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Scalar Point Function

If to each point P (x, v, z) of a region R in space there
corresponds a unique scalar f (P). then fis called a scalar
point function.

For example. the temperature distribution in a heated body.

density of a body and potential due to gravity are the examples of
a scalar point function.

Mathematically

f(x,v,z) = x2+2yZ~  is an example of scalar function



et

If to each point P (x, ¥, z) of a region R in space there corresponds
a unique vector f (FP). then f 1s called a vecror point function.

Vector Point Function

The wvelocity of a moving fluid. gravitational force are the
examples of vector point function.

Mathematically
rif) = cosif i+sing j+ ¢ k, be an example of vector point function

Vector Differential Operator

The wvector differential operator Del is denoted by V. It is defined as

cx oy o=
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GRADIENT OF SCALAR FIELD

-

If & (x, ¥, z) be a scalar function then ?f— + 3— + k2 s called the gradient of the scalar

cx oy @z
function .
And 1s denoted by grad ¢. |
Thus. grad ¢ = ?@+;@+Ef—¢
o Ox oz
dd = ?£+#£+E£. (x. y.2)
gard p = V ¢
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If a surface ¢(x, v, z) = ¢ passes through a point P. The value of the function at each point
on the surface 1s the same as at P. Then such a surface 1s called a level surface through P. For

example. It {(x, y, z) represents potential at the point P. then equipotential surface ¢ (x, v, z) = ¢
15 a level surface.
Two level surfaces can not intersect.

GEOMETRICAL INTERPRETATION

Let the level surface pass through the point P at which the value of the function is d. Consider
another level surface passing through Q. where the value of the function 15 ¢ + d.




Let ¥ and 7 + &7 be the position vector of P and Q then PO =or

Vodr = fﬂ+}g¢+ﬂ'$—¢|.(f¢r+}dy+ﬂ'dz}
' WCE oy oz )
= ?:b c:ix+—?¢ '+—5¢ffz=d¢ (D)
& x RY z

It O lies on the level surface of P. then dp = 0
Equation (1) becomes V¢ .dr =0. Thenvg b 1s L to dr (tangent).

Hence. V¢ i1s normal to the surface dlx, v, z) = ¢

=



et

(a) If ¢ is a constant scalar point function, then V¢ =0
(b) If ¢; and ¢, are two scalar point functions, then
() V(@:129)=Ve =V,
(1) V (c194 + o) = ¢V, + c,V,, where ¢, ¢, are constant
(1) V (0192) = 0,1V, + 9,V

. o1\ Ve, -0,V
Vi—|= Ly = 0,
(v) ( - ——:———02 ¢

PROPERTIES OF GRADIENT
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EXAMPLE 1:
Find grad ¢ when o is given by ¢ = 3x°y — v'z° at the point (1, - 2, - 1).
SOLUTION:
Grad 0= Vo = (l%+.l% +k%] (3x%y - y92%)
X, s d -~ 0 L
=i — (3% —y%2?) +J— (3xy - y%22) + k— (3x%y - y%2%)

dx dy 0z
=1 (6xy) + j(3x% - 3y%2%) + | (- 2y%2)

=~ 12i -9 - 16k at the point (1, - 2, - 1).
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Find a unit vector normal to the surface x* + v + 3xvz = 3 at the point

EXAMPLE 2.

(1, 2, — 1).
SOLUTION

" 0 i

TN [P - o Qa8 - s JET .
Let 0=x"+y" +3xyz = 3, then 2 Jx +3yz.ay 3y* + 3z, > 3y

Vo= f%:i +J—a?- . k-(—)~o = (3x° + 3yz)f +(3y° + 3.12)] ' (&ty)l;

dy oz



et
At(1,2,- 1), Vo=~3i +9; + 6k

which s a vector normal to the given surface at (1,2, - 1),
Hence a unit vector normal to the given surface at (1,2, - 1)

:M:M:L(-f{.:}j‘yﬂ;).
-3%+ 0 +@F WM VM
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If Vo = (% - 2xy23) i + (3 + 2xy — x%25) j + (623 - 3x2y22) k, find ¢.
SOLUTION

EXAMPLE 3

|
|
&
|
&
+
&
3
|
Q
©



Mt
do=F.dr

= {(y% - 20y2%) | + (3 + 2xy —2%%) j + (62° - 3xy2d)k) . (dxi +dy] +dzh)

= (y? - 2xy2%) dx + (3 + 2xy — x%2%) dy + (62° - 3x%y2?) dz

= (y* dx + 2xy dy) — (2xy2® dx + x%2% dy + 3x%22 dz) + 3 dy + 623 dz

= d(xy?) — di(x® ¥=3) + d(3yv) + I [g z"’)

3
¢ = xy® — x%yz® + 3y + 534 tc
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If u--x+4-y+z, v--x24y24-22," w=yz4zx-}-xy, prove

EXAMPLE 4

that |
(grad u)-[(grad v) x(grad w)]- 0.
SOLUTION

ou ou Ol
w T — — —_—
e have grad u = i+ ayi+ e Kk

1 -1 J41 K=1-FJ4-K,
soe OW . =P
grad '--é-x 1} é;j-*- 3= k—=2x i+2yj+22 k

_ow .  Ow ow
and grad W——a 14~ 5; +§~:

cv v

A



. grad u-[(grad v) x (grad w)]=scalar triple product of the
vectors grad w, grad v and grad w

= 1 1 1 =2 ] 1 |
2x 2y 2z x ¥ z

y+z Z+x Xty Y4z zZ-4{-x x—l-y.

y+=z zZ4+x x-+y
=2 (x+y+2).0.70



EXAMPLE 5

— . - .
If r =xi + yj + zk, show that

{f}gFﬂdT=i (ii) grad [£)=_Lj
r
—

(itd) Vrt=nr"* r

SOLUTION

r=|r| =....":ri+_}-!+zi, or r2=x?%4+ y% 4+ 2%

ir ar x

Differentiating partially w.r.t. x, we have 2r — =2x or -
alx de

Similarly, ﬁ =

¥
dy r

dr z
and ===



(i) =S L3O
r—:,ax+;a}l+kaz

a] ~dr ~dr sor I'I'liE‘l:

—

=;[£]+; x]+g[£]=£ty'_+ﬂ=,;
r

_’:f_ 1 ar)+~(_ 1 ar)+k~( 1 al')
‘| r* ox J\ r< dy re oz
f -f -~

=1|- 1,,.x)+1 — 1,2.y)+k(——1,;-.5)
S r \ r r - o -

1 - - - :
== ——(xt + Vv + 2R) = — —
3 yJ =



i et
i-j_ ‘-i J =1 | ppt-1 AT LA ”_]-E}_P
?ﬁ-[lax.l-";&y.kkch]r L[m* &tjﬂ[nr E!;.']+k[ Ellz]

. T . B = y i N - =3
=¢(nr"'. ]1-;[ "1.£J+k[nr”'1.—J=nr”"ﬁ{ﬂ+J'j+zk]=nr”‘?r.
r r r




EXAMPLE 6

et

Find the angle between the surfaces x> + y° +z° =9 and z = x> + y° - 3 at the

point (2, - 1, 2).
SOLUTION

Let O, =x*+y +2°=9 and ¢,=x"+y*-z=3

Then  grad ¢, = 21 + Ey__; + 92k and grad 0, = %l + E}rj’ -k
Let n, = grad ¢, at the point (2, - 1, 2) and ;;; = grad ¢, at the point (2, = 1, 2). Then

=+ A A . —+ A A A
ny=4i-2j+4k and n,=4i-2j-4



, mict

The vectors 1y and n, are along normals to the two surfaces at the point (2, - 1, 2). 1f 6
is the angle between these vectors, then

- -

nI Ny 44)-2(-2)+4(-1 16

| “16+4+16.J16+4+1 6421

cos 0 =

|"1||”2



APPLICATION OF GRADIENT
EQUATION OF THE TANGENT PLANE

Tangent Plane. Let r,, be the position vector of the
point of contact A and r be the position vector of any point
P on the tangent plane.

Then r—r is a vector parallel to the tangent plane and
grad fis normal to the tangent plane. These two are perpen-
dicular

(r— r") ' grad_/' =0 (1)
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This equation will be satisfied by any pomnt r lying in the tangent plane,
Moreover, for any point with position vector r which satisfies (1) the vector
(= r,) is parallel to the tangent plane. It follows that r - r, lies in the plane;

hence the end point of rin the p
plane,

ane, Therefore (1) s the equation of the tangent



EXAMPLE 7 migt

Find the equation of the tangent plane and normal to the surface xy:
= Jat the point (1,2, 2).

SOLUTION
grad f = yzi + zxj + xyk = 4i + 2j + 2k
Also r—rg = (xityj+zk)—(i+2j+2K)

= (x—D)i+(yv—-2)j+(z—2) k.
The equation to the tangent plane 1s
(r—rg)-gradf = 0
L Hx—1)i+(v-2)j+(z—-2)K} - (4i+2j+2k)=0
le., 4(x—-1)+2(v-2)+2(=z-2)=0
ie., 2x+y+z=6.



Gradient in Polar Co-ordinate

If f(r) is a scalar function of scalar r then it’s gradient is given by

— —

“
’37_0_4‘; - ﬁ. [.f)‘}l | r= | r | where r=.rf+y_}+z£'.

. . B
Entg Prove Thed (7)4319’):” = ns’T S whkoe =]

« -~ ,\ -
0ol j T e 3;_77 (.94")- N ’r)_:wn )—91 - nst! 2._07’

Lo hene .9;\ 7(- The TR ¢ veeLdosy 7"1 The oL’lHNJI% @f ,';7,



Ql

Q2

18T

Practice Questions

—— —

If r=| r | where r=xtf+_};f+zﬁ.rprcwethat
ﬁ
(i) WFr)=F"(r) Vr (i) ?lug:rn%

If 8 is the acute angle between the surfaces xy%z= 3.1'+IEI1]1[|3J.‘: - y* + 2z = 1 at the point
(1,-2, 1), show that

|8
W6
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Practice Questions

A A
: Axi+yj+zk)
TRy ed

Q3 Evaluate grad ¢ if ¢ = log (* + y* + 7)

1 A A
Q4 Find a unit normal vector to the surfiace 72 = x* + y7 at the point (1, 0, ~1).  Ans. -J-}-(Hk)
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Directional Derivatives
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Directional Derivative

Let f(x, y, z) be ascalar valued function, dlrectlonal derivative of f(x, vy, z) at
the point ¢ in the direction of a vector E:- is given by

Directional derivative = (v f) —~

ﬂtg' =

5 1S the unit vector of the vector ET
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What is the directional derivative of the function xy* + yz* at the point

Example 1

(2 I, 1)in the direction of the vector ?-0- 2;+ 2}’2\’

Solution

o [-‘.. V. T) = .1-}-'--' -+ .}.::.

Civadient (If{' = Vo= f — 1 ey be —

Voat (2, -1, )= -3, -3k
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_.‘3...;.2;*2;)

:?-21"025

\;iwlwl

t Directional derivatve of the given function ¢ at (2. <1, 1) n the direction of

M s aumit veetor in the divection of ¢ 4 27+ 2. then 5 =

L2 2% = [Voat @2 -1, 1))

AP
22t eieth)ys s 22
e b 3
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Find the directional derivative of ¢ (x, ¥, z) = “yz+4xZat(d, -2 1)in

Example 2

the direction of > ’,\ = 3 o 2;’;. Find the greatest rate of increase of .

Solution
Here. d(Cx ¥y 2 = rzy Z+ 4xz"
(A A A A A AD
Now. VP = Li§+f;*k C 1 (3yz + 4xz2?)
ox v oz
S

— -(21:1)2 +~4z")1 + (xz:;')j - (x2y+8xz)k

Vo at (1.—2.1) = {2() (-2)XD + 4D} i + Ax1)J + {1(-2) + SOM} k
} + 6;(

(-4 + 4)? - 3‘.+ (—2 +8)’?
27— -2k

1
Ja+1+4 3

Let unit vector =

@i —7—2k)

Q>'



) di-j-2k 1.4~
Let q = UNit vector = J =-(”"'I -] - ”f)
J4+1+4 3

So. the required directional derivative at (1. 2. 1)

A A A AA A ‘1 -13
= ?¢-ﬂ=(j+6k).3(3f-j-zk) = E(—1—1z)=_

- IJ1+36

Greatest rate of increase of ¢ =

- 37



Example 3 mlgt

Find the directional derivative of the function f = x* - ¥* + 2% at the point
P(1, 2, 3) in the direction of the line PQ where Q is the point (5, 0, 4).

In what direction will it be maximum ¢ Find also the magnitude of this maximum.

Solution
We have Vf = ﬂhﬁhﬂ:zximzyj+4;£=25-4j+ 12k at P(1, 2, 3)
d “dy 0z
. - Sy A . r i . . N
Also PQ=0Q-0P=(5i +4k) (i +2j+3k)=4i -2j + k

a i ; : , . - N 4i-2_}+’:’_ 1 :_2'. ,;
If n is a unit vector in the direction PQ, then n = J16+4+1- mm: ]+ R)




18t

_.)
Directional derivative of fin the direction PQ = (Vf) . n
s ana §ooa ed w3
=(2i -4+ 12k) . == (4 -2j+ k)= 24) - 4(=2) + 12(1)
J \/ﬁ J \[2—1 l + |
4\[—
) f_l 3

The directional derivative of f 1s maximum in the direction of the normal to the given

surface i.e., in the direction of Vf=2i - 4; + 12k
The maximum value of this directional derivative = | Vf |

= (@)% +(- 4% + (12)? = V164 = 2/41.




Example 4 mlut

Find the directional dericolive of = e cos vz al the origrn in Hhe direebion

of the langent lo thecurtex =asint, y=acost.z2=wdalt+=

é

Solution

. (o d »~0 pdl
Gradientof p=Vé= ¢t —+J) —+8 —

|:pi‘ oS ;.r;:}
| tx iy az |

=i f;i&r“ ::nﬁ_}'z::l--_.? {—F'iT ¥ ﬁill_}'z}-r.i;{f'” {—HiTl__}'.'r."}l'!.-'}f

A the orygean e, when =10, =10 = = (L

-

i L (2D 2



opuation ol the curve 1= s=asmif,vyv=aras . =M

Any point on the curve 13 7 = [ (@ Eint)+ j-."m cost)+ kat)

L o dr Ao A s
Ihreetion of the tangent 15 given by = s =lgcosl): —(asintly +ak
I . . a >~ a=» »n
At t = —  direction of tangent = — 1 - —Jj +ak
4 Vi J2

o

o= unit direction of the tangent

as> a s 5 a0 = = A
—1—-— J+ak =i —j+ H.&]
V2 a."f-’-lr Vo [[E . “II_ l
(3 3 J2 N\

a® a 2

! : o,
Va2 =




et
. . . | . . N , A
Directional dervivative of & at (0, 0, () in the direction of tangent at [ = y 8=Voen g

P R ~a
(), 0, O, 2 ‘E |:[ J+ -..,E .E:l_l



Example 5 mlgt

Find the directional derivative of Va(V f) at the point (1, — 2, 1) in the direction
of the normal to the surface 1}'2: = 3x + =, where f= e _}J"z#.

Solution
Here, we have
f = 31_3},1:4
(~€ ~ € 20 ..3 24 ' . - -
V= ‘._TE:: + = +JLEJ 2x'¥°27) = 6222247 L axdy2t G 4 sty
(-8 -8 28 - - -
WV = |I—+J—+ r— | (6x° vz + a1zt j + 87y 2 D)
&x &y &z )

3.2 2

>
= 121}":4 + 45z + 24x Yz
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Gradient of W (V)

l*_é *_5 ~ O 2 2

l (12.1‘}'2.‘.'4 +4xrzd + 24x3y°: )

gt

k—
cx cy cz

(12y°z* +12x%2% + 72x%y?2%)i + (24x)z4 + 48x3)22)
+ (481)'2;3 + 16x°z° + 48x3y2-:).l:'
Gradient of W(V /) at(1.-2.1)=(48+ 12 + 28353 +(—48-96)] +(192+ 16+ 192) &
= 3487 —144] + 400k

Normal to(xyzz e 20 == :2) = \'-"(13'2: - 3X — -‘-'2)
— l ;;—};+ i;](n'zz —3x—2")
\ Ox ) oz )

= ()’2: — 3); + (21_1':)} + (Jg'2 _ 2:)1;

Normalat(l, - 2. 1) = ;—4}' + 2k



et
;—4}-+-2E_ 1

= . _ S e
Unit Normal Vector Jl-+-16+4 \/2_1(1 4; + 2k)

Directional denivative 1n the direction of normal
1

V21

: &
L AR ST RO

J21 21

— (3487 — 144 + 400k) G—4j +2k)




Q_ Finad the olireetonal oledvative of 22 whet = xy’-a +Zyj-rw
ot the (P&:d (2,0,3) dn the cliredion a{’ the oudtwasel nevmal
Ao the /spﬂw >{+f+z 1y az‘ the 7)@$d (3,2,1),

Sol"s

"? 2 (20]2~18 )

:'}(yt-fzyj-f-xz then \}ﬁx(}_,.z(y_“(zv,,_f

Neow? -
= 4
V'f‘ (‘;)—I'fj aa*k—?_, (M‘y-}ZJ-fxz]

.....

At point (2,0,3), V{-— 31“
Normal Ao the Apﬁv«e >(+J —fz:—‘l'-{ "cf ;e

V¢’ (5--*1-3»+ L(S-?{)(x—f(] 427 /q)— .29(1+2Jj+2z}:
At (3,21) yé - él-ruj.uk




Nowr\uﬁ Ao the Apﬁv—q >(+J 24 =2 =1y -'cf; P
( ok + 7 ,2-,+ ké](x-fJ +2 —Iq)— .29(2+2‘7j*22k

At (3.2,1) yé = 6l+uj +2k
Tf n fa o und vedesy a outwasw] normal J-o Hhe APKW
then ry} = G?—l—‘{j‘.}-ﬁ‘;\ > - [6L+uj+2k)

. 36+ 16+ Y J56

D?recj‘t rod OICDUM:*H{ of_f lpf] the OuJu)m, mﬂmne Fo Fhe
N 34
= 32 L+ (4.32.1( it s (6‘ + Y +,2k = JauM 186 _ Jupy
i # J+2k)

J5% JTq



@-252 Finel the cllredonad olesivative of of = (x‘if(y’»z‘)"’?—
ad 'H"‘e ?&:"d (3) ’/2) ?’l ’ﬂ)c th:}(t'-;l.on o_f ﬂ',e vcdg;( yzt\y-zxj‘\
Sallis 9= Oteytrzigi rf.
- 4\ 1 X % - (Do) 3 I}
v = (1%41%+h§%.)(%§+(7+22] /2.
n [_-2% ()‘.z"_j{*zz}":?/z(g,()} + J\ {—TI(;(??J&Z:) 3/2(2J)}

+ i—T’ (x"—w’lrrz‘js/‘?"(:z 2)_7

I

A A A qa A N\

B (X;*EJ-*ZU e RS RAR o) 86
Cotryte 22 )32 4 Jig

et @ be Ha unif vedost in the given  oluechlon , then
A A A

é): 32_t+2>(j +>LJk g 2346‘j‘\+3£5 a? (3,1,2)




1
3 Z\-}J‘-#.Qk

'y T
- e SHEE S - - q
T “q Jia

0-3t5 Finel the clisiecloral clesivative of (L) in the oliswdion o

M, whow H-= }»tqtj;rr kz. [ 20l6-1F)
S0/ V(“,_)-—_D_‘_s.%:-z . 3 (..9}:: -5‘—’)
51 ot'! /=t
A A



Q-wis Final the olistecdional olesdvative of ¢=sx7f5(7“z+§5‘z“x
ed the ?ani PCisi,1) Jda the olisechsn of the UJiae

W= J-3 S - - ({ 20i8-19)
; g 2
VA = 2y . 5 + = 27X
—————Sd/ - 9 = X J 2

. wa 7(2‘;,2;'+ j\}%"ri %)[yxig_yyﬂz —f—%z&]

A
. o~ (}my—r _2'5-: 22) 2 -+ (J‘M‘?«-lojz) j\-—r ['fJ2+ 52)(_)};

s S5 p sj\ al (1,1,1)




Q-5 Flael -Hne olfvechonal olexiwdwt 0{ ¢(x,‘7,z)-xJ2 FYx=2
ad C1.-2,1) Tn ﬁ)e, oliresh'on af BPo —ok . frael albe the

gmuduf swade of tnuteare of ¢. (20)9—20)
Sel"% (’tlj/z) Jz = uuzz
Vi6 ( ) (xJz+quZ /

g L(szz+u2)+ j("z)“* k("J‘*g"zj
At (-2,1), Vg = j &k
Tf n s a undt veddest in the olisedion o{’ .2'1‘-\7’\'22, hen

r"")\:: '2;:—;\“212 5 __L.(.'ID-—;._‘Z;.\)
] utity
So the ﬁuiux)tml Aisceetfornal olesivative et (1.-2.1)
— I3
= V¢ — (j'f‘k)_L(QL j -QA—) _‘-_3.-

Greatast wake of faieast of $= |1+¢k| = Jit3é = _J33



Q_ Finad the olireetonal oledvative of 22 whet = xy’-a +Zyj-rw
ot the (P&:d (2,0,3) dn the cliredion a{’ the oudtwasel nevmal
Ao the /spﬂw >{+f+z 1y az‘ the 7)@$d (3,2,1),

Sol"s

"? 2 (20]2~18 )

:'}(yt-fzyj-f-xz then \}ﬁx(}_,.z(y_“(zv,,_f

Neow? -
= 4
V'f‘ (‘;)—I'fj aa*k—?_, (M‘y-}ZJ-fxz]

.....

At point (2,0,3), V{-— 31“
Normal Ao the Apﬁv«e >(+J —fz:—‘l'-{ "cf ;e

V¢’ (5--*1-3»+ L(S-?{)(x—f(] 427 /q)— .29(1+2Jj+2z}:
At (3,21) yé - él-ruj.uk




Nowr\uﬁ Ao the Apﬁv—q >(+J 24 =2 =1y -'cf; P
( ok + 7 ,2-,+ ké](x-fJ +2 —Iq)— .29(2+2‘7j*22k

At (3.2,1) yé = 6l+uj +2k
Tf n fa o und vedesy a outwasw] normal J-o Hhe APKW
then ry} = G?—l—‘{j‘.}-ﬁ‘;\ > - [6L+uj+2k)

. 36+ 16+ Y J56

D?recj‘t rod OICDUM:*H{ of_f lpf] the OuJu)m, mﬂmne Fo Fhe
N 34
= 32 L+ (4.32.1( it s (6‘ + Y +,2k = JauM 186 _ Jupy
i # J+2k)

J5% JTq



@-252 Finel the cllredonad olesivative of of = (x‘if(y’»z‘)"’?—
ad 'H"‘e ?&:"d (3) ’/2) ?’l ’ﬂ)c th:}(t'-;l.on o_f ﬂ',e vcdg;( yzt\y-zxj‘\
Sallis 9= Oteytrzigi rf.
- 4\ 1 X % - (Do) 3 I}
v = (1%41%+h§%.)(%§+(7+22] /2.
n [_-2% ()‘.z"_j{*zz}":?/z(g,()} + J\ {—TI(;(??J&Z:) 3/2(2J)}

+ i—T’ (x"—w’lrrz‘js/‘?"(:z 2)_7

I

A A A qa A N\

B (X;*EJ-*ZU e RS RAR o) 86
Cotryte 22 )32 4 Jig

et @ be Ha unif vedost in the given  oluechlon , then
A A A

é): 32_t+2>(j +>LJk g 2346‘j‘\+3£5 a? (3,1,2)




1
3 Z\-}J‘-#.Qk

'y T
- e SHEE S - - q
T “q Jia

0-3t5 Finel the clisiecloral clesivative of (L) in the oliswdion o

M, whow H-= }»tqtj;rr kz. [ 20l6-1F)
S0/ V(“,_)-—_D_‘_s.%:-z . 3 (..9}:: -5‘—’)
51 ot'! /=t
A A



Q-wis Final the olistecdional olesdvative of ¢=sx7f5(7“z+§5‘z“x
ed the ?ani PCisi,1) Jda the olisechsn of the UJiae

W= J-3 S - - ({ 20i8-19)
; g 2
VA = 2y . 5 + = 27X
—————Sd/ - 9 = X J 2

. wa 7(2‘;,2;'+ j\}%"ri %)[yxig_yyﬂz —f—%z&]

A
. o~ (}my—r _2'5-: 22) 2 -+ (J‘M‘?«-lojz) j\-—r ['fJ2+ 52)(_)};

s S5 p sj\ al (1,1,1)




Q-5 Flael -Hne olfvechonal olexiwdwt 0{ ¢(x,‘7,z)-xJ2 FYx=2
ad C1.-2,1) Tn ﬁ)e, oliresh'on af BPo —ok . frael albe the

gmuduf swade of tnuteare of ¢. (20)9—20)
Sel"% (’tlj/z) Jz = uuzz
Vi6 ( ) (xJz+quZ /

g L(szz+u2)+ j("z)“* k("J‘*g"zj
At (-2,1), Vg = j &k
Tf n s a undt veddest in the olisedion o{’ .2'1‘-\7’\'22, hen

r"")\:: '2;:—;\“212 5 __L.(.'ID-—;._‘Z;.\)
] utity
So the ﬁuiux)tml Aisceetfornal olesivative et (1.-2.1)
— I3
= V¢ — (j'f‘k)_L(QL j -QA—) _‘-_3.-

Greatast wake of faieast of $= |1+¢k| = Jit3é = _J33
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Practice Questions

Find the directional derivative of the function

0=xy" +y2° at the point (2, - 1, 1) in the direction of the normal to the surface x log 2 - y* +
§=0at(-1,2 1)

1 A A A

. Find the directional derivative of - in the direction 7 where ¥ =xi + v+ zk.




et
Practice Questions
3,Find the directional derivative of f(x, y, z) = xyz at the point P(1, =1, -2) in the direction of the

A A A 1
vector (2i -2j+2k). Ans. 3
4, Find the directional derivative of the scalar function of f (x, y, z) = xyz in the direction of the outer
27

normal to the surface z = xy at the pomt (3, 1, 3). Ans, 7



Lecture 38

Divergence of a Vector Point Function
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- -
The divergence of a vector point function F 1s denoted by div F and 15 defined as below.

Definition

.-) A A A

Let F=Ri+F j+Fk
= == (A A A R *F. ¢F
d“.'F:V.F ]i..]i.q..k.c_l(zfi jF)"'kF3—2+C.—’+—3
&x oy | ox o 0z

_} n »
div F IS a scalar function
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Physical interpretation of Divergence of a
Vector Function

Consldtr a flpid having density p = p (v, , 2, f) and \rr.louly V=V Y2, r} al a point (x, y, 2) at time
L. LclV = PV, lhcn\flsavcclurhmnglhc same direction as v and magnitude p | v |. It is known as fliex. Its

direction gives the direction of the fluid flow, and its magnitude gives the mass of the fluid crossing per unit
time a unit area placed perpendicular to the direction of flow.

Comadcr the mouon of the fluid having velocity

V= V, i+V ]+ Vv kaupoml P(x, y, 2). Consider a small

parallelopiped with edges dx, Oy, 6z parallel to the axes with
one of its corners at P.




The mass of the fluid entering through the face F, per
unit time is V,, &x 8z and that flowing out through the opposite

aVv
face F; is v,,b,axbz-(v +—}16y)&xbzbyusing

Taylor’s series.

The net decrease in the mass of fluid flowing
across these two faces

aV Vv
=(V,+?ylﬁy)ﬁxﬁz—vrhrﬁz-%;ﬁxﬁyﬁz

Similarly, considering the other two plirs of fl::r.s, we get the total decrease in the mass of fluid inside

dV, EV
l e —
x * oy + ]ﬁxﬁyﬁz

the parallelopiped per unit ime = (



et

Dividing this by the volume &x dy 0z of the parallelopiped, we have the rate of loss of fluid per unit

volume ,.‘3_\,3+EY1+1Y£,¢WV

dx dy oz
Hence div V gives the rate of outflow per unit volume at a point of the fluid.



18T

Thus It can be concluded that

div V gives the rate of outflow per unit volume at a point of the fluid.
If the fluid is incompressible, there can be no gain or loss in the volume element.

Hence divV =0and Vis called a solenoidal vector function. Which is known in
Hydrodynamics as the equation of continuity for incompressible fluids.

Note : Vectors having zero divergence are called solenoidal and are useful in
various branches of physics and Engineering.



Example 1

et

Find the divergence of V= (xy2)i + (3¢ y)f + (x7 - y’z)l? at the point
(2,-1,1).

Solution

V=2 9 9 2
DivV = e (xyz) + 3y (37y) + r (xz* — y*z)

=yz+3° + 22—y =—1+12+4—-1=14at(2,-1, 1)



Example 2 m

If r=xi+v]j+zk , Prove that

18T

(i) div r =3 ie, V.r =3 (iiy div (axrj=0

Solution
()divr=V.r



et

(ii) &.(a x;) = -(f i + } —a— + Ei} . ﬁ (azy-azz) - ] (asx-a;z) + k (axx-ary)}

ax 'dy oz
d J d
= - —(a3y-azz) + — (asx-a1z) - — (azx-ay
ax( y-222) By( ) az( y)
=0
L i Kk
r=x1i+wvj+ = — -
- E=aii+azi+33ﬂ: 2 T = |ddq Lo g
) 5 W =




Example 3 miﬂt

Fat AN PN
—> Xi+yvj+zk —
rv="nZ2I =" find the value of div o .
Jx'+y'+z'
Solution
xXi+vj+zk
We have. ? = Y J
2 7 _2
«,',l"l;!:: + ¥+ =
= - - ngd A0 o, 1?+yj—-—zf:
divv = V.yv = (Iﬁ__-';-h__ka_ g 5 > 2\1/2
CX cy CzZ (x“+y-+z7)'~"
c X o y c Z

I
i
+

I



et

- —— N S N TS L B SO N o 0
(X +y*+2)2 —y=(x* + 97 +2%) 2x2y (" +ym+2) "3(3‘ Pyt Ez)

2 +
- 2 2 2 - (1-2+y2+72)
(x*+y +27) -
(+v+z2)—x (X +y +z)—-y (X +yr+zh)-Z7
= -+
(x2 +y2 + 22)3? (x2 + y2 + z2)3"2 (2 + 32 + 22)32
Y +zi+xt 47+ xt 7 2(x2+y2+22}_ 2

(x* +y* +z5)"? B (x? + 3% + z2)"? B J(IE 2 +29)



Example 4

et

Prove that a vector field F = (x-y2+x)i- (2xy+y)j is solenoidal

Solution

A vector F is said to be solenoidal if div F=0

Here div F= V. F

= -__- t‘_— - . 2-. 2 'I'- -
(]ax+]8x+kax} {(x2-y2+x)i -(2xy + y) j }

0 )
=35 yHEx) - 3y (2xy +y)

|

2x+1)-(2x+ 1)
0
= div F=0

Thus the given vectnr-ié solenoidal



Example 5 imn

If vector F = 3xi +(x+y) j -azk is solenoidal. Find a.

18T

Solution

A vector F is said to be solenoidal, if div F=0

s.div F= %(3:::) + a—i(x +y)+ %(-az)
=3+1-a=0

;o a= 4 Answer.



Example 6
If r and r have their usual meanings, show that divrir= (n+3)rn

Solution
Sincer = (xi+y ] +zk ) so; we have
r“;=rﬂx‘i.+r“y‘]:+r"zl.<

= . d -0 ~O0 . " "
sdivers| i—+j—+k— |(Mmxi+yjt+rmzk)
dx = dy oz

-%(rnx)+%<r"y)+5%(rnz)

= or or

r
= el + nretl —x+ rnl + nret yt+r il +nret z

ox dy 0z



=3rn+nrn-:l(

r
r I

= Frn 4+ nr -
"I‘..T:".
I

I 3
= ro -+ pyrm-l x —
-

= Arn+nrn
= (n+3)r=~



Example 7

__’
Find diwv F where F = grad (x> -+ 'V“ + == — 3xy=z).

—
Ans. div F = 6(x + y + 2),






A+ P(\,l\g.) V<f>: ,u,-fQJ +éE

Q:’{ % A a wwt veedos I\.Ofw\_/pQ ::W W/
— z 8 A
—ftaan B < o L}'Z +6 E
\ v P \Fw+w+3g
= 23-&-').3\-1*6\(:\- < 1,1—,-1-3)L
Jaa
Mk &W Jv.?.(ml]i:q 5& é vuw L"'FMM
_ [ 232+ 2V 4+ B L'*(""SL)
= (3t 3j+ED (L)
= 4+ = I

Nars 55 |k Y09
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Practice Questions

Show that the vector V' = (x+ 3_13)? +{y—3£)j’ +(x —EE)E 15 solenoidal.

—
Find div F where F = grad (x° + v + = 3xy=z).
Ans. div F = 6(x + y + =z),

Ifu= X+ yj + 7, and F—xi+ J;:} + -k then find div (UT) in terms of u

Ans : 5u

—

A ~ A _
If r= xi+yj+zk and r = | |, show that (7) dav

= 0
— 3 =
e

i
LY



—
7

= 0,

M A A .
Ql If = xi+vj+zk and r = | » | . show that (i) div B
|7 )

|
LY

Q2 Ifu=x+yv +7, and 7= y7 » }} + - then find div (UF) in terms of u.
Q3 Show that the vector ¥V = (x+ 3_}=}? +(y- 3:):} +(x —E:)E 15 solenoidal.

Q4 A fluid motion is given by V= (}“"Z}E +(z+x) i +{:-:+y}l::
IS motion possible for incompressible fluid?



Lecture 39

Curl of a Vector Point Function & Vector
Identities
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Curl of a Vector Point Function

The curl of a vector point function is a vector quantity if V=V i+ V, j+ Vak
Then

The curl (or rotation) of V is denoted by curlV and is defined as

G G d d o 2 - >
curl v-_—VXV:(lsx-"‘]?a;“"k-é;) (V,1+V2)+V_.,k)
i i k I
_ |2 a 9
- lax 3y oz |
WV, vV, Vs |
\l :[av v,V - av, av
z oz -Eix,j o ahyr



et
Physical Interpretation

Consider a rigid body rotating about a given axis through O
with uniform angular velocity w.
Let o= w11+ wz] +wak
The linear velocity V of any point P(x, v, z) on the rigid body is given by
V=wmxr
Where r= i x+ i}r+ k z is the position vector of P

—_— pa—} r——

'.H:ﬂ}'ﬁl’

§ . -

| i i k
= |, ml m._,i

x v z |

= i(mzi -Wyy)+ i{m:-l.:";‘ w,z)+ ]:.’{ml}? - W,y X)



—

- curl V = curl {Fux?}=?x{ax;}

i ; i
d d d

~ lax ay oz
WL Z -~ WY WX - (0, Z W,V - w,X

=(m:+m1};+{mz +mz}j+[m3+m3}ﬁ

= E(cﬂli -+ -r_::nzﬁj -+ -:ua.’;'.}

SN, e, (O are constants
= 2 w
— ‘1 N
" = — rurlV

2
Thus the angular velocity at any points is equal to half the curl of linear velocity
at that point of the body.

MNote : If curl V= 0, thenﬁis said to be an irrotational wvector, otherwise
rotational. Also curl of a vector signifies rotation.



Example 1

—_— o E gt o
Find the curl of v =(xyv=z)i+ 3x ¥ j+(xz" —yv =)k at (2, —1, I

Solution
Here. we have
— M~ -+ i o) > o
¥V o= (xyz)i +Bx"y)j+(x=" —y z)k
Pt Pt -'"'-
i 7 k
. ;. 3 #) o - I
Curl v = |— - - = 2yzi —(z° —x0)Jj+ (6xy —x2)k
& Ev o=
¥E 3‘3'51.}’ xz? — 3’23

= —2_}!:? + (xy — :2}} + (Gxy — IE}E‘
Curl at (2, —1. 1)
_ 2(—IXD T+ {2 (—1) —1 T + {6(2N~1) — 20Nk = 27 —3;—14k



Example 2
If r-—x1+y)+ zk , Prove that
(i) Curl r= 0 i.e, Vxr=0

(ii) Curl (r xa)=-2ai.e, Vx(rxa)=-2a

Solution
(i) Curl r=Vxr
i j
(12432 282 \xlieviezk) o |2 >
_(1ax+]ay+kaz)x(x1+y)+zk) =52 _5;
x y

REEANTCE N R




(ii) Let aus suppose that

r= xi-+ w i+ o=k
and a— a1i + an § + az k
P 7 =
. T A = = b =
£ , =T
= i (aaasyv—az=z) — i (aaa~—a12=) + < (aazx—ai1wvw)
Therefore, vwe have
i F <
— —- > 3 3
Voelr=al=1 FI Dy 5= |
AzYy — AgzE A& - Az AL — a, i

E_S

i (—aa-—aa1) -? {(aaz+az)+ k (—az—aa)

— g i —Eazli —FaAan ]:‘..

~2 (a i + Elﬁj —+ -El:'-!.E:I

S o



Example 3 migt

A fluid motion is given by V = (y+2z)i i +(z+x) ] +(x+y) k , show that
the motion is irrotational and hence find velocity potential.
Solution

We have V = (y+2)i +(z+x) ] +(x*+v) k
i j k
a9 .9 )

ax @ oz
vyv+z z+x X+Yy

Curl V =

[
ol

=(1-1)i +(1-1) j +(1-1) k

Hence V is irrotational
Now, if ¢ is a scalar potential then, we have

V =Vo

=>(v+2z) i +(z+x) i + (x+y) k = fg—¢+ ‘gi l;%g-
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Equating the coefficients of 1.7 k we get
2% o0 o9

—=y+Z, — =Z+X &—= Xty

ax y oz

_ 9¢ 90 a¢
Also do x dx + ay dy + 87
= (y+z)dx + (z+x)dy + (x+y)dz
= ydx + zdx + zdy +xdy + xdz + ydz
= ydx + xdy + zdy + ydz + xdz + zdx
= d(xy) + d(yz) + d(xz)
Interating termn by term we get
O =xy +yz + xz + constant
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Example 4

Find the constants a, b, ¢, so that

—>

EF = A(.ﬂr+ 2yv+ az) i+ (bx — 3y —z) j + (4dx+cyv + 22) i

is irrotational.

Solution
We have.
LA Fal Y
i J i
N c c c
Vow = O E"'; oz
(x+2v+az) (bx—-3y—z) (Ax+cy+22)

A

— (c+Di—(4—a)j+B-2k



= : s e

As F 1s urotational. Vx F =0

=0i+0;+0k

—a=20 and b—-2=0
= 2, c =-1

ie. (c+1)i-(4-a)j+ -
: ¢+ 1
5e, a

2)k
0.
4,

N

Putting the values of a, b, ¢ 1n (1). we get

; — (x+2y+42)i +Qx -3y —2)j+(@x—y+22)k



Vector Identities

div (A+B)=div A+4div B
2. curl (A+B)=curl A+ curl B

3. If A is adifferentiable vector function and ¢ is a differenti-
able scalar function, then

div (¢A)=(grad $)=A+ ¢ div A

4. curl (dA)=(grad ¢) < A+ curl A

5 div (AXB)=Becurl A—A-curl B



© 0N
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Vector ldentities

Vx4 xB)=BV)4A—-BV.A4)—- (A4.V)B + A(V.B)
Vx(Ff)=20
V- (FW>xA) =0
A2r @y _ 9%f

2 £ i
Vef 22wV (Ff}_ﬂxz+ﬂy2+ﬁrz
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Example 5

(i) Prove that the vector  F{r )7 isirrotational

. 2 . :
(ii) Prove that the vector V=f(r) = " () +—F"(r) isirrotational
Solution

@) curl (AP 7} = Ar) curl » + {grad A7)} < r

=6>+f'(r)f= > ;)
- ) e =0
r

—i
Hence Ar) r is irrotational.



i) grad Rr) = F’G)F — :1 Oy

div {grad A7)} = V2 Ar)
{f'(") _’} f'(") div > + grad 44 (r) -

2

3 e+ {22 rro
42

r
- §f'(r)+{"f”('")3_’”(’")} F .7
r
= §f’(r)+{rf”(r)— i 4.
r r

VZ Ar) = F70) + % £

1

2 1
Now, Vzlogr=——+—-(—)=
72 r.\r g x2 + y2 4+ =

|
N



7 'If A = (xz t+2yj .3xzk) anof 3 (3’(”'*’2,32,/ z"‘k)
FM the value of [Ax(vx8)] £ [(Axv)x8]. (204~ 13)
Col"e1 () [nmvm)]

- \ } 0
V?‘%-— g_ g} 2 = L[o—ly]—j[oﬁjaf\]?k[o--]

A 3y
-2 sp) = I +0[C
13>¢z 2‘\)12 j 2(7&\1— )
New '2 j\ K " 4 A
= ([o+9x2]-{[o- onyz. ]
[Ax(exE)]) = [x2" 2y 322
e k]

= qu3L '””]2] +(sz+u0y)k



T
= [z % anz +32) o]t— [o—OJ]

+ [0+ 3%z (2nz+ BZJJL

q
= (,2:(25+323) 2-7«- (5)(222‘-1- axz )k



Q. ¢ A fMd moflon [ given b}
V= (O\;Sfaz Starn ) L+ (Sinz +,QJ7. ).7 + (u#&ez +y %) £
pofendial.

Ta the motion JMOWOMI 7 .'Z'f 30 f"rm’ The Uca)u?
( Lo20-2] |

g‘f__ﬂ____.— %CC(QI A\ ] 1 , PR
s a Consdard veutest, ,fe,w(

(e 3{)5, wM e
ﬁ.,— ){,L-f;(j—rzk

@' a9 Z.f
-—? ,

el P
__909"37 et A= @ HeE ébj—ré{.yh arsl St
e 5'-37 = C M+ Q:Jfr Cig 2
s (&-3)3 = (&» WY+ azz)- (>l +Y7 +z.£;)
= (C%;Mz-f- Gy Y+ Asxz) L -f-(&,x}-f' Az Y +ad:,2)j

-+ [Q,)(Z‘f 9,{72 +@3Z'2)k



NO(.U - -

& A
Cwd [(@5) F = ;; 2 3&

M ay
i ;;“af_- a’,yd]ejjn ﬁ]’lZ'/’ngz

1111158 i
9) J Lz~ 8g)+ k (@Y~ Gx)

Mw 4o show cwd £ ix ?owe)\ob‘w.bﬂ do & e we bave

& - a.?-fa,j\mdk
Cudf . & = (G- 933)31" (Qiz - GaX ) @r+ (Quf — Gax)ag

- O
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Practice Questions

(1) Find the Curl of the following vector fields

F = x2y2i + 2xyj — (2 — xy)k at(1,2,3)

Ans: Curl  F = (2y —x)i+yj+ 2y(1 —xDk
(2) Find the Curl of the following vector fields
F = e (2§ + yvz2j + zx 3k
Ans: Curl F = —39e%i + 3e©j + 92e%k

(3) If a vector field is given by

— ' N ' M
), 2 . . . . . . .
F=("-y"+x)i-Qxy+y)j. Is this field irrotational ? If so, find its scalar potential
v X2 2
Ans:Yes, scalar potential is ~— + =~ X 2 L ¢

3 2 2

— il— —



Practice Questions

(4)

A fluid motion is given by
7 - : S . " 5. M
v =(vsinz —sinx)i t(xsinz+ 2vz)J+ (xyvcosz + v )k

is the motion irrotational? If so, find the velocityv porential.

Ans: Yes, Velocity potential = xy sin = + cos x + v’z + c.



et

Lecture 40

Line Integral, Surface Integral And
Volume Integral



et

Let F (x. y. =) be a vector function and a curve 4B.

Line Integral

e

Line integral of a vector function F along the curve 4B 1s defined as

T F
7 - i
) ) —  dr . R B
Line integral = J.C[F . Z] ds = _"CF - dr Hﬁ‘“‘g\p
| / \\,ﬁ.
O -

Note (1) Work. If F represents the variable force acting on a particle along arc AB, then the
B -

total work done = I F-dr

4




et

Example 1

If a force HF =2x*yi +3xy displaces a particle in the xy-plane from (0, 0) to
(1, 4) along a curve y = 4 x*. Find the work done.

Solution
— — __} . .
Work done = LF- 4 r=xi+yj
i ™ A - - _:'. L L]
— | @x*yi+3xy)).(dxi +dy)) dr=dxi+dyj
v

| @¥ydr+3dy)



et

2
| y=4dx
Putting the values of y and dy, we get [afy =8y dx]

Lin 2040 2
- jo-[2x (4x") de+3x (4x")8xdx]
1 ) 104
= 104J.Ox4dx:104(x—] =— Ans,

5 5
0



Example 2 et

- > —= — - -
Evaluate J{'F . dr where F = x°i + xyj and C is the boundary of the square in the

plane z = 0 and bounded by the lines x = 0, v = 0, x = a and v = a.

Solution
b
D‘ < B
— —> —  —» — — — —» — —»
_F F. r=_F F.ffi'+j F.c:fr+I F.df'+j F.dr
C oA AEB BC co 4 1
—> n - —* n -~ 3 n
F=XI+ V. dr=dxi +dyj. F=Xx"1T+2xv] 5
. 'S > -

—- — |
F . dr _=.r2cir+.x}fc:ifv ..(1)



On OA.v=0 E.d}"Z.TIIiT
. i1 b
— — - ‘Jij Hg 1
.F F  dr = J HIEIITI=|:— :| — (3 © ’
oA 0 3 1, 3
On AB. x=a Sodx =0 T T
(1) becomes
—  —»
. Fl‘.‘i’" — ﬂ_]fd_}! G L N L
. 12 “ a°
- — — e :
J F.mr=Jﬂ”}“d5’*’=”[T} ) +(3)
Ab - 0 =
On BC.v=a dy =20
— —»
— (1) becomes F.dr =x"dx

(4)
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—  —»
On CO.x = 0. C. F.dr=0
(1) becomes
— —
_F F.dr =0 .A5)
Co |

. > s P B R 23

On adding (2). (3). (4) and (5), we get | F.dr = < *t5 5t 0= -



@_’__" Find the work elme In mow)z‘ PM"& in the f‘"‘" f.’eﬂd
e G X u} onal gr°= 82

F= 'l +(21z-Y)y +2.L a,aor\;
from A=0 do x=2. @ P! il o'

&»Q—"j the Lsve Kzﬁqa a,\oj It __82 ‘fygm U =0 o Aeo
o M 0l = LtclJ a'\o} qu’dﬂl:gdz






83y If (x—-y)b +C>H(7)J e raluale f"’ooﬁ? aswourd the
cwwy, C CMWHU 7f y=n ano/(lj % ot (2013-19, 2 )7-19)

Sel 7 [ A dsl = § 0y obir et g7l k =t

/-'-—‘ =il
K UD""""”(} f y—%" a,\nlJ‘Q:% |
¢ Al = f fdi+ B 7ot N
c ¢, ¢

-—

7k

{

ﬂ,@m\g Cy, J= =% dJ 2% ol
§ Bods? = [ (urol) oot o+ Lxt Kool | % 23 Jobe
Y o

(&
= [ 2 e 2 e 2N = __.‘f'-—/-*f—/-, ‘-"—.i/,
- 2 3 Y 9. &3 2 3
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Surface Integral

Surface integral of a vector function j’? over the surface S is defined

as the integral of the components of F along the normal to the
surface.

Component of E along the normal

= F A . where 7 is the unit normal vector to an element ds and
grad f dx dy
ﬁ — dS = — —
| grad f | (r1-k)
Surface integral of F over S
—> A s
= E;.ﬁ = IIS(F-ﬁ)dS 4" F
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Example 3

. Evaluate ”s.—? n ds where .#T =(x+ }-3 )i — Er} + 2 _}Ek and § is the surface of

the plane 2x + vy + 2z =6 in the firsf octant.

Solution
A vector normal to the surface “S™ is given by
VO2x+v+22) = fi+‘-i+12i Qx+y+22)=2 + ] +2k A
Cal S 0x jay 0z 4 J

And 7 = aunit vector normal to surface S FM

2;+]+21t: 2:\ ] - S« s
= =—i4+=j4 =

,/4+l+4 3 3 =



[sA.ds = || .4

Where R is the projection of S.

Now, A.7a=[(x+y° )i —2x7 + 2yzk]. (
= —(x + 2’,‘i—g:.nn:+i =E
> 3 3773

(- on the plane 2x +y +2z=6,)
Eﬁf =E 2+£ 6—23{—}’ (6_2"‘:_.}’}
37 T30 T z=
\ 2 y
2 4
AA=3y0+6-20-y)=2y(G-v) -



et

- —. _ dx
Hence, [[ A Ads = HRA'"UE% .(3)

_)
Putting the value of 4.7 from (2) in (3), we get

HSZ.ﬁds = IIR %y(3—x).%dxdy="‘:’ j:—2x2y(3—x)dydx

5 5 6—-2x
- jo 2(3—-x) [y—] dx

2 0

= Lj (3—x) (6 - 2x)2 dx = 4Ij (3 - x)3 dx

4 3
= 4.[(3""’) } —_(0—-81)=8I
4D |,




Example 4 I'I'IiEt

- - - . —»
Evaluate _FJ < (vzi + zxj + xvk) -ds where S is the surface of the sphere
x° +v° + z° = a’ in the first octant.

Solution

Here., & =x2+ 32+ =22 — a?

Vector 1 to the surf: - V=1 —+j—+k—
ector normal to the surface P o J oy .
[ ~ & ~ O - & | 2 2 2 2 = . -
— I —+ jJ—+k— (X" + Vv  +2z7 —a” )= 2xi + 2yvj + 2=k
e T 5 53_}]( h% ) Y]
5o Vi 3Tf+31~’j—l—32ﬁ1 ﬂ:+}rj—|—zﬂ
| V| J-—‘Lx‘ + 4}#2 + 4z7 -sz + _}fj + =
_ xT + vj + =k [ X2+ 32+ 22 = 2]




et

_:..
Here. . F — yzi +ﬂj+f}k
O - " xi + ] + zk 3xyz
Foai = (zi+zxj+xvk) ‘
. %, a s, a
| dx dy ag+fa’—x 3xyz dx dv
F-nds — :
Now I.FS I (Fﬂ}lk Hl Jﬂjﬂ (z )
al =
v x|
> ¥
= (] {IE—IE il -"J}E"'n Tt
= %Jnj‘n xydyd,*{:.%j x| — dx
LY - _.-":.
(22 4 A 4 4 ™ 4
. 3 ] :
:i‘lﬂx(al—xz}fﬁ: ax x | _3la _@a |_34
20 2 2 4 2\ 2 4 3
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Volume Integral

Let E be a vector point function and volume " enclosed by a closed surface.

The volume integral = [[[ F a7



Example 5 et

Af F=27] -x j+ vk , evaluate jjjyﬁ dv where, v is the region bounded by

the surfaces

x=0 y=0 x=2, y=4, z=x° z=2

Solution
I”(Z zi — xj +yk) dx dy dz

2 ¢4 " n A
sz(zzi—xj+yk)dz dyac = [ [ [i-xg+y2k]7, dya

11,

F d

- J, I

I I [4;—2x_;'+2yl€—x4f+x3}—xzyle] dy dx
- s

4
22
[4yf—2xy}+y2k—x4yf+x3y}—xzy k] dx

0



jj (167 —8x) + 16k — 4x*7 + 4x> ] —8x2k) dx

3
16x§~4x2}+16x&’—~4x i +x4}—8ik
327 -16; +32k"—%: +16;—i—4k 3?

i 32k
+—
3

et

32 37+ 58



et

Practice Questions

1 Find the work done by a force yi + xj which displaces a particle from origin to a point (i + )
Ans. 1
2 Find the work done when a force F = (x* — _1;2 +x)1 —(2xy+ y)j moves a particle from origin to
2
(1, 1) along a parabola y* = x. Ans. 3
=* > . A . 55 : :
3 If F =(2x"—32) i —2xy j — 4xk, then evaluate _m I,V x F dV, where V 1s the closed region bounded
8 ~ 2
bythe planesx=0,y=0,z=0and 2x + 2y + 2= 4. Ans. 3 (J-F)
4 Ewvaluate Jﬁjs.;ﬁds} where =i_} = (x +_];2)§_g;§+ zyfjﬁ: and S 1s the surface of the plane

2x + y + 2z = 6 m the first octant. Ans. 81



Practice Questions
5 : . , 7o . 2 7 : - ), 0
Evaluate “Sd_nds? where 4 = 71 + -3y zk and § 15 the surface of the cylinder x= + y= = 16

mcluded 1 the first octant between z = 0 and z = 5. Ans. 90

—* - - -
6 Ewaluate j.[.S'F -1 ds, where, F = 2yxi — yzj + x’k over the surface S of the cube bounded by the

1 4

coordmnate planes and planes x = a, vy =a and z = a. Ans. Eﬂ



Thank You
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Lecture 41(I)

Green’s Theorem and its
Applications - |



et

Green Theorem

If ¢ (x.¥). ¥ (x. ). % and oy be continuous functions over a region R bounded

by simple closed curve C in x —y plane, then

°_f(c (bdx +ydy) = HR( C;“: = gt ] dxdy

Y




et

Example 1

2 ., 2 _
Using Green s Theorem, evaluate L (X~ yvdx + x~ dV). where c is the boundary

described counter clockwise of the triangle with vertices (0, 0). (1, 0). (1, I).

Solution
By Green’s Theorem. we have Ya .
(1, 1)
Tl oy C¢ A _+
dx +y dy) = — dx dy -
J@arrway = [ | = . J : ]
L(Iz‘y dx +x° dy) = .UR(E x —x?) dx dy “Oloo a0 X

_ [o@x-xax[Tdy = [ @2x—x>)dx [V



et

a1 1 - i 4 ™
_ Jﬂ(zx—xzj(.ﬂdx = jﬂ{zr —x)dy = 2% x

3 -+

il
12

[

B ['#2 1
3 4



Example 2 et

A vector field F IS gnem by F—am yr + x (1 + cos vjj

Evaluate the line mmgf al J F df where C is the circular path given by

x* + y* = a’. AY
Solution //G\ oy
— i i \\________/
F=szsmyi +x(l+cos v)J
— —3-
.F;:F - _F [sin vi + x (1+ cos ¥) j]-(idx + jdv) — _Ff_sinydx+x(1+c:c:s V) dy



ffMet
On applyving Green’s Theorem. we have

.;Jéﬂ(q}dx+1.|,rdy} _ *‘--‘-‘TL %_@ ‘::irdv

[T [(1+ cos v) —cos v]dx dy

where s Is the circular plane surface of radius a.

— J‘.Ldf dy = Area of circle = T a2.



et

Applv Green s Theorem to evaluate j[_[(Ef — _1?2} ax + (x° + yzj dv]. where C

Example 3

is the boundary of the area enclosed by the x-axis and the upper half of circle x> + v* = a’.
Solution

[ [@x* —yPydx+ (& +y) dv]

By Green’s Theorem. we've j(¢fif+wdvj' — .” [ ox 51;

a +"I|||-I!I2—Iz - - =i :
= [.J, [E—i (7 + ¥ - ;y (2x° ‘fj}mﬁ’ /"F \I\
_J j‘“ - :irj‘“l - X' >

{TI_FE.}})ﬁh@ -I:I-I—_}")ff_}’ 3 (a,0)




2 2

Alat —x
¥
5

=2J’_“ﬂ

Ej‘jﬂdx(”‘-{p+

=

Ejjﬂr\/ 2 —.’-‘{E fif"‘[i}(ﬂz —Izjﬂi‘-t'

et

2 2Ny

a — X
IJ‘IE_-‘E*‘ ‘dx

+

[© rxydx=2["f(x)dx. fiseven
=0, fisodd |




et

Along C,'y=x.dy=dx:x:11t00:
I, = | (xdy - ydx) = | (xdx — xdx) =0

1
(Il + I +I3)—? 0+ 2log2+0)=1log2
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Example 4
Y A - - v, .
Evaluate } — 5 dx +— sdv.whereC=CG U C, with C) 1 x~ +y =1
x4y X+
and C =+ 2, y=x2
Solution
CL:'_ Y — dx + ' > dy
X~ + y° XT+ ¥ Y
‘1 y=2
N E x 5 KE+Y2=1
:JI‘EIII;FI+EFT + 7 ‘fﬁ@ x""' ?/E;\J > X
\ . D kf‘ng
» V=2
'..I.-"f

(:{1 + _1;1)1— 2x (x) (IE 1 yzjl — 2v(¥y)
- H { (Iz _HPE)E + (Iz +y2)2 }dxdv



|
by
1
] :'1:
U
W
—
[
_|_
e
|
] 11::
L
]




Example 1 I'I'IiEt

Evaluate by Green’s theorem j [e—* sin ydx+e* cos ydy] where C is the rectangle
c
with vertices (0.0), (m.0), (m, w2), (0, w/'2) and hence verify Green’s theorem.

Solution

By Green’s theorem we have pl&r/2)  B(mw/2)
R
dxd}r%

L(A/Idr +Ndy) = ﬂ (C‘ C‘W drd}

o
(0, 0) A(n,0) X
Comparing the given integral
M= e*siny and N =e™*cosy .
Then Ciw— e~ *cosy and ‘i\ =—¢ “cos )
vV cX

Hence by Green’stheorem



et

L [e” *sinydx +e™~ “cosydy] = _U (—e “cosy—e” “cosy)dxdy
R

. > = x/2 . L
= L.ojy-oe cos yadxdy

=—2[-= Jlsny] ;"
=2(e*-1)(1)
=2(e*-1)



et

Evaluation of line integral:
For this purpose, letus evaluate the given line integral directly
L[E‘I sin ydx+e~ " cosydy]

=j [e” “sin ydx +e™ “cosydy] + j [e” "sinydx+e™ “cos ydy] +
4 AR
j [e” “sinydx +e” “cosydy] + j [e” " sin ydx + ™ “cosydy]
B D
y
Nowalong QA v=10 —= dy=0 o2 B2
along AB, x=m = dx=0
alongBD. v=m/2 — dy=0
o ~ dxdy
alongDO, x=10 = dx=0 © -

(0, 0) Alr,0) X



et

Hence the given line integral
0

= 0+ on'z e""cosyd);-k_.: edx + e cos ydy
= a5t +[e ]+ [sna]
= e*—(1—e ™)+ (-1) 2(e-*—1)

Hence Green’s theorem i1s verified.



Example 2 I'I'IiEt

State and verify Green s Theorem in the plane for SE (3x° — 8y ) dx + (4yv — 6xyv) dy

where C is the boundary of the region bounded by x = 0. ¥y = 0 and 2x — 3y = 6.

Solution

Here the closed curve C consists of straighl; lines OB. BA and 40. where coordinates of 4 and

B are (3. 0) and (0. — 2) respectively. Let R be the region bounded by C

Then by Green’s Theorem in plane. we have

$LBx" —8y?) dx + (4y — 6xv) av] A (3, 0)

_ j {_ (4y — 6xy) — ﬂ (3x* —8y° 3‘} dx dy (1) —;uc



_ _“*R(— 6y +16Vv) dxdy = _”'Rmy dx dy

5> 10
_ r3 _ ¥y _ _i Vo 2
= 10} dT.Flr:z —Ejy@_lﬂ ﬂdr[?:|1 - Jﬂ dx (2x —6)
3 (@x—6)
s[x—6° ] 5 5
- _3|2x=96) = — — (0 +6) = ———(216)=—-20 ...(2)
S 32 | 5 54

Now we evaluate L. H.S. of (1) along OFE. B4 and 40
Along OB. x = 0. dx = 0 and v varies form 0 to —2.

1 3
Along B4. x = — (6 +3v).dx =

- dy and y varies from —2 to 0.

and along 4O0. y—= 0. dy = 0 and x varies from 3 to O.
L.HS. of (1) = $[ (3x* —8y?) dx + (4¥ — 6x») av]



et

[{3:{2 — E_vz)cir + (dy —6xv)dv ]+ IR{ [(S:Jlr2 — E_}fl} dx + (4x —6xy) dy ]

.

|
+J*Aﬂ[{3‘:.':'-{2 — 3};2) dx + (4y — 6xy) dy |

L]

ayd 12 6+3y7 -8y |[2ay |+ 14y —3(6+3y) ¥1d C3x2 dx
— [, avav+|_ |5 (6+33) -8y [E v |+ [4y =3 (6+3y) yldy + | 3x

-+

~ ) C) -
= [Ey2 lo ™ +‘|_1[§ (5+3_};)3 —12;5;2 +4y—18_v—9y‘:lc:iv+(x3}g

2[4]+ j:E (6 +3y)% — 2137 — 14;}:} dy + (0 —27)

9 (6 +3yv) 216
54|26 S5 _532| _27-_190+ + 7 (=2 +7(=2)
= 8 3x3 . 8
= _ 19+ 27— 56+ 28 =— 20 .(3)

With the help of (2) and (3). we find that (1) is true and so Green’s Theorem i1s verified.
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Practice Questions

Verify Green’s Theorem in plane for j{_(xz + 2xy) dx + (.]-'2 +x ¥) dy, where ¢ is a square with the

vertices P (0, 0), @ (1, 0), R (1, 1) and S5 (0, 1). Ans. — 1

>

—

Vernify Green’s Theorem for .Fr: [(-’ﬂ’ + 37 dx + Izﬂf}’:} where C is the boundary by y = x and y = x~.

Verify Green’s Theorem for ! '[:II —2xy)dx+ (:4:1._1-‘ +3) dy around the boundary ¢ of the region
[y
Vv =8xand x = 2.

Verify the Green’s Theorem to evaluate the line integral L{Z _}’1 dx +3x dy), where ¢ i1s the boundary

of the closed region bounded by y = x and y = x”.

27
Ans., —
4
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Lecture 41(ll)

Green’s Theorem and its
Applications - 11
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Green Theorem

If ¢ (x.¥). ¥y (x. ). % and oy be continuous functions over a region R bounded

by simple closed curve C in x —y plane, then

°_f(c (bdx +ydy) = HR( C;“: = gt ] dxdy

Y




et

Area of Plane Region by Green Theorem

We know that
o N oM

Jde+“'-.Tdy = I l

‘dxdy (1)

*. C A \
'y

f)

On putting

J+—ydx+x.::{v _ JI [1-(=1)]dxdy = EJ*Idxdy =2 A
C

1
Area = —j (xdy — ydx)
2



Example 3 I'I'IiEt

Using Green s theovem, find the area of the region in the first quadrant bounded
by the curves

. 1 X

y=xXy= . ¥= 1

Solution

By Green’s Theorem Area A of the region bounded by a closed curve C 1s given by

1
A = S CJSE(Ia:]T‘F — vdx)



: X 1
Here. C consists of the curves C, : y = 1 C,:y= —

X
and C, 1y =x So

[A=§§ Dcl o e, J=%{I1+IE+I3}}

X 1
Al C.:yv=—.dyr=—dx.x:0to 2
ong LV 1 3% .
I = [ {.rdv—vdx}=r fxldx—icitw=£]
e S “al 4 4 )
1 2
Along C,:y=—-Ay=— 2tol
a8 .T T_

é
‘*-:*
8
II

I'q.il

{ [__ ‘dx——dr} - [—314::ug:*.‘:]11 =2log 2




Example 1 I'I'IiEt

Evaluate by Green’s theorem j [e—* sin ydx+e* cos ydy] where C is the rectangle
c
with vertices (0.0), (m.0), (m, w2), (0, w/'2) and hence verify Green’s theorem.

Solution

By Green’s theorem we have pl&r/2)  B(mw/2)
R
dxd}r%

L(A/Idr +Ndy) = ﬂ (C‘ C‘W drd}

o
(0, 0) A(n,0) X
Comparing the given integral
M= e*siny and N =e™*cosy .
Then Ciw— e~ *cosy and ‘i\ =—¢ “cos )
vV cX

Hence by Green’stheorem



et

L [e” *sinydx +e™~ “cosydy] = H (—e “cosy—e” *cosy)dxdy
R

. > = x/2 o g
= L.ojy-oe cos yvadxdy

=—2[-= Jlsn ]
=2(e*-1)(1)
=2(e*-1)



et

Evaluation of line integral:
For this purpose, letus evaluate the given line integral directly
L[E‘I sin ydx+e~ " cosydy]

=j [e” “sin ydx +e™ “cosydy] + j [e” "sinydx+e™ “cos ydy] +
4 AR
j [e” “sinydx +e” “cosydy] + j [e” " sin ydx + ™ “cosydy]
B D
y
Nowalong QA v=10 —= dy=0 o2 B2
along AB, x=m = dx=0
alongBD. v=m/2 — dy=0
o ~ dxdy
alongDO, x=10 = dx=0 © -

(0, 0) Alr,0) X



et

Hence the given line integral
0

= 0+ on'z e""cosyd);-k_.: edx + e cos ydy
= a5t +[e ]+ [sna]
= e*—(1—e ™)+ (-1) 2(e-*—1)

Hence Green’s theorem i1s verified.



Example 2 I'I'IiEt

State and verify Green s Theorem in the plane for SE (3x° — 8y ) dx + (4yv — 6xyv) dy

where C is the boundary of the region bounded by x = 0. ¥y = 0 and 2x — 3y = 6.

Solution

Here the closed curve C consists of straighl; lines OB. BA and 40. where coordinates of 4 and

B are (3. 0) and (0. — 2) respectively. Let R be the region bounded by C

Then by Green’s Theorem in plane. we have

$LBx" —8y?) dx + (4y — 6xv) av] A (3, 0)

_ j {_ (4y — 6xy) — ﬂ (3x* —8y° 3‘} dx dy (1) —;uc



_ _“*R(— 6y +16Vv) dxdy = _”'Rmy dx dy

5> 10
_ r3 _ ¥y _ _i Vo 2
= 10} dT.Flr:z —Ejy@_lﬂ ﬂdr[?:|1 - Jﬂ dx (2x —6)
3 (@x—6)
s[x—6° ] 5 5
- _3|2x=96) = — — (0 +6) = ———(216)=—-20 ...(2)
S 32 | 5 54

Now we evaluate L. H.S. of (1) along OFE. B4 and 40
Along OB. x = 0. dx = 0 and v varies form 0 to —2.

1 3
Along B4. x = — (6 +3v).dx =

- dy and y varies from —2 to 0.

and along 4O0. y—= 0. dy = 0 and x varies from 3 to O.
L.HS. of (1) = $[ (3x* —8y?) dx + (4¥ — 6x») av]



et

[{3:{2 — E_vz)cir + (dy —6xv)dv ]+ IR{ [(S:Jlr2 — E_}fl} dx + (4x —6xy) dy ]

.

|
+J*Aﬂ[{3‘:.':'-{2 — 3};2) dx + (4y — 6xy) dy |

L]

ayd 12 6+3y7 -8y |[2ay |+ 14y —3(6+3y) ¥1d C3x2 dx
— [, avav+|_ |5 (6+33) -8y [E v |+ [4y =3 (6+3y) yldy + | 3x

-+

~ ) C) -
= [Ey2 lo ™ +‘|_1[§ (5+3_};)3 —12;5;2 +4y—18_v—9y‘:lc:iv+(x3}g

2[4]+ j:E (6 +3y)% — 2137 — 14;}:} dy + (0 —27)

9 (6 +3y) 216
54|26 S5 _532| _27-_190+ + 7 (=2 +7(=2)
= 8 3x3 . 8
= _ 19+ 27— 56+ 28 =— 20 .(3)

With the help of (2) and (3). we find that (1) is true and so Green’s Theorem i1s verified.
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Apply Green’s Theoem to evaluate _FE[":J" —sinx) dy + cos X dV], wwhere ¢ is the plane triangle enclosed

Practice Questions

2 x T+ 8
—. Ans., —
TC 4

by the lines y =0, x =

ta | =

and V=

Use Green’s Theorem m a plane to evaluate the integral J [(2 - — _}-'1) ax + (IE + ._1-"2} ay],
[

where c is the boundary in the xy-plane of the area enclosed by the x-axis and the semi-circle x* + 3~ =1
4

in the upper half xy-plane. Ans. 3

Green’s Therorem, evaluate the line mtegral j e ™ (cos y dx —sin v dy),

-

£

where ¢ 15 the rectangle with vertices (0, 0), (m, 0,), [’ﬂ.’, g] and [ 0, E]_ Ans. 2 (1 —& ™)

Use Green'’s theorem to evaluate Jc (2 + xy) dx + (® + y?) dy where C is the

square formed by the linesy =+ 1, x = = 1.
Ans: O



et

Practice Questions

Verify Green’s Theorem in plane for j{_(xz + 2xy) dx + (.]-'2 +x ¥) dy, where ¢ is a square with the

vertices P (0, 0), @ (1, 0), R (1, 1) and S5 (0, 1). Ans. — 1

>

—

Vernify Green’s Theorem for .Fr: [(-’ﬂ’ + 37 dx + Izﬂf}’:} where C is the boundary by y = x and y = x~.

Verify Green’s Theorem for ! '[:II —2xy)dx+ (:4:1._1-‘ +3) dy around the boundary ¢ of the region
[y
Vv =8xand x = 2.

Verify the Green’s Theorem to evaluate the line integral L{Z _}’1 dx +3x dy), where ¢ i1s the boundary

of the closed region bounded by y = x and y = x”.

27
Ans., —
4
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Stoke’s Theorem and It’s Applications -
|



IMMmet
Stoke’s Theorem

—>
Surface integral of the component of curl F along the normal to the surface S.

taken over the surface S bounded by curve C is equal to the line integral of the vector point function

F taken along the closed curve C.
Mathematically

#ﬁ’_d == IJSCIH‘l;-ﬁdS

where n is a unit external normal to the surtace.

Stokes’ Theorem relates a surface integral
over an open surface S to a line integral
around the boundary curve of S (a space

curve). /



Example 1 iMet

Using Stoke’s theorem or otherwise, evaluate
| [@x—»)dx—yz2dy - ¥*z d-]
C

where c is the circle x° + v2 = 1, corresponding to the surface of sphere of unit radius.
Solution
J-c[(2 X—v)dx —vzodv — vz d-]

= L[(Z X - _1')5 - _1':2}‘ - _1'2: i](z dx + } dv + 2 dz)

By Stoke’s theorem (ﬁF dr = ” SCurl F-nds 3




et

7 j J

Cuil 7 = VxF =| 5 = =
cX oy 4

2 2
2x—=y —=yz© =Yz

= (-2y2+2y2) i -(0-0)j+(0+D)k=k

_}
Putting the value of curl # 1in (1). we get

= J.Jﬁr-n ds = J‘J’{F'” —

- ” dx dv = Area of the circle=T7 l: ds




Example 2 et

Verifyv Stoke’s Theoremn for the function

—  aa -

F = x77f —xvj

integrated round the square in the plane = = 0 and bounded by the lines
x=0,y=0,x=a y=a.

Solution
=2 B o 4 Y
We have, F = Y71 -1} i
o . . - y=a
j j & < B
=3 %, 0 O
VXF = - " - x=0Y AX - A&
ox Oy Oz
.
= =xp ¥ O y:O kA

(0-0) i - (0- 0)] +(-v=-0)k=-1k (7 L to xv plane i.e. /\)



et
HS (V x ;)N ds = -”S (= vk) -k dx dv

a a a [ 1,2-0 7
= jd.\‘j—ydr - jd\' T e ‘—(\)o SR (1)
0 0 0 L “Jo -
To obtain line integral
[Fdr = [ -x)-G v+ jdv) = [P dv=ay )
C
where ¢ 1s the path (fABC 0 as shown in the ﬁoure.c

Also. J';.d,- - j F.dr _ de1+jF-dz'+jF-dr+jF~dr
C 04BCO 04 AB BC Co



Along  O4. y =0.dy=0

- — - ,
F-dr =J < dx — vy
Jm m(n dx ..1jmf1}
. B 3‘(-'1' ' 3
td o9 X (1
? "
- 2

Along 4B, x=a.dx=0

J.AB;E;; = Lﬂ (x? dx —:1"1.'1/?*.1‘)

% {1 |
=| —avdy=—-aqa|-
[o-avdy=a

et

line | Eq. of Lower | Upper
line It | limit
O4|v=0 |dv=0{x=0 | x=a
AB |x=a |dx=0|y= V=a
BClv=a |dv=0|x=a | x=0
CO|x=0|dc=0lyv=a | v=0

E’JS




AlongBC. v=a.dv=0 | | migt

- : 70] P J‘0 ’d '.\.3‘0 (13
. = xdax—-xvay) = XX = | —| = =—
jBCF'd’ jBC(\ X-xydy) = |, 3 -
AlongCO. x=0.dx=0
] C0F°d7' = ICO(.\'zd\'—.\j° dv) =0
Putting the values of these integrals in (2), we have
| 5 .3 .3 3
A a a a a
jCF.d; e Ly .(3)

From (1) and (3). _”(V xF)-nds = IF-dI‘
S C

Hence. Stoke’s Theorem 1s verified. | Ans.



Example 3 finet

- = -
27 A2 .
Evaluate JCF dr. where F (x.v.z)=—v"1 +xj+ 2"k and C is the curve of

intersection of the plane y + z = 2 and the cvlinder x° + y° = 1.

Solution

Cﬁcl?. dr = J‘J‘S curl F . Aids = -US curl (— y27i + xj + =2 k). ds 201

F(x.y.2) = —]-’2?’"4—.1’}—#:2!;
3 3 3 i ) ) )
cul F =| — S =i (0-0)—j(0-0)+k(1+2y)=(1+2k
dx Jdy 0=
—y*  x = —
\\___________________,./

X2 +y2 =1



et

_:..
Normal vector= V F

¢ - ] H"I
c ~ O C " 3
= 3—+j—+ﬁ (v+z--2)=j+*k
. X oy Cz
_ . J+ k
Unit normal vector #» = \/?
dx dv
ds = —
n.k

_}.
On putting the values of curl F.» and ds in (1). we get
> - ~ j+k  dxdy
[ Far =[[ a+v2mk.i=—"%
C § -\/E J+k i
V2 J

1+2v dx d
_J-J- 1111_

NG

U (1+2v)dxdy



et

» <

2w 1 :
::jﬂ jﬂﬂ:+2r5u19}rd£hfr

rde dr

2m .1 r
:jﬂ jn(r+2r“smEl}dEldr

2 3 I
— J‘Mde[;i +2} sin[—)} :J‘h[ljtgsinﬁ]:fe
0 2 3 5 0 12 3

2T 1
:[E—gcmﬁ} Z[H—E—U+E = T
2 3 3 3



Example 3 finet

Verifv Stoke’s Theorem for ; =(x+v)i +(2x-2) j o+ (v +2) k for the
surface of a triangular lamina with vertices (2, 0, 0). (0, 3, 0) and (0, 0, 6).

Solution

Here the path of integration ¢ consists of the straight lines AB. BC. CA where the
co-ordinates of A, B, C and (2. 0, 0), (0. 3. 0) and (0, 0. 6) respectively. Let S be the plane

surface of triangle ABC bounded by C. Let n be unit normal vector to surface S. Then by

Stoke’s Theorem. we must have z
Cf(O, 0, 6)
RN —
{'f) F-dr = U curl F-nds (D
o (OQ- 0)
/ y
A LY s



L.H.S. of (1)= jwc

vAB

Fear = |

AB

- ‘ (x+3—£
48| 7.
00 7.'

= | [——‘+3]dx
J 2 2

- - —
2 +IBCF-dr+ ICA
l+i = 1
z2 '3
3
— —dx
2

] (x + y)dx + 2xdy
AB

[(x + y)f - 2.1]" - yl‘:]-(fdx' - j'dy)

et

cl.0,6)

(0. 3, 0)
O >y
/B
A
x* (2, 0;0)

line Eq. of Lower | Upper
line limit limit

At 4 | At B

AB £_|_£=] d_}"=—i{f{'
2 3 x=2 x=0
z=10




—_—

. . ) V Z
Along line BC. x = 0. Equation of BC 1s E + = =lorz=6- 2y dz=-2dy

z
- - C*
AtB. v=3 AtC.yv=0. F = Vi + zk
— —F ) ) ] .
-[EEF dr = jﬂ{_[_}fl + 7+ (v + 2)k]-(jdy + kdz) = JBC_ dv+(v+2)dz
o 0
= [J6+2m)dy+ (v +6-23) (- 2a) L
ﬂ g
= [, Gy -18)dy=12y" -18y) =36 x*(2,0,0)
line Eq. of Lower | Upper
line limit limit
v =z At B | At C
BC | —+—=1|dz=-2dy
x=0




et

line Eq. of Lower | Upper 7
line limit limit C* (0, 0, 6)
X oz At C | At A
CAd | —+—=1| dz=- 3dx
2 6 x=0 x=2
y=20
o (0. 3, 0)
o
/
AT i
x* (2,0,0)

I -

Along line CA.y=0. Eq. of CA. — T — =1 or z=6— 3x. dz = — 3dx

2 06

AtC.x=0.atA. x=2.7 = xi + 7k

— —

F -dr =
CA L

-5

I‘:&[;:r;*' +(2x —z) j + zk]-[dxi + dzk] = jm(.nir+ zdz)

-2 . 2 . .
= .D.m'x+{ﬁ—31} (— 3dx) = Jﬂ(lﬂr—lﬂ} dx = [5x~ —18x]; =— 16
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Practice Questions

Q1 Verify Stoke’s Theorem for ; =(x+v) ;i +(2x-2) j + (v +2) k for the

surface of a triangular lamina with vertices (2, 0, 0). (0, 3, 0) and (0, 0, 0).

Ans;fj E'uriﬁ.ﬁdj':j F.dr = 21.
5 c

Q2 P‘ér{ﬁ# Stoke’s Theorem ﬁ:-r

— - = -

F =v—z+2)i1 +(vz+4) ] —(x2) k
over the surface of a cubex =0, v =0,z =0, x = 2, v = 2, z = 2 above the XOY plane
(open the bottom).

Ans: -4



et

B = - (. S (TSI L ;
Q3. Use Stokes’ Theorem to evaluate / F .dr where F = (3ya® + 2°) i +y° j +4yz" kand C
J

IS triangle with vertices (0,0,3), (0,2,0) and (4,0,0). C has a counter clockwise
rotation if you are above the triangle and looking down towards the xy-plane.See
the figure below for a sketch gf the curve. Ans -5




et

Q 4 Verify Stoke’s theorem F =yi +zj + xk and Surface S is the portion of the sphere
for x2 + y? + z2 = 1 above the xy-Plane.

ANS:. — 1t



