 8
2V 2 Vw
15, 1fu
2\ u 2\ w
|I [
1 IIE 1 o 0
2Vu 2Vo
1| [wou [vwul
8 Vouw \Vwu v |
du du  du
dor 00 00 sinB coso
dv dv dv
_| sin@ siné
B @ D
dw dw dw cos@
dr 9B do

% [M'IT+1|"T]

rcosB cosd
rcosBsing

—rsinf

1

.
8~ 4

—rsinf sin g

rsinb coso

0
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d(u,v,w)

d(r,0,0)

= sinf cos ¢ (* sin*0 cos ¢) — r cos B cos & (—~ sin 6 cos 6 cos ¢)
+ 1 sin O sin ¢ (sin® 0 sin ¢ + cos” 0 sin ¢)
= r* sin 6 cos® ¢ (sin® B + cos*B) + 7 sin 6 sin 6

du,v,w)

00r,0,0) - rsin 0 cos*d + r* sin 0 sin“¢ = r* sin O ...(iif)

Using (ii) and (iii) in equation (i), we get

d(x,y,z) 1 . r?sin®
= — x r-sin 6 = :

d(r,6,0) 4 4
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Example5. Verify the chain rule for Jacobians if x = u, y = u tan v, z = w.

Sol. We have ¥ =

[
|

Solving for u, v, w in terms

i —

Htanov =

! —

ax, y, z)

dlu, v, w)

I

e

i

dx dx  ox
= =, B = e )
u ' dv  ow
% = tan 7, % = U sec’ 7, ijr
0z oz 0z
e Ry e
ou dv ' ow
1 0 0
tano  wusec’v 0| = usec v
0 0 1
of x, y, z, we have
= X
! .
- tan! £ = tan' ¥
i X

=0

(1)



du du  du dv Iy dv X

. om 1.'_ [EI= D s — 9 ,
dx dy oz dx g o xXEy
7 z di0
ai:ﬂlﬁ_am=ﬂ and — =1
2 dx dy Z
1 0
- d(u,v,w) Yy X
= d(x,y,2) | xX+y° x4y
0 0 1
X 1 1 5
S Ry 3 = p) ...f”}
Xty y sec v
X[1+_Il
. X
Hence from (i) and (ii), we get co0o
0000
1 000
I = u sec*v. ! oo

Hsec U
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Example6. fu=x(1-"2 o=y (1-"2w=2z1-r)"

— dlu, v, )
where ' T *u'T i =y MHRTER dx,y,z)
Sol. Since o= 2 2t
o _xw _yaw_z
ox  r'ay r'adz 1
Differentiating partially u = x (1 — r*)?/* w.r.t. x, we get
du L =
T a2 # _ o e
dx {1?) +T[2J( ﬂ[ll) dx
—1 -3 ] .1.1

= (1-7)2? +mx {1_;-3)-_1.

il 1—r?4x?

- o . 3
(1122




Ditterentiating partially u w.r.t. y, we get
-3

L R &

— ﬁ = 2 T -
TR

and o .

Similarly, i [1-r*)

o oy o 1-r+y o

o {_1_:»3']; % {1_#)3 " (1_#)%

w = ow oy aw  1-ri+2? i,

ax {1_:-3)% " {'1_;,1)% " (1—1"1]% t:



mint

11"+ vy Xz
: - 2
-rp (1P (1)
Thus, :f{j’ E;" I_f? . X : 1—,131+j;1 Yz :
Yz {1—1'3')5 {1_,~'J_z [1—r:)3
e Y 1-r%42°
2 2 3
{]—rzjl {.l_r-—f]l (1—?"’)3
1 l-r*+x° xy X2
— 9 /X 1—;1"3+]L,r2 ¥z
{1—1"2)E ZX 2y 1yt 2
0o



mint

-9
(‘1_],2)T (1-r+x) (1 -+ -1 +2)

—xy (xy (1 - r* + 29 — xyz) + xzfwfz — zx(1 - 7 + )]
9

1-pf2 [1-r+D) (- -7+
- (1= P) (2 + 2 + XD - ¥

+ (1 =r) (* + y* + 27)]



HOME WORK Mot

GROUP OF INSTITUTIONS

. alu, vl o dny)
QL Calculate [= —— and | = . Vernify that J[['=1 given
alx.y) d(1,7)
: ;. p
L 2y Y
» |_,I' Iy | - = FE=_2V |
=X+ *—,0=—, |Ans. [=—, "= —|
. . 2u 1 2u
() x=¢"cos 0, y =& sm 7. [.imﬁ. J=¢", ['=¢ ]
I".I . 4 4 . " _— o 5 .
Q 2. Show that : =6rsm20given i =x -2y, 0=~y and Y=rcos B,y =rsinb.
r'Jl r.H 5
XY
0000
0000
000
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JACOBIAN OF IMPLICIT FUNCTIONS MInt

GROUP OF INSTITUTIONS

If the variables u, v and x, y be connected by the equations
filw,v,x,y) =0
o xy) =0

ie., u, v are implicit functions of x, v.

d(fy.f5)
d(1,0) 1y d(x,y)
axy) " Afifo)
dlu,v)
Similarly for three variables u, v, w
d(fi, fo, f3)
d(u,0,w) _ 1y d(x,y,z)
a(x,y,2) a_(fx'fz'fs) 0,
d(u,v,w) 00000
0000
0000
000



Example 1. 3(u0) y2—x?

fw +v=x+y w + 0 =x +y,show that a(xy) 2uw(u-o)

Sol. Let fi=w+v=3x-y=0
L=w+vr-x—-y =0

df of
d dx  di -1 -1
Now, V1.f2) = v — = 3 (12 — x)
a(x,y) of2 df 322 _3y2 ~
dx 9y i
afl aﬁ 2 2
d(f1,f2) du  dv 3u v _
o) |2 | |2m 20|=0wE-D
and
du  dv
I fo) T 000
Thus, d(4,0) _ d (x,y) _ 3y —x )= (y* —x%) EES:
d|(x,Y) d(fi,f) buw(u—v) 2uv(u-v) 9

dlu,v)
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Example 2. (2018-2019) anour o wmuTions

u, v, w are the roots of the equation

dlu, o, w)

dla b c)
Sol, We have (x-af + (x=bF + (x-¢ =0
C-r-dul-a+r-P-bE-b+r-c-3wk-0=0

ot 3.r3—3r3[ﬂ+b+c}+3:r(n3+iﬁ+f3)—(ﬂ3+i13+ﬁ3]:[}

(¥ —ay '+ (x=0P+ [(x—cf= 1 find

Since 1, 7, w are the roots of this equation, we have
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W+ D+W =a+b+c
w+rw+uwu = a+ P+ 0
. PN
oy = 3

2
IF  Ax” +Bx +Cx+D=0

IJ__B/ A —| coefficient of® :Ii.'H

coefficient of x>
Sum of product of roots taken, two at a ime

C/A= coefiicient of x
W Py = coefficient of x°

Then,sumofroots=a+B+y

_D/A _ —(constant term) e,
Product of roots =2 = afy =
uerotT coefficient of x° :::.



Let f,

£,
[
Now
Wi fufy)
dla, b, c)
and )
d f1.f2. f3)

dlu, v, w)

e a> +b>
3
=l =] = =] 0
2a b -2 =
e R ['nz—hz'] (ﬂz—{?z]

H + 9+ w—a—>b—c=0 [Iat
; : _pw_c2—o M

Ho + T + Wl — ar

P OF INSTITUTIONS

0

| > Cy—0Cq |
20 2a-b) Zfﬂ—cj,[Lz_} Y

C3—C3—0)

-2a-b)(@-A)-(@a-c@-P)}=-2a-b)(b-c) (c-a)
1 1 1 1 0 0
[{13 — €y — L 1
v+w U+w v+u = v+w  w-v U-w |
oW wu U ow wu-v) vlu-w)
(it — ) v(u — w) — (u — w) wlu —v) EE:.
[

—(u—v) (v —w) (w—u)
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-.I-_]'-'l'LlS GROUP OF INSTITUTIONS
a{‘f[: _fﬂr _f_fl; JII
olu, o, w) _ () dla,b,c) B —2a—-b)(b—c)(c—a)
dla,b,c) alfiifz ) —(u—2) (v—w)(w—u)

dlu,v,w)

(a—b)(b—c)(c—a)

= 7 2
(u—v)(v—w) (w—u)
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Example 4. (2019-2020) l'"nt

fw+v+w=x+y+z, 0+ +w=x"+y +2z°
H+0+w=x"+y +2z°, then show that

d(mow  (x—y)y—z)(z—x)

d(x,v,z) (H—7) (v—w) {w—m‘

fp = w+vr+w-x-y—-z=0

f. = W+ 0w t=ezr=1
000
0000
0000
000



9 I
a dy oz 5 4 -1
fhfs) | % | | 50 37 32
E}{IIFF;J dx ay oz B _L .
oo X 2y &
dx dy oz
-1 0 0
- |3 3(P-y) 3(r*-2) GG 505
2 2(x-y) 2(x-z)

= —6[( - ) (x-2) - (= 2) (x - y)]
= -6(x—y) (x-2) [(x +y) - (x +2)]
d(f1.fa.f3)

ixg) - PE-RY-AE-Y



dfy  df  dfy
du do dw 3u* 3v> 3w’

d Lf] ;f:?_ ;_,FS ) _ % Qfl E}fi _ Dy pis il

d(u,v,w) dut dv  dw
dfs  dfs  df; 1 1 1
du dv dw

3ut 3lp?—u?) 3lw?—u?)

_ 2u 2Av—u) 2w —u) |C2—}CE—CI,C3—}C3—C1
1 0 0

Expand it with respect to third row, we get
= 6[{v:—u?) (w— u) = (W’ — 1) (v— u)]
= 6(v—u)(w-—u)[(v+u)-(w+ u]
d ULI rfE ff:!]

— dloa = 6 (u—7v) (v—w) (w— u)




mint

(fi, . f2)
d (1,0, W) ~ d(x,y,2) 6(x-y)(y-z)(z-x)
Hence = (-1) g
d(x,y,2) of.hfa)  6lu-v)v-w)(w-u)

d(u,v,w)

(x=y)(y-z)(z-x)
= ‘ - Hence proved.
(U=0)(0-w) (W-H)
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Qs Th WAUgW= XA4Y ¥
bt \§ €W = ~ td+ =
Mt
TETUIR ol N - L
Shog B3

EIUSTER! | 3 ( X992z 20t (b2
< \H\WY)

i ———— ” \Jj
Cx,N,2) - 3(&‘(\94«0)«?’1&@
DN, ‘
(‘ €20 o 2\ )

\\‘I\ {(} \ \’ D e o Y e e
000
0000
00000
0000
0000
00
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Functional Dependence

Let 1=, (x, ), 7=, (1, ) be tiwo functions. Suppose 4 and v are connected by the relaton
;2= 0, where s diferentiable. Then 1 and o are called functionally dependent on one another

Hence, two functions u and v are “functionally dependent”

it their Jacobian is equal to zero.

Note: The functions # and v are said to be “functionally independent” if their Jacobian is not equal
to zero Le., (1, v) # 0

Similarly for three functionally dependent functions say 1, v and w.
o1, 0,
(If:[ r"-']

i, v, w) =
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* Nae -~ here. W L\ ara P TS SRR “4\‘“ YA O’L o)~

\JL\‘{.C‘J‘-'-’\‘-'“, C Aoy XY and==) ﬁ‘“““»lﬂ.ﬂ_& “— \A 1/\& J
(&% Cevws te A
\ .
Crez) — XY _ J+=
5 - v
r g
CL+=) )
000
0000
00000
0000
0000
000
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GROUP OF INSTITI.ITIDNS

@& T U=3xtQY<t=/ GE LRz ond W=ay-243Z
| ‘ e

Fiad tre ralglion Sdween WU end W ooy 5

EkQ” \ - Té :

-
ST, 3,3 _ \
= & N RY_Z LA4+NZ =Y -4
.)(f)(/\d/-‘z) Bilas : ﬁ}r
O B
\ O - - A J
- l \ L e UG B
o | \ — ‘ |
{T }—"Z. T (422 / /
0000
00000
0000
0000
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GROUP OF INSTITI.ITIDNS

J =X1

= ‘F) 'tj J | _

= N Qag ol An &’—P € ’\g“"‘d '
W) = X=NFZ= Y e | ]

bc'"\—l/\e"/\ JMJJ\ ) | |\ )

\J-W

9 (.
—n Arews W UL
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Example 5. mmt

Show that the functions u =x+y -z, 0=x-y+z w=0 +y + 22 - 2
are not independent of one another. Also find the relation between them.

Sol. Here W =x+y-—zov=x—y+zandw=x + 1 +z° - 2yz
dx dy 02 1 1 -
dlut, v, W) Jo o
Now E]{i:v: ;r{_] = ? {;—E 4 1 -1 1
Y, Z x dy Z _ L
dw  dw  duw v 2y-2z 2z-2y
dx dy oz
1 1 0
= | ] - S O TR I od
2x 2y-2=2 0

= (. Hence u, v, w are not independent.



or

Again U+ v
-0

( + oy + (u - o)

= (u+o)f+Wu-of
2 + )

Mmiet

GROUP OF INSTITUTIONS

Y+y-z+4+4x-y+z=2
x+y-z-x+y-z=2(y-2
4 + 4 (y - z)

4x* + v + z° — 2yz) = dw

dw

dw or * + v* = 2w



Example 6. mlat
i i in! in M-y + pWi1-22.

Find Jacobian of u# = sin” x + sin” y and v = x,/1—-1 GRouP oF wsTTUTONS

Also find the relation between them.

Sol. We have u = sin'x +sinly, v = ,1;,\,"1_5;3 - yw'l—:t‘z
du  du 1 1
d(u,v) dx  dy i V1= Y’
Now, y — |dv  dv| T
axy) | Xy e B
‘ . B NEE T — +vl-x
dx  dy > 5
J1-x 1-y°
X X
= — s ek — ?yf = 0. Hence u and v are dependent.

"\.'III].—‘I-"1 ,III'I_IJ'-'r iy T b BT

i o=sin'x +sin'y = ¥ =sin {lyll Y- +l-x

Assin'A + sin”!'B = qm'l{A B‘+Bx.f'1—f-1‘f

wWl-y* + pl-a® =0

sin .

=3
Il
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HOME WORK

o\, y,Z)

I
e
Ry,

| . |
=1

QL Ttu=x+y+zuv=y+z uww =z, show that -
1, T, 1)

dl 1, 7] X =¥

Q2. Ifx'+ +u*-v"=0and uv + xy = 0 prove that

1 1

oy, ¥l wto

o3 0 =2 542, + X, 00 =X+ X4+ X, W0 =1, 4, and Tt = = X, show that
d Xy, X, X5, Xy

1.9

= 1T,

gl o)



HOME WORK Mot

GROUP OF INSTITUTIONS

L of

: : ! z
Q4. flz—,0=—"—,W= , then prove that 1, v, @ are not independent and also
Y-z 7% - |

find the relation between them. [Al‘ls. uo+ i+ +1 =00 ]
as. FU=X+2+2,0=x-2+3; w=20y-x2 + 4z - 12", show that they are not

=

.
independent. Find the relation between 1, 7 and @ [A ns. dw=u" -’
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Lecture -26
Approximation of Errors
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H\ r’:f'z,zo'L'« oA O‘@ Eovions

T) Sx ond SY ore ol chenge Con @vnann) iy

v C il

2 ('»~‘~.d \.‘ NG '."*'\:(,M\A\' @ Q‘;/ *& en oM\ s_»*’:im, S Y ':(( A L L~ ‘) @

- \
v ™~ X
2 el
& N Yo &unan = ¢
(’ 35 \')wlc-c,hj‘c*-ac_ N NON ~ > 1. X (al
)
000
0000
00000
0000
0000
000
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Q. Te heriod 0{ o mble Pberdidim | :D“j)—é;—.

——
—

Fiad the Maxioum(d) ervwn v U e 3o *\,\L

bomble Oungan LMD Bl b \v\.Q ord RS4L Wnj.
( <2\ 3 - \,‘«\

| B
T s g | 5
V ¢

[*v‘b‘\mzj L__j / J‘*._D ’( - l;‘:‘) 7) 'f —— L”" 0 ‘—v) j

Q\’X’kf\'!a\&j'\“‘)/ W\ (,),(* °
0000
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0000
000
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CC R Whad e n the Sororion r(«q%ﬂu"l oe O.
rdog N \Lr\&Q &ﬂt E’\-O A.LA(; CLd L>\/ o Srovan (‘9‘&*
L W e el € Ra

Sl Leab . on ony wambes
—

- - ) S B ¢ -~ é,
ond Y= Loy X . Y= A, L3,
O =
Thitin P‘\L\ - -\ "\*"‘jﬂ) & ( & )
< \© ¢
i \_— léj e ) / S U )
- (i\, {7 X (CT \ \ —\ 919 o /\ < ", X (UL \
~ XK » :
N L (©-43NW)
|to o
®
= 0 oD 2RI .:.
owd0
0000
o000
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GROUP OF INSTITUTIONS

Example . . A balloon is in the form of right ctrcular cvlinder of vadis 1.3 m and length
4 m and is surmounted by hemispherical ends, If the radis is mereased by 0.0 m and the
length by 003 m, find the percentage change in the volume of the balloon.

(U1 L Sem., Dec,, 2005, Comp 2002)

Years (2013-2014, 2017-2018)

Solution. Radius of the cvlinder (r) = 1.3 m
Length of the cvlinder () =4 m
Volume of the balloon = Volume of cylinder + Volume of two hemispheres +15m

y
. i ! i 1 J-l 3 1
\olume (1) = nr° f?+;ﬂr'+:ltv"fitr'h+?rtr 14 m
_ i _ !
|
; T !
Bl =R2rdrh+nr dht-a3ror |
3
@ 0
'@ ®
' @

X X
X X
@
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GROUP OF INSTITI.ITIONS

317 mr28rh+rbh+drdr] 28rh+rdh+4rdr
4 tr*rkinri .rul'z+r-1r.l'3
3 3

20 xd +15x00544x1.5x001

I

o - K
| 5% d+— (15
r +1ﬂj‘,|

0.08+0075+0.06 0.215
6473 9
&l 1000215 21

3
IDﬂ e 103 =i = 7 3849
I g 5 1 Ans.

I
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W =) (xx=Y) @uy=IOiR®) =2 (32)
= o ‘3 2 — ~—
NN
N \i o \‘ J \ g \ \
=8 (Fy2-8 v=3 F i~
Ra? ~ < -~ .
g 3 - X N s >y /| 2
- 3= 3 2 ) = - Ly 2R
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=G~ 5 S >
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0000
000
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Qs K OAHBNOXkPmdf, \MJJ&¢,<}G

Cco. 389 —+ (=R o&) —+ (l«34W) \:\
C Il o

Seb. Ly deay m= O+ +2)

—

\l=

—[9)(1‘\*\5 =\, 9=, 1""‘:{) o AnaT

SX = —0.0% 5332‘;{9‘-5{/ W= —o.0f
\ ~C.
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HOME WORK miét

1 The work that must be done to propel a ship of displacement D for a distance s in time 1 1s proportional
o s> D2 £
Find approximalely the percentage increase of work necessary when the displacement 1s increased

TR . 8 14
by 1%, the tme 15 dimimished by 1% and the distance 1s increased by 3%. Ans, 3 %

2 The power P required to propel a ship of length / moving with a velocity 1" is given by P = kI™
Find the percentage mcrease i power if ncrease n velocity 15 3% and increase in length 15 4%.
Ans. [ 7%

3 In estimating the cost of a pile of bricks measured as 2m -+ 15 m + 1.2 m, the lape 1s stretched 1%
beyond the standard lenath if the count s 450 bricks fo | m” and bricks cost ¥ 1300 per 1000, find
the approximate eror in the cost Ans. T 63180
4 In estimating the cost of a pile of bricks measured as 6" - 50 - 4. the tape 15 stretched 1% beyond
the standard length. If the count 1s 12 bricks to /t . and bricks cost ¥ 100 per 1000, find the voo

approximate ermor m the cost (UP ] Sem, Dec. 2004) Ans. 720 bricks, ¥ 2520  ooeoe
00000
0000
0000
000
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Lecture -26
Approximation of Errors




l
Example The power dissipated in a resistor is given by P = % Find by using
calculus the approximate percentage change in P when E is increased by 3% and

Ris decreased by 2%.
EZ

Solution: Here given P= T

Taking logarithm we have

log P=2logE-log R
on differentiating, we get

o 2 ol
ToEETR

aP 1008E  1006R
or 1ﬂﬂ'?—2}l{-—-E— _E_
nnmEFP = 2(3) - (-2)
= 8

Percentage change in P = 8% Answer.
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GROUP OF INSTITUTIONS



o

Example  In estimating the number of bricks m a pile which is measured 1o e
(3 x Him x 3an), count of bricks is taken as 100 bricks per m?, Find the error in the cost
when the tape is stretched 2% bevond its standard length. The cost of bricks is < 2,000 per
thousand bricks. (I7F, I Semester, Tinter 2001))
Solution, Volume I'=xy:
log I'=log x+ log v+ log z
Differentiating, we get
&7 dx dy bz

. —+—+
I’ X y 2z
&1 1008 1008y 1006z
00— = = =2+2+]
f X Vv z
100 81 )
_f’ =
= ﬁI {me SII-I"w:t:r"m*lru
|[H:| [r]ﬂ S CHOICTHELTE.
Number of bricks i 8 1'= 15 = 100 = 1500
| 1300 % 2000 .
Ertor in cosl = SHUR SN 3000

100
Thus error in cost. a loss to the seller of bricks = $ 3000, Ans.
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Example . If f (x, y) = xzyﬁ, compute the value of f when x = 1.99 and y = 3.01.

Sol. We have f(x,y) = x’y1

e e T
dx 2y~ dy 107
As x+8x=2+(-0.01)=1.99
Let x = 2, & =-001 y+dy=1+(2.01)=3.01
y = 1,8y =201

Now, f(x +dx, y +dy) =f(x, y) + -gfx-ﬁx+ % oy

1 9
= 2+ (=001),1+201) =f(2,1) + 2x21)T x (- 0.01) + % (22 (110 x (2.01)

1
=  £(199,301) ~ 22x 110 4 (- 0.04) + 0.804
~ 4-004 + 0804 = 4.764.
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GROUP OF INSTITUTIONS

1. A balloon isin the form of right circular cylinder of radius 1.5 m
and length 4 m and is surmounted by hemispherical ends. If the radius
Isincreased by 0.01 m and the length by 0.05 m find the percentage

change in the volume of the balloon. Ans 2.389%

2. Theformula, V = kr4, says that the volume V of fluid flowing
through a small pipe or tube in a unit of time at afixed pressure
1s a constant times the fourth power of the tube’s radius r. How
will a10% increaseinr affect V? Ans 40%

3. Find approximate value of : [(3 82) 24 2(2_ 1) 3 ]1’ 5;\.%? ,



