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Lecture 37(l)
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If to each point P (x, v, z) of a region R in space there
corresponds a unique scalar f (P). then fis called a scalar
point function.

Scalar Point Function

For example. the temperature distribution in a heated body.

density of a body and potential due to gravity are the examples of
a scalar point function.

Mathematically

f(x,v,z) = x2+2yZ~  is an example of scalar function



et

If to each point P (x, ¥, z) of a region R in space there corresponds
a unique vector f (FP). then f 1s called a vecror point function.

Vector Point Function

The wvelocity of a moving fluid. gravitational force are the
examples of vector point function.

Mathematically
r¢) —cosf i+sing j+— & k. be an example of vector point function

Vector Differential Operator

The wvector differential operator Del is denoted by V. It is defined as

cx oy o=




et

GRADIENT OF SCALAR FIELD

If ¢ (x, ¥, ) be a scalar function then j —¢+ Hid — - ﬁ:—q} 15 called the gradient of the scalar

cxX EJy 0z
function .
And is denoted by grad ¢.
A A A
Thus. grad ¢ = I@+j@+k—¢'
x oy 0z
A O A D A0
= | iI—+]J—+k X. V.2
gard o [ ~ jﬁv 53]'13( Y. 2)

gard ¢ = V ¢
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If a surface ¢(x, v, z) = ¢ passes through a point P. The value of the function at each point
on the surface 1s the same as at P. Then such a surface 1s called a level surface through P. For

example. It {(x, y, z) represents potential at the point P. then equipotential surface ¢ (x, v, z) = ¢
15 a level surface.
Two level surfaces can not intersect.

GEOMETRICAL INTERPRETATION

Let the level surface pass through the point P at which the value of the function is d. Consider
another level surface passing through Q. where the value of the function 15 ¢ + d.




Let ¥ and 7 + &7 be the position vector of P and QO then PO =&rF

Vodr = Ecq}J—jﬂ E ]{;rffr+jd1+kd_}
! | &x ay 1z )
& c cq
= ax + dy + —dz=d (1)
gx ay 8z

If O lies on the level surface of P. then djp = 0O
Equation (1) becomes Vo .dr=0. Theng & is L to dr (tangent).

Hence. V¢ 15 normal to the surface ¢(x, v z) = ¢

—_—
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(a) If ¢ is a constant scalar point function, then Vo =0
(b) If ¢, and ¢, are two scalar point functions, then
(O Ve124) =V =V,
(1) V (c19; + co92) = ¢,V + ¢,V ,, where ¢y, ¢; are constant
(1) V (¢192) = 0,V + 9V,

. o1\ Ve, -0,V
Vi—|= by = 0,
(v) ( %) _T—‘% ¢,

PROPERTIES OF GRADIENT
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EXAMPLE 1:
Find grad ¢ when ¢ is given by 6 = 3x-v - v'z° at the point (1, - 2, - 1).
SOLUTION:
Grad 0= Vo = (l':—xtl%*k%] (3x2y - y32%)
= li (3x2%y - y32%) +J-9- (3x%y - y92°) + k-g- (3x%y - y32%)
dx dy 0z '

= (6xy) + j(3x2 - 3y%2%) + k(- 2¥%2)
=~ 12/ -9 - 16k at the point (1, - 2, - 1).



et

Find a unit vector normal to the surface x* + yv' + 3xvz = 3 at the point

EXAMPLE 2.

‘1, 2, — 1).
SOLUTION
J
Let 0=x"+y" + 3xyz = 3, then o = 3x* + Jyz, .l = 3y* + 3xz, _i)_o_ = Juy
dx dy dz

Vo= f%ﬁ%%%—: = (3x° + 3yz)f +(3y° + 3.12)1 ) (&ry)l;



MMet
At(1,2,- 1), Vo=~3i +9; + 6k

which 1s a vector normal to the given surface at (1,2, - 1).
Hence a unit vector normal to the given surface at (1,2, - 1)

i -3l+9j+6k. :-3l+9j+6k:_[l=(_t:+3j+2’;).
(- 3)* +(9)* +(6)°] TR



et
If Vo = (% - 2xy23) i + (3 + 2xy — x%25) j + (623 — 3x2y22) k, find ¢.
SOLUTION

EXAMPLE 3

00 4 B0 00,



et
do=F.dr

= {(y% - 20y2%) { +(3 + 2y ~x%) j + (623 - x%y2z2)k) . (dxi +dy] +dzh)

= (y% = 2y2%) dx + (3 + 2vy — x%2%) dy + (623 — 3x%y22) dz

= (y* dx + 2xy dy) - (2xy2® dx + x%2% dy + 3x%yz% dz) + 3 dy + 623 d2

= di{xy?) — d(x® =) + d(3yv) + S [-g: E4J

3
¢-=I_}JE—I2.‘|F33+EJ’+534+'E
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EXAMPLE 4
" If u--x+4-y+z, v x24y24-22," w=yz4zx-}-xy, prove
“ (grad u)-[(grad v) X (grad w)]- 0.
SOLUTION
We have grad w-— g—: P g—;j-i- g—;- k

=1 i+1j+1 k=it+jt+k,
gradv::‘?z i-}—-a-:

.V
x ayj-}- 3= k=2xi4+2y j+2zk

9w . Ow ow
and grad w=gz= i+ 5y j+§- k



. grad u-[(grad v) < (grad w)]=scalar triple product of the
vectors grad uw, grad v and grad w

= 1 1 1 =2 ] 1 I

x4 y-i-z x4y+4-z x4+y+z |[|. by R,--R,

y+4-z z4+x x4y
=2 (x+y+2) 1 1 1

y+z zZ+4x x+y
=2 (x+y+2).0.=0



EXAMPLE 5

If =i+ i + zk, show that

= il

rgradr= L IJ:}gm.ff[l"l et
r r o
Gif) V = 2
SOLUTION
=—-.|;:l=+.||."_-'||:-2+_-:+-!+..1_-=21 or rf=ax?4 92 4 22
ir dar x
Differentiating partially w.r.t. x, we have 2r e 2r or T
T dr ¥ or z
Similarly, —ads il —es
y dy r dz r



- 6 miut

k

ihz

A dar

i]r-f£+ +
o il

+k

9
Jy

o J

grad r=Vr

(i)

——

r
’,8

(xi + yj +2k)=—



i miet
i) )2

. Xy = : - il A A =Y
=1[m-"i ]”[ "I.IJ+k[nr”1*—J=nr “lot +yj +2k) =0,
r r r




EXAMPLE 6

et

Find the angle between the surfaces x°> + y° +z° =9 and z = x° + y° - 3 at the

point (2, - 1, 2).
SOLUTION

Let 0, =1 +y'+2°=9 and ¢,=xt+y’-z=3

Then  grad ¢, = 2 + 2.].{;' +9:zk and grad 0, = Di 4 2y - h
Let n, = grad ¢, at the point (2, - 1, 2) and n, = grad ¢, at the point (2, - 1, 2). Ther

n=4i-2j+4k and ny=4i-2j-i



et

The vectors r;| and n; are along normals to the two surfaces at the point (2,~1,2), If§
15 the angle between these vectors, then

-t -

ny Ny 4(4)-2-2)+4(~1 16

0=
i In,lngl J16+4+16 J16+4+1 6\/—

i)




APPLICATION OF GRADIENT
EQUATION OF THE TANGENT PLANE

Tangent Plane. Let ry, be the position vector of the
point of contact A and r be the position vector of any point
P on the tangent plane.

Then r—r is a vector parallel to the tangent plane and
grad fis normal to the tangent plane. These two are perpen-
dicular

(l' - l'") ' gradj' = () (1)

N
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This equation will be satisfied by any point r lying in the tangent plane.
Moreover, for any point with position vector r which satisfies (1) the vector
(r=r,) 15 parallel to the tangent plane. It follows that r = r, lies in the plan,
hence the end point of r in the plane, Therefore (1) 1s the equation of the tangent
plane.



EXAMPLE 7 migt

FFind the equation of the tangent plane and normal to the surface xy:
= Jatthe point(1.2,2).

SOLUTION
grad f = yzi + =xj + xyk = 4i + 2j + 2k
Also r—rg =(xi+yj+zk)—-((+2)+2Kk)

= (x—DNi+((p-2)j+(=z—2) k.
The equation to the tangent plane 1s
(r—ryp)-gradf =0
=2 ((x—1)i+ (O —2)j+(z—-2)k} -(4i+2j+2k)=0
i.e., 4{x—-1)+2(yv-2)+2(=-2)=0
ie., 2x+y+zz=@0.



Gradient in Polar Co-ordinate

If f(r) is a scalar function of scalar r then it’s gradient is given by

q
.ﬁﬁd']ﬁ: ﬁ, [;)’-}l ‘ ro== | ::I“'here :=I;+_Vj+2’£'.
| | n—2 4 o~

A <! oo’ pHR =2 -3
o™y gemal 5N = G2 SN = MR L T

wLL’\( .,c;\ T,. ﬁs( tuu.J" \.«‘(’ll‘ﬂ»‘-f 7”1 "ﬂ\P ob?)utfl’on @,f }'77,



Ql

Q2
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Practice Questions

Ifr=| :lwhm ;=xf+ﬁ+z£,pmvuthﬂ.t

=k

(i) VF(rYy = F*(r) Vr (if) V log r= :_i'f

If 8 is the acute angle between the surfaces 'z = E.HIEmdﬂrﬂ y* + 2 = 1 at the point
(1,=2, 1), show that

d
E _l
(i H?JE



Practice Questions

Q3 Evaluate grad ¢ if ¢ = log ( + )* + 7)

2Axi+yi+
Ane (xi+yj+zk)

18T

A A A

2

x*+y? 422

A3

Q4 Find a unit normal vector to the surfiace 72 = x* + j7 at the point (1, 0, ~1). ~ Ans. Ji(”k)
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Directional Derivatives
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Directional Derivative

Let f(x, y, z) be ascalar valued function, dlrectlonal derivative of f(x, vy, z) at
the point ¢ in the direction of a vector E:- is given by

Directional derivative = (v f) —~

ﬂtg' =

5 1S the unit vector of the vector ET
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Whart i5 the divectionel derivative of the Junction xv" + vz’ ol the poind

Example 1

. A A A
(2 I, 1)in the direction of the vector 1 + 25+ 2k7
Solution
© (x, ¥y, 2) = xy*+ y2*
Cirvadient of $ = VO =f — 4+ j—+ bk —

= 3 _\"! ¢ jthy Lz )4 A:lilyz‘z}

Vo ar (2 1, 1) = :'.—3.}—3).;
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. : - - : ® ot ot . 22}02k -
IF7 s aumitvectorin the divectionof ¢+ 25 4 2k then i = = 2220 =~ (14 25 + 2k)

\ﬂ+4+4 J

L Directional derivative of the given functoion ¢ at (2. <1, 1) n the direction of
P2+ 2% = [Voat @ -1 1)

s ot ofe Db ot op 1=6-8_ 1
=G -37-3h)e =@ +2f+2) 2 —— - =
1 -3 3: 7+ 2k) 3 :



lllil!‘l:

Find the directional derivative of ¢ (x, y, 2) = 5 yz+4xz “at (1, =2, 1) in

Example 2

A

the direction of > _ = 2;‘:. Find the greatest rate of increase of .

Solution
Here. o x, v 2) = 7\‘2,,1«' z + 4xz°>
: = (259 50 2 ON B o a2
Now. V = Llé:x"']é‘y kcz)(‘ Yz + 4xz7)
= (2xyz + 422)/1'\ + (.1‘2::)3' SR oy 8.\'::)1:'
Vo at (1.—2.1) = {2() (—2XD + 4D} 7 + A= 1) ] + {1(—2) + SOM} k

= (—4+4)?+3’_+ (—.2-4—8)}? Jj + 6k

A A A

: 2i—j—2k 1

= unit vector = = —
Ja+1+4 3

@1 —j—2K)

a>'

Let



FaT Fa n,
2i~if-2k

A ot & A
Let q = unit vector = =—(2i—-j-2k)
Ja+1+4 3
So. the required directional derivative at (1, -2, 1) |
A A A1 KA A 1 .
= Vé.a=(j+6k).—-Q2i-j-2k) = =(-1-12)=—
| 3 3 3
Greatest rate of increase of ¢ = }+ k| = |/1+36

- 57
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Find the directional derivative of the function [ = x* - ¥* + 2:° af the point
P(1, 2, 3) in the direction of the line PQ where Q is the point (5, 0, 4).
In what direction will it be maximum ¢ Find also the magnitude of this maximum,

Example 3

Solution
We have Vf=1i —f+ ;—f S o - 2yj +4zk =2 -4 + 12k at P(1, 2, 3)
de T dy EIE
e
Also PQ=0Q - OP-(5¢+4M—(:+2_;+3I¢) 41-21+Ic

4i-2j+k 1

(4i - 2}4-/;,!
v’16+4+1 21

a . » » ] . 4 -
If n 18 a unit vector in the direction PQ, then n =



et

-
Directional derivative of fin the direction PQ = (V) . n

1 1
= (2 —4j+12k), e (4 - 2] + k)= 2(4) - 4(-2)+ 12(1)
J o1 J 751 I - I

‘J_ls’[_

The directional derivative of f 1s maximum in the direction of the normal to the given
surface i.¢., in the direction of Vf=2i - 4; + 12k
The maximum value of this directional derivative = | Vf |

= ﬁzﬁ +(-4)7 +(12)F =164 =241,




Example 4 mlgt

Find the divectional devivolive of § =e™ cas yz ol the origin in the direction

of the tangent lo thecurtex =asint, yv=acost. 2=l al +=

£

Solution
. (o g aAad podlfg
Crrpthient of b=V o= | & v foo— g — | [T 0d v
| JJ_'.' rh‘ |'J"T i [ }
=i (EFI_' I!'![!lEI'!r'E}—'_ril. {—rl‘ z :“11'|1I1.-'E:!1-E{ p 1—55::3'::}}'}-
At the oreoan 7o, wWihenn x =1 =414 .z =Lk



Fopuadion of | he ourve i y=paml . vy=agerosl ==l

N Ny . e
Any point on the ourve is © = ¢ (agint) = jlacost )+ & lat)

i i ﬂr . " : -~ -
[reetion of the tangent 1= given by = :J;: =laeosl) e —lagint)frak
m - O
At i= -, direetion of tangent = —= £ ——=J +ak
4 v 2

L 3 X
o= umt dieegtion of the angen




et
o | - | T. o a
Directional derivative of & at (0, 0, () i the direction of tangent at { = y 8= Voen yi

T aul
(0, 0. 0). zr.g[r ,,+4§:fj=1



Example 5 mlgt

Find the directional derivative of Vo(V f) at the point (I, — 2, 1) in the direction
) 3 ! i
of the normal to the surface :-L}'E: = 3x + z°, where f=2x" -

Solution
Here. we have
f= _:J;jﬂ_vjz't

sl g |z 3.2 4 i - )
Vi = ‘ Vg T ‘E‘F-__":EJ" V'Z') = 6x%y%2% 4 a2t + 83y Rk

(- ~8 =8 - - -

Vi (V) = ‘ f—+ j—+ i— | (6x v zti+4axt =t 8y )

£x &y oz

> 5 232
12072 + 4= + 24y



Gradient ot; W (V)

x C ~ c ~ C ) 2 2 9
t j—+ J—+ k— l (12.\)'“::4 +4xzd + 24x3,\'”:'
. OX cy Oz )

(1?.}'2:'4 +12x°2* & 72x2_,\'2:2); +(24xyz4 + 48x3 1:2)}'

+ (481) + 16x°z° + 48x° y :)k
Gradient of W(V /) at(1.-2.1)=(48+ 12+ 288)'; +(—48 - 96)] +(192+ 16 + 192)k
= 3487 — 144 + 400k

Nommal to(xy’z — 3x — z°) = V(x3°z — 3x — )
— (1—-_1—4-1\'—](11‘:-31'—:’)
_ ’ oz )
= ( = 3)z+(7n"')} (n :)I:'

Normal at(1, — 2, 1) = ;-4; + 2k



et
¥ —dif+ 2k

- S
- - —_— — pr— ]  ,
Unit Normal Vector R i A \/3 (i—4; + 2kK)
Directional derivativg in the direction of normal
l -~ = o
i—47 + 2k
21 0T TR
~
- (348 ~- 576 - 800) = Ll

- J21 21

— (348i — 144 + 400k)




@3¢5 Find the olireedlonal oledvative of W%, whme U= xyia-rzy?-r?
at the Point (2,0,3) Un the obiredion of the owtwasel novmal
Ao the Afﬁw >f+(71+z =y eu‘ the 'po«d (3,2,1),

(20215 )

Sel4 \).. ‘)(C'jl,-f-zyj,a.xz‘!.“- then V")‘J+2J-+xz"~.f
Newd V'{:(l___ -f};g ()(‘742(7.',,2)
A
2 (2:«(7\'«&2“} -QU.. {un"g; +sz‘)+k (224" un'’s’)

At peint (2,0,3), vf= 3&\4?‘40'&1&
Normal Ao the sphow x-fg Yzt=y =d I

V¢ ( }41,«2_,-; k(bi)(x—v +z*lq)—2x!+2‘7]*22k

A (3,-2,1) V¢— 6[-'1,1].;.2};




NawNLQ Ao the APM >(+J 24 =2 =1y "¢ Jeo
( oy + 7 .-Q‘—r Lﬁ)[x—v +z —/q)_. 2x1+2jj+zzk

it (3,‘911) vﬁ_ 61'*"’./ ..;.,gk
'.I‘f n [a a writ ‘VUJ&M 1 oudwara] normal .}o tha Afﬁ.vu

then m = ‘5"""1'*'“L _ / [6L+uj+.2k)
_J 24+ 16+Y Js56

. Divechonad olvuM:h'-e of-f fn the oudwasral mnevmal Jo Fhe
/3@"\0\2 = v.f rn

- 26
= 324 L+ ‘-l321< -—l— {6‘ i +2k  Scddniay o e




@272 Final the clfredtonad olesivadive of of = (x‘&y%z‘}"’z
at the f,)&f/d (3,1,2) fa the olisceedion g.f the wveudos yzz\-rzx‘f
Salliy  p= (whyhat] +yk -

T wp = [0 A a 2 4, 2TV %13~ 14)
vhe (P ik )ody =T
= T3
= DL Ofryt=?) Vo) + § {=Locryt=t) 24))]
+ B i— ! (u"-f-J":o-z‘ .-3/2‘(:22)}

2
\ ) A A A N
—— _(x::zj-:zl—;) _ . Bl+g+2k i (3,1,2)
(Yt 22 )5 4 Jiy
Let @ be the unit vedest Ta the  gliven ollucchlon . then
A R a
o Yziszag +ugk 1_{‘45}-4-311, at (3,1,2)

[45.2 zxx%ux_,,g.;.-: 3



 Divectonal wa‘ﬁﬁwﬁs\
- LA+67 34 /_ 3?-}1‘4-2!2
7

'Y _Jio
-~ . &b+ E L 9
7 g “e JFig

———

Q-3¢+ Finel the clisiethoral olesdvative of [—_,‘;;) fa the olistedion o4

M, whae = }at-r}g-f K. (20lé=1%F,
i ' A - 4
e ot'? /=t

bd @ be the unid veden i1 the olisedon of 3 then . e
~ ~ )1
7wdwolvumﬁv(:v(‘_l_).é\__2_._,?.§?__h2

o o1 e

= =



Q- Ffl\al the o,LUfcuHoM.o ololJNJhV*{ of 94:5-x*1-5(f‘z+§§_2‘x

-

od the (p@:n} PCio1,1) Jda the olisechsn of the Udiae

m-) = d783 = { 20(8-19)
2 -2 ! N
Sel% ¢ = sy~ sy’= + S 2%

- A
‘7"‘“’!96 "'(25};-* :?-&Qj Ok %)(wy-:y‘qz +.~_;Y:,'2&‘]

a o ! o "
- (}an-r i’-i',z") b+ (s —-Iot‘jz)j —r(-:ray + S52x )k

— 2'5-‘2-- SJ‘\ ai (’/’)l)




Q ‘2 Flaal 'Hne olfre cHoral ok}dN—ﬁ“C Qf (luj,z]"sz FUyN=Z
w} C1,-2,1) Tn tf;e olired'on af ?j‘ 2k . Fel alio the

3}«1:4@* }udc o{’ muwu.c @'(’ ¢ (', o] 4—26)
Soﬂn’ ¢(=uj/2.) )(Jz - u:{zl

V# (L—Q-.fjg__.,}; )CMJ2+UJ¢2/
= (zan-;-uz)-:‘ j("z)"’ k("(]"‘g"zj

Q"}(‘J“Qzu, Vﬁ—- j + £L | -
TIf n ix a unit wveedost in the ollswedlon of .2?—‘]"\»2;:, then

rv'-;\._: -2;-;-2.;{ N ._L(.QL- _2;)
T uti+y
So the yup,u)tt.o’ ob.m'vlfon.n,p olesdhadive af (1,-2,1)
= wv¢-m = (1461«)4_(21 J 2“_) -_’;‘i

arenfu"' 'l‘a.}t O‘B ]nwuu.( of ¢'-"- /j-f-Gk/ = J"*Jé =ﬁ;



@3¢5 Find the olireedlonal oledvative of W%, whme U= xyia-rzy?-r?
at the Point (2,0,3) Un the obiredion of the owtwasel novmal
Ao the Afﬁw >f+(71+z =y eu‘ the 'po«d (3,2,1),

(20215 )

Sel4 \).. ‘)(C'jl,-f-zyj,a.xz‘!.“- then V")‘J+2J-+xz"~.f
Newd V'{:(l___ -f};g ()(‘742(7.',,2)
A
2 (2:«(7\'«&2“} -QU.. {un"g; +sz‘)+k (224" un'’s’)

At peint (2,0,3), vf= 3&\4?‘40'&1&
Normal Ao the sphow x-fg Yzt=y =d I

V¢ ( }41,«2_,-; k(bi)(x—v +z*lq)—2x!+2‘7]*22k

A (3,-2,1) V¢— 6[-'1,1].;.2};




NawNLQ Ao the APM >(+J 24 =2 =1y "¢ Jeo
( oy + 7 .-Q‘—r Lﬁ)[x—v +z —/q)_. 2x1+2jj+zzk

it (3,‘911) vﬁ_ 61'*"’./ ..;.,gk
'.I‘f n [a a writ ‘VUJ&M 1 oudwara] normal .}o tha Afﬁ.vu

then m = ‘5"""1'*'“L _ / [6L+uj+.2k)
_J 24+ 16+Y Js56

. Divechonad olvuM:h'-e of-f fn the oudwasral mnevmal Jo Fhe
/3@"\0\2 = v.f rn

- 26
= 324 L+ ‘-l321< -—l— {6‘ i +2k  Scddniay o e




@272 Final the clfredtonad olesivadive of of = (x‘&y%z‘}"’z
at the f,)&f/d (3,1,2) fa the olisceedion g.f the wveudos yzz\-rzx‘f
Salliy  p= (whyhat] +yk -

T wp = [0 A a 2 4, 2TV %13~ 14)
vhe (P ik )ody =T
= T3
= DL Ofryt=?) Vo) + § {=Locryt=t) 24))]
+ B i— ! (u"-f-J":o-z‘ .-3/2‘(:22)}

2
\ ) A A A N
—— _(x::zj-:zl—;) _ . Bl+g+2k i (3,1,2)
(Yt 22 )5 4 Jiy
Let @ be the unit vedest Ta the  gliven ollucchlon . then
A R a
o Yziszag +ugk 1_{‘45}-4-311, at (3,1,2)

[45.2 zxx%ux_,,g.;.-: 3



 Divectonal wa‘ﬁﬁwﬁs\
- LA+67 34 /_ 3?-}1‘4-2!2
7

'Y _Jio
-~ . &b+ E L 9
7 g “e JFig

———

Q-3¢+ Finel the clisiethoral olesdvative of [—_,‘;;) fa the olistedion o4

M, whae = }at-r}g-f K. (20lé=1%F,
i ' A - 4
e ot'? /=t

bd @ be the unid veden i1 the olisedon of 3 then . e
~ ~ )1
7wdwolvumﬁv(:v(‘_l_).é\__2_._,?.§?__h2

o o1 e

= =



Q- Ffl\al the o,LUfcuHoM.o ololJNJhV*{ of 94:5-x*1-5(f‘z+§§_2‘x

-

od the (p@:n} PCio1,1) Jda the olisechsn of the Udiae

m-) = d783 = { 20(8-19)
2 -2 ! N
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Practice Questions

Find the directional derivative of the lunction
b=xy* + vz’ at the point (2, - 1, 1) in the direction of the normal to the surface x log z - y* 4
d=0ati=1 42 1)

1 A A A

. Find the directional derivative of - in the direction 7 where ¥ =xi + v+ zk.




et
Practice Questions
3,Find the directional derivative of f(x, y, z) = xyz at the point P(1, =1, -2) in the direction of the

A A A 7
vector (2i -2 +2k). Ans, 3
4. Find the directional derivative of the scalar function of £ (x, y, z) = xyz in the direction of the outer
2]

normal to the surface z = xy at the pomnt (3, 1, 3). Ans. —J—ﬁ



Lecture 38

Diver gence of a Vector Point Function
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- -
The divergence of a vector pownt function F 1s denoted by div F and 15 defined as below.

Definition

.-) A A A

Let F=Ri+F j+Fk
o Y (my A) 2 R oF dF.
dvF =V F= Ii-—j—c--&-k.f_l(]fi jF) kF3_2+C._2+._3
ax o x ¢y ¢z

._} n »
div F IS a scalar function
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Physical interpretation of Divergence of a
Vector Function

Consldtr a flpid having density p = p (v, y, 2, 1) and \rcluuly VEV Y2, r) al a point (x, y, 2) at time
f. LclV = W, lbchmavnclnrhmnglhc same direction as v and magnitude p | v |. It is known as flux. lts

direction gives the direction of the fluid flow, and its magnitude gives the mass of the fluid crossing per unit
time a unit area placed perpendicular to the direction of flow.

Comndcr the monon of the fluid having velocity
V= V, (+V )+V kmpomlP(r ¥, 2). Consider a small

parallelopiped with edges dx, dy, 6z parallel to the axes with
one of its corners at P,




The mass of the Muid entering through the face F, per
unit time is V,, &x 8z and that flowing out through the opposite

face Fp is V.5, Ox 8z = (V +—16y) &x 8z by using
Taylor’s series.

The net decrease in the mass of fluid flowing
across these two faces

aV \
=(v,+?;ay)axaz—v,ﬁ:az-%faxoyaz

Similarly, considering the other two pairs of faces, we get the total decrease in the mass of fluid inside

v, daV
the parallelopiped per unit ime = (—£+#+*E]&rﬁy



et

Dividing this by the volume &x dy 0z of the parallelopiped, we have the rate of loss of fluid per unit

volume 2 0 N e

x dy &
Hence div Vgives the rate of outflow per unit volume at a point of the fluid.
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Thus It can be concluded that

div V gives the rate of outflow per unit volume at a point of the fluid.
If the fluid is incompressible, there can be no gain or loss in the volume element.

Hence divV=0and Vis called a solenoidal vector function. Which is known in
Hydrodynamics as the equation of continuity for incompressible fluids.

Note : Vectors having zero divergence are called solenoidal and are useful in
various branches of physics and Engineering,.



Example 1

et

Find the divergence  of V= (xyz)i + (32y)] + (x22 - y'2)k at the point
(2,1, 1)

Solution

Div V = *&-qt-{.ryz] + f;(ltzy) + i(ﬂz—fz)

=_}?Z+3.‘l'2+2.12—y2=“1+12+4"1=14=“(2'-1* I}



Example 2 m

If r=xi+v]j+zk , Prove that

18T

(i) div r=3 ie, V.r =3 (iiy div (a>xr)=0

Solution

()divr=V.r

dy oz
=§;_:+g_§ g_z =i, i} =0t
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- - -d -0 -0
ii) Alaxrl=-li—+j—+k— - - ~ +k -
i) &.(axr) (:ax e az] (i (asy-a22) -  (asxcarz) +k (aax-any))
%, J %)
= - -a—;(ag,y-azz) +-a?-(aqx-a13) -Eg(azx-aly)
=0
r=xi+ yi+=zk —= — ' J &
. x s




Example 3 mint

—
. find the value of div v .

x>

A ~
-  XI+ + Z

IFr v = y'J

% 2
-\/x'+y"+z

IV

Solution
xi+yj+zk
We have, ? = = JI“Z =
XT + ¥V + =
' ' Y. & & i+yj+zk
= 3 = Al A A Xi+yj+z
divi v = 'Y g = (I—-_._:J-._+k-._ 5 B 1J 2\1/2
+ cx cy CZ (x~+y - +z7)'"
_ 0 - 0 v N c z

I
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_ | - 1
LI 2,0, a0 Lo 2 avan,
(25t s Dyt @e e A Tagy| |67+ 260 47 2|
8 =7 2. 2. 3
(x* +y* +2°) (" +y +27)

_ {IE_I_J}E_I_EEJ_II+(I2+FE+EEJ_}}E_[_(IE_I_J;E_[_EE)_EQ

Tyt ) (2 + 2+ 22)" 2+ 1 2"
oy e+ 4wyt 3(;;24_},-14_ ) 2
(2 + 2+ 22)2 (x2 + 32 + 222 \{(I 12 + 22)



Example 4

et

Prove that a vector field F = (x-y2+x)i- (2xy+y)j is solenoidal

Solution

A vector F is said to be solenoidal if div F=0

Here div F = V.F
-9 =~ 0

= ] — e ﬁi - 2. xr2 ‘:_ 2
(]ax+]8x+kax} {(xZ-y2+x) 1 -(2xy +v) j }
o

al it e % (2xy +y)

|

2x +1)-(2x + 1)
0
= div F=0

Thus the given vectnr-ié solenoidal



Example5 imn

If vector F = 3xi +(x+y) j -azk is solenoidal. Find a.

18T

Solution
A vector F is said to be solenoidal, if div F=0

s.div F= %(3:::) + a—i(x +y)+ %(-az)
=3+1-a=0

;o a= 4 Answer.



Example 6
If r and r have their usual meanings, show that divrir= (n+3)rn

Solution
Since;=(x§+yi+zﬁ)so; we have
mr=rmxi+ryj+rmzk

. d -0 ~0

sdiverr=|i—+j—+k— |.( i+myj+ “'lz
(ax )ay az)( xi+rmyj+rmzk)

d o d
> (r x) > (1Y) aZ(r z)
o or or

r
=l + nrtl — x+ .1 + nre? e o L+ ™l z

ox y oz



=3rn+nrn-:l(

r
r I

= Frn 4+ nr -
"I‘..T:".
I

I 3
= ro -+ pyrm-l x —
-

= Arn+nrn
= (n+3)r=~



Example 7

.—’
Find div F where F = grad (x° + v + =%  3xyo).

Ans. div F = 6(x +~ y + =),






At

P(h‘\&)) V({)-'—" 13-1-2’\‘(‘@’2

A w i J

Q:K N ' a wwuwt veetos l\.Oi’,M_A,Q “+to —ts ’E’F’W

—ftaian — %, a
Riis 2L zv;‘—kg K

v b
\ v P V oY ¢
= 2'8-*-9.3‘-1—(;\?_ - Et?+3£
‘ Jaq VT
MPMMA/

« = &Wd Muaﬂﬁt % ‘é 3""' e
_ (ats ajeR> (BadraE )
v

= Z+B A+ = F
Vi Vo
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Practice Questions

Show that the vector V' = (x+ 3_},?)? +(y —33}} +(x —E:}E 15 solenoidal.

-—»
Find div F where F = grad (x> + v + = 3xyvo).
Ans. div F = 6(x + yv + =z),

Ifu= X+ yj + 7, and F—xi+ J;:} + -k then find div (UT) in terms of u

Ans : 5u

—

If r = I?—_}'}—EE and » = |T|} show that (i) div

= 0
— 3 =
e

i
LY



—
7

= 0,

M A A .
Ql If = xi+vj+zk and r = | » | . show that (i) div B
|7 )

|
LY

Q2 Ifu=x+yv +7, and 7= y7 » }} + - then find div (UF) in terms of u.
M 3 !
Q3 Show that the vector ¥ = (x+3v)i +(y—32)j+(x—22)k 1s solenoidal.

Q4 A fluid motion is given by V= (}“"Z}E +(z+x) i +{:-:+y}l::
IS motion possible for incompressible fluid?



Lecture 39

Curl of a Vector Point Function & Vector
Identities
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Curl of a Vector Point Function

The curl of a vector point function is a vector quantity if V=Vi+ Vaij+ Vak
Then

The curl (or rotation) of V is denoted by curlV and is defined as

G G d d d 2 - o
curl V-_-va:(l-a—x-"‘jg"'k-a;) (V,1+V21+V_,k)
i i k I
_ |2 a 9
- lax 3y oz |
WV, vV, Vs |
\l :[av v,V - av, av
z oz -Eix,j o ahyr
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Physical Interpretation

Consider a rigid body rotating about a given axis through O
with uniform angular velocity w.
Let o= w11+ wmz] +wak
The linear velocity V of any point P(x, v, z) on the rigid body is given by
V=wmxr
Where r= i x+ i}r+ k z is the position vector of P

—_— pa—} r——

'.H:ﬂ}'ﬁl’

§ . -

| i i k
= |, ml m._,i

x v z |

= i(mzi -Wyy)+ i{m:-l.:";‘ w,z)+ ]:.’{ml}? - W,y X)



—

- curl V = curl {Fux?}=?x{ax;}

i ; i
d d d

~ lax ay oz
WL Z -~ WY WX - (0, Z W,V - w,X

=(m:+m1};+{mz +mz}j+[m3+m3}ﬁ

= E(cﬂli -+ -r_::nzﬁj -+ -:ua.’;'.}

SN, e, (O are constants
= 2 w
— ‘1 N
" = — rurlV

2
Thus the angular velocity at any points is equal to half the curl of linear velocity
at that point of the body.

MNote : If curl V= 0, thenﬁis said to be an irrotational wvector, otherwise
rotational. Also curl of a vector signifies rotation.



Example 1 miﬂt

— .r- = o = £ .
Find the curl of vw=(xyz)i+ 3Bx"y)Yj+{(x=z"—3y"=)Yk at (2, —I, I)

Solution
Here. we have
— M - f-. = oy el
W = (xwve)i +Bx )i+ (x="—y¥y"z)Kk
1 Pt Pt .-"'-
i J K
. & & 3 a i L
Curl v = |— . _i = —E;l.-':.';r'—l'::1 —xv)Jj+(6xy —ax=)k
CoC ch o
= 3:{1_1.' e — _;r::
-, - i
= —Zy=zi+{xp—=")j5+{(6xy —x=)k

Curl at (2, —1_ 1)
~
i

— —2A—1IXD T+ {2 (=1 -1} ] + {6@H=D — 200}k = 27 —37—14%



Example 2

If r-x1+y)+ zk , Prove that
(i) Curl r= 0 i.e, Vxr=0

(ii) Curl (r xa) =-2ai.e, Vx(rxa)=-2a

Solution
(i) Curl r=Vxr
i j
(iR biied) <2 2
x y

R ARTCE N %




{ii) Let us suppose that
r=xi+wj+ =zk
and a= aii + asj+ ask
P 3 =
oy = - W =
= ., S,
= i (asyv-azz) — ] fasx—ai1=) + k (azx-aiwv)
T herefore, vwe have
i 3 >
e 3= 1 ) -
"'-:-"'"-r-:{:rﬂ El.:l-= o E D=
[ A — A& e R T o I — 2y W)

E_S

i (—aa-—aa1) -? {(aaz+az)+ k (—az—aa)

— g i —Eazli —FaAan ]:‘..

~2 (a i + Elﬁj —+ -El:'-!.E:I

S o



Example 3 migt

A fluid motion is given by V = (y+2)i i +(z+x) ] +(x+y) k , show that
the motion is irrotational and hence find velocity potential.
Solution

We have V = (y+z)n +(z+x) ) ) +(x+vy) k
i j k
8 . 9 0

ax ; oz
y+z z+x X+y

Curl V =

[
=]

=(1-1) i +(1-1) j +(1-1) k

Hence V is irrotational
Now, if ¢ is a scalar potential then, we have

V =Vo

=>(y+2z) §+(z+x) ] + (x+y) k =§g—¢+‘33 l;—g—g
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Equating the coefficients of P k we get

b o0 dod
Also do dx dy -z

= (y+z)dx + (z+x)dy + (x+y)dz

= ydx + zdx + zdy +xdy + xdz + ydz
= ydx + xdy + zdy + ydz + xdz + zdx
= d(xy) + d(yz) + d(xz)

Interating term by term we get

¢ =xy + yz + xz + constant
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Example 4
Find the constants a, b, ¢, so that
' _ . £ M Ty
F = (x+2y+az)i+(bx—3yv—=z)j+Ax+cy+22)k

is irrofational.

Solution
We have.
llﬁ.' "ﬁ.' ."ll".
i j -
= E e 3
v o _Fr — 5?-1—- E:.-.h-. ‘::
x+2y+az) (bx—3y—2z) (“Ax+cy+2z)

N

— (c+Di-@-a)j+ @G-k



—

: : s — g —
As F 1s urotational. Vx F =0

ie. (c+1)i—-(4—-a)j+B-2k=0i+0j+0k
; c+1 = 0. 4—-—a=0 and b—-2=0
ie., a = 4, b=2. c = -1

Putting the values of a, b, ¢ 1n (1). we get

==

F o= (T—I—j‘l+4)I+(7T—j!1—']j+{4"{'—‘l—l— }j'i



Vector Identities

, div (A+B)=div A+4-div B
2. curl (A+B)=curl! A+ curl B

3. If A is adifferentiable vector function and ¢ is a differenti-
able scalar function, then

div (¢pA)=(grad $)-A+ ¢ div A

4. curl (dA)=(grad ¢) < A+ curl A

5 div (A<B)=Becurl A—A-curl B



© 0N
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Vector ldentities

V x (4 x B) = (BV)4 — B(V.A) — (4.V)B + A(V.B)
Vx(Ff)=0
F-(VWxA)=0
azr a*r =

Fef & F'[Ff}:ﬁ;?+a}r2+agz
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Example 5

(i) Prove that the vector  F{r )7 isirrotational

. 2 . :
(ii) Prove that the vector V=f(r) = " () +—F"(r) isirrotational
Solution

(z) curl {f(r);’} = Ar) curl ;’ + {grad A7)} x ?

L T

Hence Ar) r is irrotational.
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G grad Rr) = £ (r)F = 71 £ 7
div {grad Ar)} = V2 Ar)
_ {f @ — f’(r) v 7 v mend r (r) —>
3 5 rf”(r)—f’(r)
- §f'(r)-*-{"’M("z_,-? f’(r)} (r .7
= Ef’(r) +{r )= )
> & 7
. V2 Ar) = F7G) + % £
1 2 1
2 W e  cem———— s ) — —
Plorew, v=dog re M r.(r) r2 x% + y% + 2%



Ifﬁ (xzz

+2yj 3x2k) andl B (3x2L+.2yzj z‘k)

nFI"‘" the value 6[ [ﬁx(vxz)] ‘F[CHXV)XB_] (Dold-13)
Sl () [nmmﬂ . ‘

UxB=
§'§'92

ANz 1"2 =™

|
New v

[Ax(vx8)] = [*

-y 3 0

L[o-24] - }[o'fﬁ'f*["*"]

& -:zyb + 34 t yok

A A\ N

b J k

2 ay g = [[o+qx=2]- j\[t? onyz
fk[guz-ru(yj

= 2 +5H]2J +[SXZ+U;)L



+ [0+ 3nz (2xz+ 32)]L

A\
= (.2?(254' 323) -2#— (‘)‘12 2‘-)- Q‘.&z’jﬁ



A ,fMGI moflen a g}ven bo:L
Cor 2 +J")ﬂ

@ !9

V= ((73“42'- Sfm()z + (% Sz +1J2,)J\.,¢ (u#
iy m‘ﬂu moAdion J)onfoml ? If So, 76"4,} the u.:,&u'& pot‘uséfmp.
o e @ TAREAN iy

Rl o

Y- e 4-_[7? F=(83H)H, whoe & s a conrstand veulas fi

cwd F o and  psove thad it s popenclioden Fo &. (17
_S'oo":'f IR 4 d=. @S Q,}-raj;: arsl = x?-f;(j‘«»zlg
Nouwd —) _;l’

= Gt Qa4 Cg Z

= (@ + ay>ty -+ asnz) L+ ( @+ e_zyl—f ‘93.72),7"\

-4 (6,»2—# Q,Jz +a322}£



eu :szj &:’121‘&:]2
é +332"‘ }

Cwd F = ! (a2 - 4 ) ;"?Jd:z -'egx}+ k (G- Gax)

Mw Ao ghow cwd £ ix ?wpewboiv! do & e we Fave
Ao Ahow thgf-é’:t?

- A
b = e.ua,jmdk
CM—F?- = (= - a.,y)a,— (G z "68")62.'*[QIJ Cla%)Ggq

= O

—
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Practice Questions

(1) Find the Curl of the following vector fields

-—

F = x2y2i + 2xyj — (2 — xy)k at(1,2,3)

Ans: Curl  F = (2y —x)i+yj+ 2yv(1 — xDk
(2) Find the Curl of the following vector fields

F = e®**(xy*T + yz<j + zx°k
Ans: Curl F = —39e%i + 3e®j + 92e%k

(3) If a vector field is given by

— M M
) ) : . T . . . . .
F=(x"—=y " +x)i-Qxy+y)j. Is this field irrotational ? If so, find its scalar potential.
3 2 2
Ans: Yes, scalar potential 1s T8 T LI -T."'-‘j + C




Practice Questions

(4)
A fluid motion is given by
— . 5 I i ™ 2 A
yw —(psin = —sinx)i t (xsin =z - 2y=) ]+ (xypoecos =Ty )k

is the motion hrrotational? If so, find the velocity potential.

Ans: Yes, Velocity potential = xy sin = + cos x + v’z + c.
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Lecture 40

LinelIntegral, Surface Integral And
Volume Integral
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Let F (x. y. =) be a vector function and a curve 4B.

Line Integral

—
Line integral of a vector function F along the curve 4B is defined as

e
= .y .
Line integral = _L[F E] ds = [ F -dr N
F Na

's - X

Note (1) Work. If F represents the variable force acting on a particle along arc AB, then the
B> -

total work done = L F.dr
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Example 1

If aforce F=2x*yi +3xyj displaces a particle in the xy-plane from (0, 0) to
(1, 4) along a curve y = 4 x*. Find the work done.

Solution
e A REN . .
Work done = LF- r r=xity
= = . - — A "
=I 2 x*yi +3xy ). (dxi +dy ) dr=dxi+dyj
¢

. L{z ¥y de +3xp dy)
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2
| y=4x
Putting the values of y and dy, we get L@, =8y de

- [0 () de 3 () 8a
1 ) 104
- 104 I0x4dx=104(x—J - Ans.

505



Example 2 MMt

s s .1 — s =
Evaluate JEF .dr where F = x7i + xyj and C is the boundary of the square in the

plane z = 0 and bounded by the lines x = 0, v=0, x = a and v = a.
Solution
)
C > 24
— — — — — — — — — —»
_F F r=_F F.di +I F. r+I F.df'+j F.dr
c 04 AB BC co ¥ 1
-;__.. . . — - - -4.-" 7 = -
F=XI+ V. dr=dxi +dyj. F=Xx"1T+2xv]
_ O = 2 L 4

—- — |
F . dr _=.r2cir+.x}fc:ifv ..(1)



On O4.v=0 ; = x"dx
: — b
— —» .Ij -li:!3 +
_{ dr=fﬂ‘jfﬁ=[— =% (23 = i
o4 0 3 5 3
On AB. x=a Ldx=0 T 4
(1) becomes
—  —
F .dr = avdy ') » A T
7 0 3
i —> —» i ¥
I £ ?'=.[|]ayd"1;=ﬂ|: > J TS (3::'
- .{IE' T 0 -
On BC.v=a soody =0
— —
— (1) becomes F dr — x>y

- — 0 2 | 1_3 ke _"33
_[ F.dar— | x‘di= = ()
BC E
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—  —»
On OO . x= 0. e g =D
(1) becomes
—= —»
_F F.dr =0 --(5)
Co |
' g =3 a’ i P
; > 5 r Ay = —+ — — = —
On adding (2). (3). (4) Elufi_{h ). we giet IEF i z = + 0 >



@'l-’d Fird the werk clme i mau)z' PM"(' e Hhe fovu f.’eﬂd
E g2l 4 (2nz- y)j—rzl afa»; e Lume =uy and| 3= 82

M A=0 fo A=2. [ e (5 s (200-12 )
$oMs  Work done = fz a,w

fﬂj}mzl-f'(lxby)j +2_[,_J (ojx[+de+J2h)

f 34" dn -+ (2 g)oé/—rzalz

pdz!'j the Lo WO‘*MJ QN}/ g 5= §2 frvm H =0 fo Acl
5 Mobts ucLJ ang] qudr=8dz



9 t olo E “ola( [ &N - 3’Mj A + 2 2
Ldvr*t o’ f X (
ne - ) db( 3" 9)1 o/

o [ 8
& 3N _| T ow?
f [ 8(3” ’{)"'2;%5_ O/)l

=0




83t If A = (xr-y)?ﬂx-t(y)j‘, e valuate ﬂ]é’.d;) ascourel the
UM C @’“SJHU of J:’_D{z QI\D/ y&g}( ( 2013 "‘/;9(})?"/?}’
xi"} |
éfgfsj §c ﬁ"dg ™ fc (K*‘y el + (}“J}d(] Cof—2y =0l
C w"*“"a Ofi gm(" aAal.J"?"—’l

!

v J

/S Ap

§ A.dit = f Adil f i
(2

Pﬁﬂf\j Cy . 9=>{2 y oljs.ixo/:(

Redst = [ ' (:{—-%2/ st (n457) 2 alH '-“/ ,(xdxz-fzw_?)d’(
) 5 g
o

——M9-+ﬁ_3+.2‘ﬁl.fjl: g J = Y
e 3 y _J, 2 3 2 3






Surface Integral
Surface integral of a vector function F over the surface S is defined

as the integral of the components of F along the normal to the
surface.

Component of }? along the normal

= 1_7} .7, where » is the unit normal vector to an element ds and
grad f dx dy
o= ds = —=
| grad f | (71- k)

Surface integral of F over S

2t



M2t
Example 3

. Evaluate .Us A. it ds where ;f: (x+ yv2)i—2x +2 _}':!u.: and § is the surface of

the plane 2x + v+ 22 = 6 in the first octant.

Solution
A vector normal to the surface “S™ is given by
V(2x+y+2z) = 719 439 482 Qx+y+22)=2i +j + 2%k “Io
X+y+2z) 0x jay 0z 4 /
And 7 = aunit vector normal to surface S ; FM
2i+j+2k 2+ 1. e
= =—i+=j4 R
\/4+l+4 3 3 =
X
x-.;,=z;.(£;+1;+3,;)=3
3 3 3 3



JIs4

Where R is the projt:ctinn of S.

—

.nds = jfﬂﬁ.ﬁ

dx dy

k.7

2 l-_ Z ~
——2—-{x+ “}—Ex+i z—;— z+i
3 *.2=3 S i

Putting the value of z in (1), we get

(6-2x-y)

o

(- on the plane 2x +y + 2z =6,

|-

..(2)



et

= 2 — _ dx
Hence, HSA‘"“'S = ”RA'” |,;2}| ..(3)

-’ -~
Putting the value of 4.7 from (2) in (3), we get

Hsz.ﬁds = HR %y(3—x).%dxdy=.“o3 I§—2x2Y(3—X)66/dx

2 5 6-2x
y
=j02(3—x)[7] dx

0

- j§(3 — %) (6 — 2x)? dx=4j03(3 e

4 3
=4.{(3"‘)] =—(0—81)=8I
4D |,




Example 4 I'I'IiEt

. = £ . s
Evaluate _F_[ VT + 2§ + xyk) -ds where S is the surface of the sphere

x° +v° + z° = a’ in the first octant.

Solution

Here., & =x2+ 32+ =22 — a?

N . -
Vector normal to the suueface = Vg = 1 + J +k —
X cy o=
i = =1 i
i ~ O - & 2 - ~ .
— | ——|—k—]{x— +_}'3 +zT —at)=2x3 + 23vj + 2=k
She v &z |
R Vi _-"’:rf—l—z_}'j—t—_?zk o :rf+yj'+:k

_| Vi \!'[-13:2 + 43;:' + 4z? -\;’1'2 + _1?2 =z

- :&-;T+}:'E+E.Ei' [__ IE_I_-FE_L T-:ah]
- i " P




%[ j"

— : = = 5
Fo=YiI+zxj+xyk

Jr (F }lﬁ: 1 |

o e xv dy dx

-

&

2

dx dv .ﬂ o =
= M

i = (yzi +z.rj+-t:,vfr}-‘ B b ‘=

3xy=z

3 ra 2 2
— | x(a” —x")dx=
E.Iﬂ ( jl

2t
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Volume Integral

Let 7 be a vector point function and volume I enclosed by a closed surface.

The volume integral = ||f Fdy



Example 5 et

Af F =2z —xj 4 Vi , evaluate mVﬁ dv where, v is the region bounded by

the surfaces

x=0, y=0 x=2, y=4, z=Xx°% z=2.

Solution
I”(Z zi — xj +yk) dx dy dz

[ g bk dras = [1 [ T kT
N

11,

[47i —2x] +2yk —x*i + x> ] — x> yk] dy dx

F d
5 4

j [4yf—2xy}'+y2k—x4y;+x3y}—xzy k:l dx

0



[5 a6 —8x) +16k — 4x* + 4] —8x7k) dx

3
163:?—~4x2}+16xk—~4x :+x}+——8x k
. 5 3 ],
327 -167+325 - 1287 1167 -84 _ 321 32k
S 3 5 3

et



1

et

Practice Questions

Find the work done by a force yi + xj which displaces a particle from origin to a point (7 + j)
Ans. 1

2+ X) f—(zx}:+ y]j moves a particle from ongin to

2

(1, 1) along a parabola y* = x. Ans. 3

Find the work done when a force F — (:lr2 -y

4 o " ~ - =
If F =(2x*-32) i —2xy j —4xk, then evaluate m I,V x F dV, where V 1s the closed region bounded

8 ,... -
by the planes x=0,y=0,z=0and 2x + 2y + z=4. Ans. —3'(,1 — k)
- — e . . )
Ewvaluate ”5.:’[ .nds. where A4 = (x+y7)i—2x5+ 2y=k and § 1s the surface of the plane

2x + y + 2z = 6 m the first octant. Ans. 81



Practice Questions
5 : . , 7o . 2 7 : - ), 0
Evaluate “Sd_nds? where 4 = 71 + -3y zk and § 15 the surface of the cylinder x= + y= = 16

mcluded 1 the first octant between z = 0 and z = 5. Ans. 90

— - . -
6 Ewvaluate HEF -nds, where, F = 2yxi— yzj + x~k over the surface S of the cube bounded by the

1 4

coordinate planes and planes x =a. y=a and z = a. Ans. 4



Thank You
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Lecture 41(I)

Green’s Theorem and its
Applications - |



et

Green Theorem

cd

If  (x. v). v (x.¥). = and ?f be continuous functions over a region R bounded

by simple closed curve Cinx —y plane then

.;ﬁ.c (bdx + ydy) = ” (éw ad)]dmdv

ox OV

Y




Example 1

et

2 ., 2 3., _
Using Green s Theorem, evaluate I-E (X7 yvdx + x~ dy). where c is the boundary

described counter clockwise of the riangle with vertices (0, 0). (1, 0). (1, 1).

Solution

By Green’s Theorem. we have

[@acewa - [[ | ZE-2 avay

cx )

2 e p 22N A o
L_(x ydx + x° dy) = UR(E:\ xX~)dx dy

_ [o@x-xax[Tdy = [ @2x—x>)dx [V

Ya
A4, 1)
\y".‘:'
X
0
[ ©o (.0



et

a1 1 - i 4 ™
_ Jﬂ(zx—xzj(.ﬂdx = jﬂ{zr —x)dy = 2% x

3 -+

il
12

[

B ['#2 1
3 4



Example 2 MMt

A vector field E is given by F =sin #wf + x (1 + cos ¥) Jr

Evaluate the line integral jC F-dr where C is the circular path given by

Solution // \\ X

i L. s B
e =g,

— . .
F=szsmyi +x(l+cos v)J

—

— - - - -
_FCF-dr — jf[sin Vi +x(l+cosv) jl-(idx + jdv) = _Ff_sinydx+x(1+c:c:s V) dy



fMet
On applyving Green’'s Theorem. we have

$ (bdx+ydy) =

-

CX

L
¥ [ ]
———ra,

}::ir dv

== f [{1 cos y¥) —cos y] dx dy

- o

where s is the circular plane surface of radius a.

- H: dx dV = Area of circle = w a2.



et

Apply Green's Theorvem to evaluate I*C[(-’-II - _1?2} de + (X" + _1.-*2} dyv]. where C

Example 3

2

is the boundary of the area enclosed by the x-axis and the upper half of circle x> + ¥ -

—
Solution

| [@x* —yP)yadx +(x* +¥y) dy]

By Green’s Theorem. we've I(lj} dx +wdv) = H ( k. 48 Gq} ‘ dx dv

f j o [; (X" +3°)— c (2x° —}*EJ dx dy o \I\
8x cy , /
= J ”* dlj > X' - >

{"1+ 2yv)dx dv = f’f+}f}ﬂ3’ @) (a,0)




: ]c:h’
j f(x)dx=
I = (.
i ia°
%) 3

J f{r}dr f is even
Sisodd |




et

Along C,'y=x.dy=dx:x:11t00:
I, = | (xdy - ydx) = | (xdx — xdx) =0

1
(Il + I +I3)—? 0+ 2log2+0)=1log2
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Example 4
Y A - - v, .
Evaluate } — 5 dx +— sdv.whereC=CG U C, with C) 1 x~ +y =1
x4y X+
and C =+ 2, y=x2
Solution
CL:'_ Y — dx + ' > dy
X~ + y° XT+ ¥ Y
t‘ St
¢ E " E (’KE+}" 1
_ H‘ - + dx dy 1
Tl exxt+yt ey xt 4 ‘ Sk Ol o
- -}'F T \\_)/—4:::2
> Iv=-2
'..r-".'

(:{1 + _1;1)1— 2x (x) (IE 1 yzjl — 2v(¥y)
- H { (Iz _HPE)E + (Iz +y2)2 }dxdv



|
by
1
] :'1:
U
W
—
[
_|_
e
|
] 11::
L
]




Example 1 I'I'IiEt

Evaluate by Green’s theorem j [e—* sin ydx+e* cos ydy] where C is the rectangle
c
with vertices (0.0), (m.0), (m, w2), (0, w/'2) and hence verify Green’s theorem.

Solution

By Green’s theorem we have pl@n/2)  B(m /2
R
dxdy

(Mdx + Ndy) = (c. C‘w drd)
J Il &

O
(0, 0) A(m,0) X
Comparing the given integral
M= e*siny and N =e™*cosy o
o). _ oON s
Then C}J— e~ “cosy and i =—e “cos y
v CX

Hence by Green’stheorem



et
L [e” "sinydx +e” “cosydy] = ﬂ' (—e *cosy— e~ *cosy)dxdy
R

. 2 b 3 /2 — dxafy
— -‘-x-o J' y-oe COsS V¥

=—2]-e= J[sn ]
=2(e*-1)(1)
=2(e*-1)



et

Evaluation of line integral:
For this purpose, letus evaluate the given line integral directly
L[E‘I sin ydx+e~ " cosydy]

=j [e” “sin ydx +e™ “cosydy] + j [e” "sinydx+e™ “cos ydy] +
4 AR
j [e” “sinydx +e” “cosydy] + j [e” " sin ydx + ™ “cosydy]
B D
y
NowalongOA, v=0 — dy=0 @ Bea2
along AB, x=m = dx=0
alongBD, v=m/2 — dy =0 dxdy
- - O
alongDO. x=0 = dx=0 00  AmD X



et

Hence the given line integral
= 0+ [T eF .°dr+f edc+ [ cosydy
= e [amy]i* +[e |+ [smy] .

= e*—(1—e ")+ (-1) 2(e"*—1)

Hence Green’s theorem is verified.



Example 2 I'I'IiEt

State and verifyv Green s Theorem in the plane for %Q [SIE — 5_1:3] adx + (4v — 6xyv) dyv

where C is the boundary of the region bounded by x = 0. v = 0 and 2Zx — 3y = 6.

Solution

Here the closed curve C consists of straighl; lines OB. BA and 40. where coordinates of 4 and

B are (3. 0) and (0. — 2) respectively. Let R be the region bounded by C.

Then by Green’s Theorem in plane. we have

fj? [(3x2 — 8y ) dx + (4y — 6xy) dv]

ax oy

) H“-{ 4y 6m) — (Y —af?} drdy (D) R e



et

_ _”R[— 6y + 16yv)dx dy = _”RID}’ dx dy

50
.3 0 3 - > 3 z,
- e i T e = — — dx (2x — 6)°
mjﬂdrhm_m_uﬁp 10 [ d_ﬂr[ - = Jax )
3 d —(2x—6)
3
s 25 — 673 3 = 5
M - & s o o {[]4_5}3 = ———({216) =—20" ___(2)
o 3= 2 ) 54 54

Now we evaluate L.H.S. of (1) along OB. B4 and AQO.
Along OB. x = 0. dx = (0 and vy varies form 0O to —2.

: S 3
Along B4, x= - (6 +3y).dx=—

and along A0, y = 0. dyv = 0 and x varies from 3 to (0.
L.H.S. of (1) = $[ 3x” —8y?) dx + (4y — 6xv) dv]

dy and y varies from —2 to 0.



et

[{3:{2 — E_vz)cir + (dy —6xv)dv ]+ IR{ [(S:Jlr2 — E_}fl} dx + (4x —6xy) dy ]

.

|
+J*Aﬂ[{3‘:.':'-{2 — 3};2) dx + (4y — 6xy) dy |

L]

ayd 12 6+3y7 -8y |[2ay |+ 14y —3(6+3y) ¥1d C3x2 dx
— [, avav+|_ |5 (6+33) -8y [E v |+ [4y =3 (6+3y) yldy + | 3x

-+

~ ) C) -
= [Ey2 lo ™ +‘|_1[§ (5+3_};)3 —12;5;2 +4y—18_v—9y‘:lc:iv+(x3}g

2[4]+ j:E (6 +3y)% — 2137 — 14;}:} dy + (0 —27)

9 (6 +3yv) 216
54|26 S5 _532| _27-_190+ + 7 (=2 +7(=2)
= 8 3x3 . 8
= _ 19+ 27— 56+ 28 =— 20 .(3)

With the help of (2) and (3). we find that (1) is true and so Green’s Theorem i1s verified.
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Practice Questions

Verify Green’s Theorem in plane for [Iz + 2xy)dx +( _1'1 +I3_L'] dv, where ¢ 15 a square with the
P o q

. . 1
vertices P (0, 0). O (1, 0), R (1, 1) and 5 (0. 1). Ans. — =

Vernify Green’s Theorem for .Fr: [(-’ﬂ’ + 37 dx + Izﬂf}’:} where C is the boundary by y = x and y = x~.

Verify Green’s Theorem for ! '[:II —2xy)dx+ (:4:1._1-‘ +3) dy around the boundary ¢ of the region
[y
Vv =8xand x = 2.

Verify the Green’s Theorem to evaluate the line integral L{Z _}’1 dx +3x dy), where ¢ i1s the boundary

of the closed region bounded by y = x and y = x”.

27
Ans., —
4
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Lecture 41(ll)

Green’s Theorem and its
Applications - |1
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Green Theorem

cd

If  (x. v). v (x.¥). = and ?f be continuous functions over a region R bounded

by simple closed curve Cinx —y plane then

.;ﬁ.c (bdx + ydy) = ” (E\p ad)]dmdv

ox OV

Y
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Area of Plane Region by Green Theorem

We know that

r |EN OM
[ Max+ Nay = [[ | —————|dxay (1)
: 4 0x oy
Z & )
On putting N=I{E;N=1 an::iM=—_F[EM=1Jj11{1},weget
\ 0 X | cy
J‘—yderI::i_p > J:[A[l_{—l}]-:irdy =2 1y ”'fﬁdy L

5
[

1 ¥, _
Ei{ld} — ydx)



Example 3 I'I'IiEt

Using Green s theorem, find the area of the region in the first quadrant bounded
by the curves

Y=X.y= y=

1 X
X 4

Solution

By Green’s Theorem Area A of the region bounded by a closed curve C 1s given by

1
A = S CJSC(Id_"F — vdx)



S

Here. C consistsof thecurves C, (1 y= —. C, 1 ¥

and C,:y =x So

1 1 r L
A=El\j:f‘ =?[ fl+-[1+Jf" J=E{I1+IE+IJ}}

- a

I

it

X 1
Along Ly = —.dyv=—dx.x:0to 2
ong 1 - ¥ 1 } 4
[ (xdyv X —r 1‘1-:;3"1' o ax | =
I1= Jf:l .1*’ ]” )_-El[. _‘l o _I_ JI— O I{D_.D',i
Al C - dy =
on s = —.dy = —
2 2 Y X .1’1

I,

_ jcz (xdy — ydx)

II
|—'—'—|

[__ ‘dx——dﬂr} - [—314::ug:*.‘:]11 =2log 2



Example 1 I'I'IiEt

Evaluate by Green’s theorem j [e—* sin ydx+e* cos ydy] where C is the rectangle
c
with vertices (0.0), (m.0), (m, w2), (0, w/'2) and hence verify Green’s theorem.

Solution

By Green’s theorem we have pl@n/2)  B(m /2
R
dxdy

(Mdx + Ndy) = (c. C‘w drd)
J Il &

O
(0, 0) A(m,0) X
Comparing the given integral
M= e*siny and N =e™*cosy o
o). _ oON s
Then C}J— e~ “cosy and i =—e “cos y
v CX

Hence by Green’stheorem



et
L [e” *sinydx +e~ “cosydy] = _U (—e “cosy— e~ *cosy)dxdy
R

. 2 F 3 /2 —_ dxafy
— J;.o J' y-oe COsS V¥

=—2]-e= J[sn] ;"
=2(e*-1)(1)
=2(e*-1)



et

Evaluation of line integral:
For this purpose, letus evaluate the given line integral directly
L[E‘I sin ydx+e~ " cosydy]

=j [e” “sin ydx +e™ “cosydy] + j [e” "sinydx+e™ “cos ydy] +
4 AR
j [e” “sinydx +e” “cosydy] + j [e” " sin ydx + ™ “cosydy]
B D
y
NowalongOA, v=0 — dy=0 @ Bea2
along AB, x=m = dx=0
alongBD, v=m/2 — dy =0 dxdy
- - O
alongDO. x=0 = dx=0 00  AmD X



et

Hence the given line integral
= 0+ [T eF .°dr+f edc+ [ cosydy
= e [amy]i* +[e |+ [smy] .

= e*—(1—e ")+ (-1) 2(e"*—1)

Hence Green’s theorem is verified.



Example 2 I'I'IiEt

State and verifyv Green s Theorem in the plane for %Q [SIE — 5_1:3] adx + (4v — 6xyv) dyv

where C is the boundary of the region bounded by x = 0. v = 0 and 2Zx — 3y = 6.

Solution

Here the closed curve C consists of straighl; lines OB. BA and 40. where coordinates of 4 and

B are (3. 0) and (0. — 2) respectively. Let R be the region bounded by C.

Then by Green’s Theorem in plane. we have

fj? [(3x2 — 8y ) dx + (4y — 6xy) dv]

ax oy

) H“-{ 4y 6m) — (Y —af?} drdy (D) R e



et

_ _”R[— 6y + 16yv)dx dy = _”RID}’ dx dy

50
.3 0 3 - > 3 z,
- e i T e = — — dx (2x — 6)°
mjﬂdrhm_m_uﬁp 10 [ d_ﬂr[ - = Jax )
3 d —(2x—6)
3
s 25 — 673 3 = 5
M - & s o o {[]4_5}3 = ———({216) =—20" ___(2)
o 3= 2 ) 54 54

Now we evaluate L.H.S. of (1) along OB. B4 and AQO.
Along OB. x = 0. dx = (0 and vy varies form 0O to —2.

: S 3
Along B4, x= - (6 +3y).dx=—

and along A0, y = 0. dyv = 0 and x varies from 3 to (0.
L.H.S. of (1) = $[ 3x” —8y?) dx + (4y — 6xv) dv]

dy and y varies from —2 to 0.



et

[{3:{2 — E_vz)cir + (dy —6xv)dv ]+ IR{ [(S:Jlr2 — E_}fl} dx + (4x —6xy) dy ]

.

|
+J*Aﬂ[{3‘:.':'-{2 — 3};2) dx + (4y — 6xy) dy |

L]

ayd 12 6+3y7 -8y |[2ay |+ 14y —3(6+3y) ¥1d C3x2 dx
— [, avav+|_ |5 (6+33) -8y [E v |+ [4y =3 (6+3y) yldy + | 3x

-+

~ ) C) -
= [Ey2 lo ™ +‘|_1[§ (5+3_};)3 —12;5;2 +4y—18_v—9y‘:lc:iv+(x3}g

2[4]+ j:E (6 +3y)% — 2137 — 14;}:} dy + (0 —27)

9 (6 +3y) 216
54|26 S5 _532| _27-_190+ + 7 (=2 +7(=2)
= 8 3x3 . 8
= _ 19+ 27— 56+ 28 =— 20 .(3)

With the help of (2) and (3). we find that (1) is true and so Green’s Theorem i1s verified.
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Apply Green’s Theoem to evaluate _FE[U' —smnx) dy +cos X dV]. where ¢ is the plane triangle enclosed

Practice Questions

'_.’I 2

2 T + 8
= Ans. —
T A5

by the lines y =0, x =

Ia | =

and ¥

Use Green’s Theorem m a plane to evaluate the integral J [(2x* — _}'1) dx + (x* + ._1:2} ay],
c

where c is the boundary in the xy-plane of the area enclosed by the x-axis and the semi-circle x* + 3~ =1

4
in the upper half xy-plane. Ans. 3

Green’s Therorem, evaluate the hine mtegral j e " (cos y dx —sin y dy),
&

2

F )

where ¢ is the rectangle with vertices (0, 0). (m, 0,), {TL’, %]ﬂﬂd

g

-:13-]_ Ans.2 (l—e ™

Use Green's theorem to evaluate jc (x? + xy) dx + (* + y?) dy where C is the

square formed by the linesy =+ 1, x = = 1.
Ans: O



et

Practice Questions

Verify Green’s Theorem in plane for [Iz + 2xy)dx +( _1'1 +I3_L'] dv, where ¢ 15 a square with the
P o q

. . 1
vertices P (0, 0). O (1, 0), R (1, 1) and 5 (0. 1). Ans. — =

Vernify Green’s Theorem for .Fr: [(-’ﬂ’ + 37 dx + Izﬂf}’:} where C is the boundary by y = x and y = x~.

Verify Green’s Theorem for ! '[:II —2xy)dx+ (:4:1._1-‘ +3) dy around the boundary ¢ of the region
[y
Vv =8xand x = 2.

Verify the Green’s Theorem to evaluate the line integral L{Z _}’1 dx +3x dy), where ¢ i1s the boundary

of the closed region bounded by y = x and y = x”.

27
Ans., —
4
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iMMmet
Stoke’s Theorem

-3
Surface integral of the component of curl F along the normal to the surface S.

taken over the surface S bounded by curve C 1s equal to the line integral of the vector point function

F taken along the closed curve C.
Mathematically .

§}T—’_d 2= J.jscm‘ll—:'—)-l}ds

where » is a unit external normal to the surtace.

Stokes’ Theorem relates a surface integral
over an open surface S to a line integral
around the boundary curve of S (a space C

curve). /



Example1l M2t

Using Stoke's theorem or otherwise, evaluate
f [2x - y) dx — yz2dy - v*z d=]
C

where c is the circle x° + v2 = 1, corresponding to the surface of sphere of unit radius.

Solution
J-C[(.?. x— y)dx — yz°dy — y*z dz]

-
-

= L[(ZJ‘ - V) g — _1':21 — _1'2: I](r dx + _; dv + 2 d-)

—

By Stoke’s theorem (](, F-dr = ” SClll'l F-nds ’




C‘url]?=Vx1-—:=

=(-2yz+

J k
C C
cv 0z
2 2

— yz° =9z

212)i-(0-0)j+0+D)k=k

_}
Putting the value of curl # 1in (1). we get

= [Jﬁr 1 ds

-~ . dxdv

= HR’-&

!

n-k

= ” dx dv = Area of the circle=n

2t




Example?2 et

Verifv Stoke s Theorem jor the function

T 3 - -
F = xF —xyj

integrated round the square in the plane = = 0 and bounded by the lines
x=0y=0x=a y=a.

Solution
= 2 2 Y
We have. F = X1 -1} 4
o . . - y=a
i j k < B
= %, 6 O
ox Oy Oz
2
x> =x 0 O y:O kTS

(0-0) i - (0- O)j +(-y-0)k=-yk (n L toxy plane i.e. ;(;)



et
”S (V x 1—;)11 ds = -”S i .1'/().,(' dx d‘.

T BT 2 3

- ; y a- a
= [dv [-ydv = Jds| -] =@ = - (1)
0 0 o L "o } )

To obtain line integral

pav ]

J.F r = J( i —x))-( dx+ j dv) —'JA( v* dv - xv dv)

where ¢ 13 the path CfABC 0 as shou n in the figure. .
Ales [;.(1,- - J F'dl' s [F-dr+ jF-dr+ jF-dr+ jF-dr 2

(% 04BCO 04 AB BC Co



Along  O4. vy =0.dy=0

. — = ;
F-dr = < dx —
Jr:l-f Jmh dx ..ijt’h}
= g
a2 o X | f]j'
=J oy == =
q’ b
L~ g )

Along 4B, x=a.dv=0

~ﬁ;£ = L_BH] dx—xvd y)

% {1 ]'r
=| —avdy =-a|—
[o-avd

et

line | Eq. of Lower | Upper
line linut | limat
O4|v=0 |dv=0{x=0 | x=a
AB | x=ig |dx=0|y= y=a
BC|y=a |dh=0|x=a | x=0
CO|x=0 |dx=0lyv=a | v=0
3




AlongBC. v=a.dv=0 | | m i Et

- = (] -\.3-0 (73
. \d\—ndx— XX = | —| = ——
IBCF ar = [ ( ) J 3 ) ;
Along CO. x=0.dx=0
ICOF'("’ = j (x~ 2 dx —ay dv) =
Putting the values qf these integrals in (7) we have
| % .3 .3 3
i R A A a
IcF"=3‘2‘3+0=‘7 ..(3)
From (1) and (3). ﬁ(V xF)-nds = JF-G'I'
S C

Hence. Stoke’s Theorem 1s verified. | Ans.



Example 3 finet

o S = i A
Evaluate JCF dr,where F (x,v,z)=- v+ Xj+ =’k and C is the curve of

intersection of the plane y + = = 2 and the cvlinder x> + 12 =

Solution

C.‘)CF—). dr — .Us curl ? nds = .Us curl (— _1'2 AT \] + =2 I\:,).fz ds ()

Fx.y.z) = —‘1*21""4—1'}—}:2 k
Y
" . " ,‘ n n A
Curl F =|— — —| =i0-0-j0-0)+k+2y)=0+20)Fk
dx oy Oz
~yF & B |
\-,.__‘________________,/

X2 + y2 =1
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_:..
Normal vector= V F

(" B O g )
— 3——|—j——|—ﬁ.— { _2}:f+;'

. dXx oy Cz
_ N ;"—.IEI.
Unit normal vector n = \/T’
dx dy
e = ——
n.k

_} - -]
On putting the values of curl F.»n and ds in (1). we get

j+£ dx dy

[ F.dr =[[ a+2pk. ¥ [ﬁ_

j+.R:'”

B __.k

1+2v dx d
_J-J- 1111_

NG

U (1+2v)dxdy



et

2w o 1 ]
::jﬂ jﬂﬂ:+2r5u19}rd£hfr

27 1 93 .
:j j (r+2r-smo)dodr K
0“0 > X
O
JE "3 1 \J
jj“de[’ L2 sine} —jh[l+gsme}re

2 3

rda dr

o

2m \
:[E—gcmﬁ} Z[H—E—U+E = T
2 3 3 3
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— S A A
Verifv Stokes Theorvem for p=(x+v)i +(2x—2z2) J + (v +2) k for the
surface of a triangular lamina with vertices (2, 0, 0), (0, 3, 0) and (0, 0, 6).

Solution

Here the path of integration ¢ consists of the straight lines AB. BC. CA where the
co-ordinates of A, B, C and (2. 0, 0), (0. 3. 0) and (0, 0. 6) respectively. Let S be the plane

surface of triangle ABC bounded by C. Let n be unit normal vector to surface S. Then by

Stoke’s Theorem. we must have z
cl.0,6
RN —
{'f) F-dr = U curl F-nds (D
0.3,0
o ( y)
A LZ—7 :

x* (2,0,0)



LHS. of(1)=j Far=| ;";+jac;";+jc_4;"7r mll!t
Z

ABC v 4B
: , . X Yy
Along line AB. z=0. equation of 4AB1s —+ = =1 cf(o, 0, 6)
) 2 3
3 3
= y=—(2=-x).dy = ——dx
’ 2 2
AtA.x=2. AtB.x=0.1r = 3'1: + 1j o (0, 3-y0)
g > = P a2 k :d .'d A B
cdr = X+ V) +2x] + vk|-(idx + )
| Fodr = |+ IE+205 + PR (de + Idy) A b )
= (x + y)dx + 2xdy
JAB : :
3X | 3 ) line Eq. of Lower | Upper
= X+3—-—|dx+2x|—-—dx d: PP
J AB 2 2 line limit limit
. _ _ ; ‘e ‘e
=J2(‘—T+3](i‘=[—‘T’+3X] =0



i
Along line BC. x = 0. Equation of BC is ? +§ =lorz=6-—2y, dz=—2dy

Z
. o5 clo. 06
AtB, y=3. At C;y=0, ¥ = Y+zk
.. =¥ ) i )
JBCF.d;-: jﬂf[_w+zj +(v+ 2)k]-(Jdv + kdz) = .I‘EC—L-:]T'.,- +(v+2)d:z
? 0
= —6+2y)dy+(y+6—2y) (- 2dy s 2= 1}
[, V)ydy+(y ¥) (= 2dy) o 8
0
= [ @y-18)dy=(2" —18y)] =36 x%(2,0,0)
line Eq. of Lower | Upper
line limit limit
v =z At B | At C
BC | —+—=1|dz=-2dy
3 6 v=23 y=20
x=20




et

line Eq. of Lower | Upper 7
line limit limit c*(o, 0, 6)
X =z At C | At 4
C4 | —+—=1|dz=- 3dx
2 6 x=20 x=12
v=20
0.3.0
o ( ; )
A L7 :
x* (2,0,0)
| X z
Along line CA. v = 0. Eq. of CA. T+E =1 or z=6—-—3x.dz=—3dx

ATC.x=0.atA. v=2.F = ii + 7k

— =

_'mF dr = _Cﬂ[-ﬂ +(2x —z) j + zk]-[dxi + dzk] = jm(a’::if+ zdz)

= | n:rd.r+{5—3:r} (— 3dx) = Jﬂ (10x—18) dx = [5x~ —18x]s =—16
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Practice Questions

Q1 Ferifv Stoke’s Theorem for F =(x+v) ;i +(2x-2) j + (v +2) ﬂiﬁ:rr the

surface of a triangular lamina with vertices (2, 0, 0). (0, 3, 0) and (0, 0, 0).

Ans;fj E'uriﬁ.ﬁdj':j F.dr = 21.
5 c

Q2 Verifv Stoke s Theorem for

}} =—z +2)i +(yz+ 49 J —(x2) k
over the surface of a cubex =0, y =0,z =0, x = 2, v = 2, z = 2 above the XOY plane
(open the bottom).

Ans: -4



et

- = o 20 B F a3 2 1. ,
Q3. Use Stokes’ Theorem to evaluate / F.dr where F = (3yz® + 2°) i +y" j +4yz" kand C
2

IS triangle with vertices (0,0,3), (0,2,0) and (4,0,0). C has a counter clockwise
rotation if you are above the triangle and looking down towards the xy-plane.See
the figure below for a sketch gf the curve. Ans -5
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Q 4 Verify Stoke’s theorem F = yi +zj + xk and Surface S is the portion of the sphere
for x2 + y2 + z2 = 1 above the xy-Plane.

ANS. — 1t



