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Unit-1: Matrices

Topics of Unit-|

Symmetric, Skew-symmetric, Orthogonal Matrices
Complex Matrices and Problems

Inverse of Matrix by Using Elementary Transformations

Introduction to Rank of Matrix and Rank of Matrix by
Using Elementary Transformations
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Consistency of Non-Homogeneous System of Linear
Equations

Solution of Non-Homogeneous System of Linear Equations
Solution of Homogeneous System of Linear Equations
Linear Dependence and Independence of Vectors

Eigen Values and Properties

Definition of Eigen Vectors and Problems

Problems on Eigen Vectors

Cayley-Hamilton Theorem and its Application
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LECTURE-1

» SYMMETRIC MATRIX
» SKEW SYMMETRIC MATRIX
» ORTHOGONAL MATRIX



A square matrix will be called symmetric, if for all values of / and j,

SKEW - SYMMETRIC MATRIX

SYMMETRIC MATRIX
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Skew Symmetric Matrix. A square matrix is called skew symmetric matrix, if
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Properties of Symmetric Matrix -

» Addition and difference of two symmetric matrices results In
symmetric matrix.

> If A and B are two symmetric matrices and they follow the
commutative property, 1.e. AB =BA, then the product of A and B Is
symmetric.

> If matrix A 1s symmetric then A" Is also symmetric, where n Is an
Integer.

> If A'is a symmetric matrix then A is also symmetric.



Properties of Skew-Symmetric Matrix Mitt

> When we add two skew-symmetric matrices then the resultant matrix is
also skew-symmetric.

> Scalar product of skew-symmetric matrix Is also a skew-symmetric
matrix.

> The diagonal of skew-symmetric matrix consists of zero elements and
therefore the sum of elements in the main diagonals is equal to zero.

> When identity matrix Is added to skew-symmetric matrix then the
resultant matrix is invertible.

> The determinant of skew-symmetric matrix is non-negative
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[Symmetric ] [ Skew-Svmmetric ]

AT = A A" = —A
9 2 3 0 2 -1
2 =1 —8] -2 0 -4
3 -8 0 1 4 0




Example : lIligt

Show that every square matrix can be uniquely expresses as the sum of a
symmetric and a skew symmetric matrix.

Solution :
Let A be any square matrix

1
Evidently A= % A+ A+ 3 (A-A)
, 1 1
Taking P = 2 (A+ A), Q= 3 (A-A'), we get
A =P+Q (1)
/ 1 - ’ ! _ l ’ ' l"
Now P’ = 5 [(_A+A,)] =3 [A +(A)}

1
— (A’+ A)=P
2(+)
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' 1 N l ' o
n ¢ = 5 A= 3 I -
- W-4)=-
. P = Q=0

Hence P is symmetric and () is skew symmetric.

This shows that a square matrix A is expressible as a sum of a symmetric and skew symmetric
matrix. | 1
A = 5 A+ A+ 3 (A- A



Example : mi_ﬂ_t

Express the following matrix as the sum of a symmetric and a skew symmetric matrix,

—1 7 17
2 3 4
5 0 5_'
Solution :
-1 7 1 -1 2 )
Given MatrixisA=| 2 3 4 A=|7T7 3 0
5 0 5 1 4 5
-1 9/2 3
Now, B=>(A+4)=]9/2 3 2
3 2 5|
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0 52 -2
c=o(A-A)=|-512 0 2
2 20

-1 9/2 3] 0 5/2 -2
A=B+C=19/2 3 2|+|-5/2 0 2
'3 2 5|2 -2 0

where B is symmetric and Cis a skew-symmetric matrix.



Miet

ORTHOGONAL MATRIX -

Orthogonal Matrix. A square matrix A is called an orthogonal matrix if the product of the
matrix A and the transpose matrix A’1s an identity matrix ¢.g.,

AA=]

if | A|= 1, matrix A is proper,



Example :

Solution :

Vertfy that
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Home Work

()

Q 1. Is given matrix is orthogonal. 4 - Ans . NO

o

1 |

N =

1
11,
3 -2

Q 2 . Express given matrix A as sum of a symmetric and skew symmetric matrices.

L ‘ ' 3 D 9
s "‘_1
1= {4 2 13l Ans.|16 2 H'+i=2 0
“ - _’ 9
= 1 3 . l - 4
11 7 1

Q.3 If A and B are two orthogonal matrix then show that the matrix
AB and BA are orthogonal.

NN

Bt
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LECTURE-2

COMPLEX MATRIX
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COMPLEX MATRIX

A matrix is called a complex matrix if at least one
entry of the matrix is a complex number.

EXAMPLE

21 4 — 3i
A =
[ 9 7 ] Complex Number :a + ib

Conjugate of Complex Number:

a+ib=a—ib
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CONJUGATE OF A MATRIX
The matrix obtained from any given matrix A after replacing

Its elements by the corresponding conjugate complex
numbers is called the conjugate of A and denoted by A.

EXAMPLE
- M1+2i 2-—3i
A = [ 3 ]then

— 1 -2i 2+31
y = i ]
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CONJUGATE TRANSPOSE OF AMATRIX

Conjugate of a transpose is denoted as
A*=(A)"= (AT) = A?

EXAMPLE

The conjugate transpose of a

1+ 21 2_3i]is
4 —5i 5+ 6i

1—2i 4+5i]
2+3i 5-—-6il

p<|

A= |



HERMITIAN MATRIX mlgt

A square matrix A is called Hermitian matrix if A= A.

EXAMPLE

5 2+i0i —3i]
A=|2—i -3 1-—1i|IsaHermitian Matrix.
- 3i 1+ 0 .

Note:
t o = aj
* Diagonal elements are all real.



SKEW -HERMITIAN MATRIX mlgt

A square matrix A is called skew-Hermitian matrix if A™=- A.

EXAMPLE
3i 1+i 7
A=|—-1+4+1 0 —2 — i|is a skew-Hermitian Matrix.
—7 2 — 1 —1
Note:
tQj =4y

* Diagonal elements are Zero or purely imaginary number.
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Show that every square matrix is expressible as the sum of a Hermitian
matrix and a skew Hermitian matrix.

_1 01 L Y14 0
A—Z[A—iﬂ ]+2[Alﬂ |
Hermitian Matrix Skew-Hermitian

Matrix



EXAMPLE : mlgt

1+ 2 S—35i

., A= 2i 241 4+ 2 .
Express the matrix i 4 . as a sum of Hermitian
- ' ! —

and skew-Hermitian matrix.

SOLUTION :
i 2 5.5 =i 2 5450

A=l 2i  2+i 442 - A=| -2 2-i 4-2 A1)
|-1vi -4 7 =i 47




{.rf]' =|

l+i -4
Tl-i -2
2 2=i

J
|

or A" =

1
|
=

=

=i
2

2

.1_|

4

-2

2=

_Siﬁ 4-2i

/

!

=]=i

-4
:

545
4-2

=

-

A1)

(2)
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i 2 5450
A= 2 241 4+2
_—I-l-:’ 4 7 _

On adding (1) and (2), we get

A+ A’ =

) 2.2 4-6i

2+% A4

_4 +6i -2

-

Ea

14

e

/

I-FI

=i =2 =l-i
2 2= -4
'_Siﬁf 4-21 7

On subtracting

H
r’l—.fl -

25 242
2425 2
—0 -4t B+ 2

Miet

6-4i
842

0

—



Let

let

1
R=E(A+A“}= lvi 2

2+ - 7

1 i I +i
§=s(d-A)=| ~1+i i

) =3-20 4

3-2i
447

{] -

.(4)
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(3)



From (3) and (4), we have

A=l 1+ 2 i
.2“‘3‘ - 7

| 1=i 2-3i

Hermitian matnx

-~

i 14 3-2]
1+ 0 44
=3=2 4+
Skew-Hermitian matrix

Miet

Ans,



EXAMPLE :
N
SOLUTION We have

then

Thus

] show that A%4 is Hermitian matrix.

|

a 2+ 3 —=1+3i
Sl =5 0 4-2i

- 24 -5
A'=| 3 i

2—i
A=A =| 3

—1-3i 4+2i

—1+3i 4-2i_

-5
—i

-5

Miet



, . miot
2-1i -5 |- _ _
(00=| 3 i 2+1 3 -1+3:]

“5 i 4-2i
—1-3i442i |t 70 |

[ Q-DR+D)+EHES)  32-D+=i Q-D(-1+3)+(-H@E-2i)
= 32+D)+H(EH(ES) . 33X+ 3(=1+37)+(-) (4-2i)
(-1-3)Q+)+@+20)(=5) 3(-1-3)+i(4+20) (-1-3i)(=1+3)+(4+2i)(4-20)]

30 6-8i -19+17i ]
6+8i 10 -5+5i |
-19-17i -5-5i 30

We can observe here that a;= t-lﬁ forall iandj. Hence, 4%4 is a Hermitian matrix.
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UNITARY MATRIX

A square matrix A is called unitary matrix if AA=1=A4" A.

EXAMPLE ;
Following matrix Is a unitary matrix:

11 1+
\/_§[1—i —1]
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EXAMPLE :
. . Ja+iy —ﬁ+i6]. .
Under what condition the matrix A = [ B+is a-—iy 1s unitary.
SOLUTION :
— 51 - [a—1 —f — 10
A=[a+l.y ﬂ+.l6],A=[ 'y B . ] and
B+i6 a-—iy f—10 a+iy

. a—1iy ,B—i(S]

=B —=i§ a+iy



For a square matrix A to be unitary matrix, AA™=1 =A"A

[a—ly fp — ”a+iy —,B+i5]
A"A= 0 a+iy

f+i6 a-—iy
, a’+ B% +y* + 6% 0
A" A= 2 2 2 2
0 a“+pc+y“+0
Age = (@ T B Y67 0
0 a® + B* +y? + 67

So, A to be unitary a? + % + y? + 6%=1.

Miet
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(1-N)(2¢n% L -"ﬂ] ’ ""ﬂ] L -2
[’ [ | -4l "!] 6007)

/Vm(_B)T l[‘/ a?f‘{L]__Bg
a9 -

tH, -

3% 8 el -4
“d Y| ][% -‘/L] 3; 3@‘4]
[ ] = 598 g |
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HOME WORK

—1 2+1i 5—3i]
Q1l: Show thatA=| 2 —1 7  Si Is Hermitian and /A is skew
B 5430  —5i 2
— Hermitian.
2+ 3f 1-—i 2+f |
Q.2 Express 3 4—5i 5 I as sum of hermitian and skew hermitian maltrices.
1 1+i  —2+2i
| . 4 4 | 1' 6i  —2—i '|‘|
J‘-\.I‘LEE 4+ 3 ]Dl > 2—i —10 ||
_ 3-i 2 4| T+ 2 4i)

1[14+17 —1+41

Q3: Show that; [1 Y0 1— IS unitary
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Q-4 Define Unitary matrix. Also Show that following matrix is

unitary matrix 1 [ 1+
1—-i -1
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LECTURE-3

Inverse of Matrix

by using
Elementary Transformations
(GAUSS-JORDAN METHOD)



Elementary Operations of a Matrix Mgt
There are six operations (transformations) on a matrix, three of which are due to rows
and three due to columns, which are known as elementary operations or

(ransformations.

(1) The interchange of any two rows or two columns. Symbolically the interchange
of i* and j* rows is denoted by R < R and interchange of ™ and j* column is

denoted by C, & C;.

1 ] -1 43

2
For example, applying R, < R, to A =] 31| weget] |
5 6 7 | 5
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(0) The multiplication of the elements of any row or column by a non zero
number. Symbolically, the multiplication of each element of the ™ row by &,
where £ # 015 denoted by R = AR .

The corresponding column operation is denoted by C = AC

1 2 1] 12

S

, we get

Forexample, applying C, - %CJ 0B =
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(m) The addition to the elements of any row or column, the corresponding
elements of any other row or column multiplied by any non zero number:

Symbolically, the addition to the elements of /" row, the corresponding elements
of j* row multiplied by 4 is denoted by R — R + AR .

The corresponding column operation is denoted by C = C +£C.

. - -y

| | 2 | 2
For example, applyingR, & R, -2R ' to C= y ] ,we get -

- - -




. Mit
Inverse of a Matrix B
It A 15 a square matnix of order m, and 1f there exists another square
matrix B of the same order m, such that AB = BA =1, then B 1s called the inverse
matrix of A and 1t 1s denoted by A", In that case A 1s said to be invertible.

2 3 ' —
For example, let A= [ I E:I and B = [ ? i ]hc WO matrices.
2 31 2 -3
MNow A = 1 2ll—-1 =
_[4-3 -6+6]_[1 0]_
2=2 =344 0 1
N o _ , , ,
Also BA = [ﬂ I]= I. Thus B 1s the inverse of A, 1in other

words B=A""and A is inverse of B, 1.e., A= B!
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INVERSE OF MATRIX BY E-OPERATIONS

(Gauss-Jordan Method)

By elementary operations on matrix we can find the inverse of the
matrix. if the matrix 1s non-singular by the following procedure

We know that
A=Al or A=1IA (1)
Now by the elementary row operations only we convert the

above expression as
I=A"*A

Where A~ is the inverse of 4



EXAMPLE Milt

Find the inverse of the matrix by Gauss-Jordan method of the matrix

1 2 3
A=|2 4 5

3 5 6

SOLUTION :

1 2 3
Given matrixis A = [E 4 5]
3 5 &6
And we know that A = [A
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1 2 3] 1 0 0] —
So put thevalueofdAandI, |2 4 5|=|0 1 0|4

3 5 6. 0 0 1l
b:l-' Rz - R: - ERI,Rj - R3 - 3R1

1 2 3] 1 0 O]

0O 0 -—-1|]=|—-2 1 0|A

0O —1 -3 —3 0 1.
bvyR, - —R,,R;, ¥ R, + 2R,

1 0 =3 -5 0 2

0o o 1|=|2 -1 ol4a

0 -1 -3l -3 0 1
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i1 0 -3 -5 0 2
[0 0 1 ' = [ 2 -1 OIA

O -1 -3 -3 0 1
by R, - R, +3R,,R; = R; + 3R,

1 0 0 1 =3 4
0 0 1]=|2 -1 0]A

0-1 0 3 =3 1

1 0 0 1 =3 2
0 1 0]=]1-3 3 -1|4
0 0 1 2 =1 ©
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1 -3 2
I=1-3 3 -1|A4
2 -1 0

1 -3 2
Al=]-3 3 -1
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EXAMPLE

_2333_
o e B A
~ = 0

__Ul?_E_

Find the inverse of A =

SOLUTION

IA

Let A

oo o m
o QO =~ Q0
o= 00

_l_UD_G_

[
oo

of N
~ = 0

q_Ul_q,,__ﬂ.,__




Applyirg Ry — Ry = 2R,, R, = R, - 2R, we get

—

2 37
2 2
-2
-1

1
1
0
1

1
0
0
0

—_ |
—3.
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-2
-1

0 0
0

1

Applying R, — R, + K, we have

0

2

0

—_ |

1

1

O

=

Applying K; = K, - K;, K, — K, - K,, we have

o
0

-1
1
1

-1 3
-2
-2

2 4]

0

1

3|

-2

0 0
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- R:,_, we have

s = R,

"’Rz,R

1

Applying R, — R,

g4’

2 4]

0

-3

2

0 O

O

1

1

1

i O O

Applying K, — K, + K, K, — 2R, — K,, we get

Applying K, — K, + K,, K, — K, - RK,, Ry — K, — 3K,

—3
3
&

-2

O

1 O O

0
0
-1

O 1 O
o o -2
O O O

U
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1. Find the inverse of the following matrices:
1 -1 0 2] i 2 -1 17
0O 1 1 -1 -5 3 1
2 1 2 1 12 3 -
3 2 1 6 '3 -1 0 1
s |1 2 4| 130 20 50 30
'3 3 8] _ -9 3 20
r 1 27 . 12 4 6
3. 7 _3 Ans, E -5 -1 -3
-2 4 4] I -1 -1 -1
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LECTURE-4

Rank of Matrix
and
Rank of Matrix by using

Elementary Transformations
(Echelon Form)
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DEFINITION

» Let A be any mxn matrix. It has square sub-
matrices of different order

» The determinants of these square sub matrices are
called minors of A.

» A matrix A is said to be of rank r if

» (1) It has at least one non zero minor of order r
» (1) All the minor of order (r+1) or higher than r
> are zero.

» Symbolically , rank of A is written as p(A) =r



Miet

Some Results on Rank of the Matrix

(i) Only null matrix has zero rank.

(i] If the order of an identity matrix is # then the rank of that matrix is also 7. i.e the rank of

unit matrix is same as of its order.

i) If A is a non zera, non singular matrix of order 7 X 1 then rank of A is p(4) = .

) If A s any matrix of order m X  then p(4) < min (m,n)

v) If all minors of arder 7 are zero then o(d) <,
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METHODS OF FINDINGS RANK

To determine the rank of a matrix A, we adopt
following different methods.

Method 01

» Start with the highest order minor of A. Let their order
be r. If any one of them Is non zero, then p(A)=r.

> If all of them are zero ,start with minors of next lower
order (r-1) and so on till you get a non zero minor.

> The order of that minor is the rank of A.



Method 02

Echelon form method: In this form of matrix , each of
the first ‘r’ elements of the leading diagonal is non zero
and every elements below this diagonal / r'™ row is zero.
A matrix iIs reduced in echelon form as:

» The first non zero elements in row should be unity if

possible.

» All the non zero rows, If any precede the zero rows.

» The rank of the matrix is equal to no. of non-zero
diagonal elements or the no. of non zero rows when it
has been reduced to Echelon form .



Continued.........

» In other words a matrix A = [a; ] Is an Echelon
matrix or 1s said to be in Echelon form if the no.
of zeros preceding the first non-zero entry of a
row increases row by row until only zero rows
remain.

» In row reduced Echelon form (r).



a Echelon form method:

In this method the rank of the matrix is equal to the no. of
non-zero rows when it has been reduced to Echelon form.

Example: |1

|
Lsd

Here, no. of non-zero rows is 2. So
rank of the matrix = 2.

=

= ka2

— |
l—l.




Numerical Problems

EXAMPLE:
Find the rank of the matrix. {1 > ;}
6 5

1
2

1 2 3 ]
O 2 —1 |
o 2 —1|
RB —> R3-R2 B N
1 2 3
0o 2 -1
No of non zero rows =2 O 0 O

= hence rank of (A)=2



EXAMPLE: mlgt

Use elementary transformations to reduce the following matrix A to triangular form

and hence find the rank of A

2 3 -1 -1
1 -1 -2 -4

A4=l3 1 3 -
6 3 o =7 ) )
Solution:

2 3 =k =1
1 =1 =Z —4
o % S =4
6 3 0 =7

The given matrixis A =

i 1 3 8
2 3 -1 -1

i3 1 3 -a]| PEOR
6 3 0 -7



===

OO0 0O =

00 0O =

-1
3
1
3

-1

5
4
9

-1 =2 -4

5
4

4

-2 —4]
-1 -1
3 -2
0 -7

-2 —4]
3 7
9 10

by R, » R, — 2R, ,Ry = Ry — 3R,,R, = R, — 6R,

12 17

3
9

9

-1 -2

5

4
0

3

9
0

7
10
10.

byR, > R, — R,

—d]

10 by R, > R, — R,




1 -1 -2 —4

0 5 3 7 .

o o £ 2 bJ’RE_"RE_ERI
5 5

0 0 0 0 -

hence the number of non zero rows = 3, so p(4) = 3



EXAMPLE: Find the rank of the following matrix using Echelon method.

B

(4 2 3 2
a) s -39 .1
l_l 3 4 3
1 2 31
by |1 4 2
2 6 S
§ ot
c) 12 &
3 6 10




Solution:

i i Y
(@ Let A=|2 3 5 1}. (Applying R, - 2R, and R,—R))
1 3 @& 3]
1 2 3 2
4 ~10 -1 -1 =3|. (Applying R;+R,)
0o 1 1 3]
M., 2. 3 2

lo -1 -1 -3| Clearlyrank(4)=2




Solution:

B A= 2|. (Applying R,— Ry-R, and R,— Ry-2R))

Lo

2
4
6
2
A~|0 2 -}|. (Next,applying R3->R3—R2)
2
2
2 —}|. Hencerankof A 1s 2. Ans.
0




Solution:

F 2 3
(© A=|2 4 T| (Applyinghere R,—R,-2R, and R, - R,-3R)
36 10,
1 2 3 ;
~|0 0 1| Itsrank=2 since 3#0 ‘ p(A)=2
00 1 § )




EXAMPLE:

| =2 3 1
Find the values of @ and b such that the rank of matrix A= |2 1 =1 2|is 2
6 -2 a b
SOLUTION:.
12 3 1
A~|0 5 -7 - 0| (onapplyingR,—R,-3R,andR, > R,-2R))
0 -5 a+3 b-6
1 -2 3 1]
A~|10 5 =7  0]|(on applying R, - R, +R,)
0 0 a-4 b-6]

Since rank of 4 isgiventobe 2 wehave a=4, b=6



Home Work

Find the Echelon form of the following matrix and hence find the rank.

1 2 3
112 12|
31 2

[Ans. 3]

2,

3. Find rank by using Echelon form

r
h b e

-2 1
1 =2
1 -5

-7 2

1 2 -5

41 -6,

6 3 4

Miet

[Ans, 2]

ANns. 2



Find the Echelon form and hence find the rank.

a |1 -2 3 -1
2 -1 2 2
3 1 2 3
- | 3 —1
Ans 0 S | 41, rank = 3
0 0 7 —10
1 2 =5
5. —4 1 —6
6 3 —4







3 P P

8. Find the value of P for which the matrix A = (P 3 P) is of rank 1.
P P 3
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LECTURE -5

Rank of Matrix
Using

Elementary Transformations
(Normal Form)
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Method 3: NORMAL FORM

If A 1s an m x n matrix and by a series of
elementary (row or column or both) operations, it
can be put into one of the following forms ( called
Normal or Canonical forms):

I
P R TS

5 ol
0 ol 0
Where [, 1s the unit matrix of the order r.

Since the rank of a matrix 1s not changed as a
result of elementary transformations, it follows

that p(A) =r
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J Normal form method:

In this method the rank of the matrix is equal to the order of unit
matrix. In this method both column and rows operations are
used.

Example: Here, the order of unit matrix is 2.

So rank of the matrix = 2.

= O e
= = =
= o =
e Y e R
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EXAMPLE: —

Reduce the following matrix in to its normal form and hence find the rank of the matrix

2 1 -3 -6
A=13 -3 1 2
(I
2 1 -3 -6
Solution:  Thegiven matrixisA=|3 -3 1 2
1 1 1 21
1 1 1 2]
v|3 -3 1 2|byRyoR,
2 1 -3 -6




1 1 1 2] miﬂt

vz -3 1 2 B
2 1 -3 -6
11 1 27

v[0o -6 -2 -4 |byR,»R,-3R,,R, >R, - 2R,
0 -1 -5 -10.

1 0 0 0°
nvo -6 -2 -4|byC,=C,=C,,Ci=C—Cy,C, = C, = 2C,
0 -1 -5 -10.

0
+
10

,E:I-}I" EE - _EEI HE — _Ra

1 0 0O
"'*-'[ﬂ' 6 2
0 1 5



0
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1 0 0 0
0 0 1 0
~ [I; ... o] Which is the normal form.

hence p(4) = 3



EXAMPLE: Mot

Find the rank of the matrix
B A8 8]
A= 4 2 06 =1 using normal form method.

B
64 12 15

SOLUTION:

(1 6 3 8]
2 4 6 -l
S ting C,, on A

3 10 9 7| Cnopening Cyon )

416 12 15

~ -

1 6 3 8
0 -8 0 -17 | -
i PO (on operating R, - R,-2R,, R;=R;-3R,,R, =R, -4R,)

0 -8 0 -17]




8 0 -17 (on operating C,—C,-6C,,C;—C,-3C,,C,—C,-8C))

0
0 (on operating C, — -%Cz andthenC, - C,-17C,
0

(on operating R; & R; R, andR,—R,-R,)

So, Rank(A)= 2

Bt






W 1 Ly -
%’7‘” /23']
0 | )

Miet

Wmmu?w b it

fAB L noapal
[2020-21]
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Find rank by Normal form:
2 1 3 _
Q. I4 7 13] Ans-1, rank of matrix = 2.
4 -3 -1
"1 2 1 0° .
Q2. |-2 4 3 0 Ans-2, rank of matrix =3.
1 0 2 -8
5 3 14 4 _
Q3. |0 1 2 1] Ans-3, rank of matrix = 3.
1 -1 2 0
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Q 4. Find rank by using Normal form

21 3 5§
4 2 1 3
A=1's 4 7 13 |
'8 4 3 -1

Q 5. Find rank by using Normal form

1 -1 2 -3
4 10 2
4=10 31 4
0 10 2
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Q 6. Find non-singular matrices P & Q such that PAQ is in the
normal form for the matrix hence find the rank of the matrix

1 2 3 -2
A=<2 -2 1 3)
3 0 4 1

1 0O O
Ans. P= (—2 1 0), Q=
-1 -1 1

21

and Rank of matrix A = 2

o O

o o 0\|er“—\
() ml'LO\Ir—\UH-h

Nikp O olR

—
-}
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L_ecture-6

Consistency of Non-
Homogeneous System of Linear
Equations
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Solution of a System of Linear Equations_

Let we consider the system of linear equations:

ﬂ”.r'i' ﬂ!z}“i' 132 = b,_
Ay X+ 0y Ta:32=b; (1)

ayx+az:y+apz=Db;
(Thres equations with three unknowns)
Then the matrix form of the system of equations is:

Mgy Qg3 Ag3]px b,
ayy Gz G [J' = b
A3y Q3 Q33 liZ

Or AX =B (2)
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[y Qg2 Qg3
Where A = | Gzq Gz Q33
| A3q A3z O3z
X
X=\y
(& 4

15 5a1d to be coefhcent matrix

15 said to be column vector or variable matrc

by
B= [ﬁ;] 15 sad to be comstant matnx
3
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If AX=B, (B =0), then system is called homogenous -

system.
If AX =B, (B # 0), then system is called non-homogenous

system.
Non-homogeneous System Ax=s.@#o

—




Unique solutions exist

————— p(4) = p(A:B) =n
Infinite solutions exist
System of equations 4) = p(A:B) < n
. p(4) # p(A:B)
Inconsistent system
(No solution)

To check the consistency of the non homogeneous system of
equations we form a matrix C = |A: B|, which is called augmented

matrix and obtained by augmenting the elements of A & B or keeping
the elements of A & B side by side.
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EXAMPLE:
Solve, with the help of matrices, the simultaneous equations:
x+y+z=3,x+2y+d2=4 x+4y+92=6.

1 1 1 : 3
1 2 3 : 4
4 9

SOLUTION:
Augmented matrix [A: B] = [
1 G

Operating R, (— 1), R, (— 1}
1 1 1
~|0 1 2
0 3 8

11 1
~10. 1 2
0 0 2

plA : Bl = 3. Also p(A) = 3.

= L

e

Operating R, (— 3)

I
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inee oA B] = ) =  (wumber of unknowns).
Henethe given system of equations s consistent and has unique soution.
Euvalnt system of equations i
1y422]
y+l=]
bz
1=dy=12=0,
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EXAMPLE:

Show that the system of equations
t+y+z=-3, Sx+y-22=-2, Z2x+4y+7z=71snot consistent.

SOLUTION:
Augmented matrix,

1 1 1 : -
[A:Bl=|3 1 -2 : —
2 4 T fi

ﬂpﬂraﬁﬂg Rgg_ {- 3}: R31 {“ EJ

1 1 1 : -
~10 -2 -5 : T
0 2 5 : 13
Operating Rsz (1)
1 1 1 : -
~Q -2 =5 : 7
0 0 0 : 20

which 15 echelon form.
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.. plA:B)=3 and plA)=2
We observe that
p(A) # p(B)

Hence the system of given equations is inconsistent and has no solution.



EXAMPLE:

de -2y + Gz =8
t+y-—Jz=-1
e =3y + 8z =21

SOLUTION:

Auvpmented matrix,

Cperating R,

(A B] =

13
1

15

1
4

15

-2
1
—3

1
— 2
— 3

Investigate for consistency of the following equatlons. mlgt




| H Mgt
Operating R, (—4), By (- 15) —
1 1 -3 : =1
-0 -8 18 : 12
10 -18 84 : 3§

Operating R(=3]

1 1 -3 & -1]
-0 -6 18 @ 12
0 0 0 g

plA:Bl=2 and plA)=2

Hence given system Is consistent. But has
Infinite solutions.



1+y-d=-1 (1)
ik @

Let z=k (arbitrary)

}l - ak ~ 2 ...From(2)
= 1 ...From(1)

Miet



EXAMPLE: Mmict

[nuestigate, for what values of L and v do the system of equations
r+y+2=6, 1+2y+32=10, x+dy+iz=
Have (i) No solution (i1) Unique solution (iii) Infinite solution

SOLUTION:

111: 6
Augmented matrix [A:B]=1 2 3 i 10
12 A
Operating Ry (- 1), Rgy- 1)
11 1 & 6]
101 2 : 4
0 1h-1%p-6
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Operating Ry,(- 1)

Case LLIfA =3, p= 10
plA)=2,p[A:B] =3

plA) = p[A : B]
The system has no solution.
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Case IT, If L # 3, 1 may have any valug

p(A) = p[A:B] = 3 = number of unknowns.
. 'The system has unique solution,

Case IL If 1= 3, p = 10
plA) = plA:B] = 2 < number of unknowns.

*. The system has an infinite number of solutions.



s Tt o Gy o s G Lot

IIIII!t

dploe. Thorn: xid ’Lz [2022 - 23]

142 43z2~= l‘f
IMyH'z:Bo.
|

1+2y+32z=M

t\ x+'4*‘1+'*2’30

, % B
;Mgmwtea{ Malrux [NBJ:[: ,'_ é :H]
: | 4 # ! 30
 opoating Ry—RamR, and RiRRweqed
|

[} ) | 4 B |
| |0 3 6 £ 2.’-1 S



\
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perating Ry Ra™ 3R, , we get ]

P 1 1 ¢ &
v o by |} 2 & B
0 0 0 ' ¢

Rank [ A:B] = Rank [p]

Lthe Sygkem A8 Condgtent with infinite o 6} Solutions,

and t equivalent system 6 equation A<
1+ Y2 =6 and  Y+2z=0

- A —
Lt z=% O

From @, Y= 2(4-R)
From @, x=6-2(4-R)-R =k-2

[x=%-2], [3=20-%] , [2=F]




2)

3)

HOME WORK .t

Check the consistency of the following systemn of linear non-homogenous
equations and find the solution, if it exists.
fxptr2wa+ Iy =16; 20+ 11+ 5 =25, %1 + 3 + dx3 =13

(U.P.T.U. 2008)
95 100 197
Ans. XS T g RT T

For what values of A and u, the following system of equations
2x 4+ 3y + 02 =9 , Fx+ 3y -2z2=8,2x + 3y + Az =

will have (1} unique solution and (ii) no solubon

Ans, (i)A 25 (ifiju =9 A=5

Determine the values of A and p for which the following system of

cqughions
=2y +z=p, dx-8By+Fz=]3 2x+y+ir=-1has
{1} Unigue solution {ii) Mo solubon and

(1)  Infinite solutions,
\ . 1
Ans.  (Ijaz-3 (i1} A = -3, p-#-3- fitl) A==3,pu=1/3



Miet

L_ecture-/

Problems Based Upon
Non-Homogenous
System of Linear Equations



Solution of a system of linear equations
EXAMPLE  solve

X1+ a2 —x3 =0
2x) — a2 +x3 =3
dxy) + 2x2 — 2x3 = 2.

SOLUTION:
By applyving elementary row operations
1 1 —1}07]
[A|B]l= | 2 —1 1] 3
_4 2 =2 2_
11 —1 O] R2 — R2 - 2R,
- 0 —3 3 3 ) _
0 —> > 2 Rz —+ R3-4Ra1

fli' Rz : R2/(-3),
_ Rz *R3/(-2)

Bt
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_,, ' ' — 1 O Rz —+ Rz- Rz
0 1 —1] —1
0O 0 O 0

rfA))=2=r(A|B) = 3 = n = number of variables.

The system 1s consistent but has infinite number
of solutions interms of n — r = 3 — 2 = 1 variable.

Choose x3 = k& = arbitrary constant.
Solving xo —x3 = —lorxs =x3— 1=k — 1.

xi+x—x3=0or xyj=—xxtxz=—4Lk+14+4£=1
Thus the solutions are

xi=1l,x2=k—1,x3 =%k, wherek is arbitrary.



mit
EXAMPLE Determine the values of @ and b for
which the system
X+2y+3z=26
X4+ 3y +5z=9
2x +5y +az=5b

has (1) no solution (11) umque solution (111) 1nfinite
number of solutions. Find the solutions 1n case (11)

and (i11).
SOLUTION:

1 2 3|6

[A|B] = 1 3 5|9
2 5 a|b
1 2 3 O
0O 1 > 3 Rz +*Rz2- Ra,
0O 1 a—6lb,—12 Rz—+ Rz-2R1
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6

3

1 2 3
~10 1 2
0 0 a—8|b—15] Rz —+ Rz-R2

Case 1: a=8,b#15,r(A)=2+# 3 =r(A|B),

Inconsistent. no solution.

Case 2: a # 8,b any value, r(A) =3 =r(A|B)

=n = number of variables, unique solution,
. bh—15
- a—8 "’

yv=03a—-2b+6)/(a—8),x =z=(b—15)/(a — 8).
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Case 3: a=8,b=15r(A)=2=r(A|B) <3 =
n, infinite solutions withn — r =3 — 2 =1 arbitrary
variable.x =k, y = 3 — 2k, z = k, with k arbitrary.



EXAMPLE Find the value of A such that the following equations have mlgt
unique solution:
AX+2y—-22-1=0, 4x+ 20y -2z2-2=0,6x+06y+Az—-3=0
And use matrix method to solve these equations when A = 2.
(M.T.U. 2013)

SOLUTION: System has unique solution if coefficient matrix is

Non-singular
A 2 -2
4 2% -1|#0
6 6 A

(h—2) (A2 + 2 + 15) # 0 222



when A = 2.

(A : B)

1
~11
1

Operating B=R:-R1. R=R: - K1

Operating R: 2 4R:f3, R: = 3R./4

1
0
0

plA : Bl = 2 = p(A) (< 3)

Ri=R1/(2),
R2=3R2/(4),
R3=R3/(6)

Miet
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Equivalent system of equations 1s

L+y—2= and z=0

x+Y=

1
Lety =k, then x = o —k,

}'=k1
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+oy+6z=8B , SN +6y+72-C arL Vm/w/#

C e un ol mzwzﬁwawwp). [2011-12]
o |- Lok BX=8 bt '27{"‘”“‘ Ut 04 ey s

=% C=fB8l =T 3 ¥ ¥ | ﬂ
(.{ A 4 J P
3 ¢ NP

Qs | Lo That o dydow 6] 04Vs 31 +1y+652= A,
R .ZMW
A, B

~d




i Pl ! i~ £y > K —34)
b | L |ua-38 A%
Lo B D lC-218+4

yduihs 4 LALLM fo
L pemilingy PR = ([A) 8]
Le we mut heame I3+ A =0
=2 LtA =48 _
= 8- (A
> [B2 g4
pe-A B amel L st ta AP
}/(wx/;/&m%@/-
=

Miet



Quea : Fore what vM e[/\ and L, A
+ 5z =]0 a 21433 oy Al

C%'IS: 'l+\d+2:6 ’1.}2

foa (4) o0 uwm
Alko, 4ind Lhe 06lution [t

Lo)N: Lt AX =B le the dsysdem

% e,?'l;. i % B 6
, c=Cp'B]=|' 2 S (o

2 3 A . A
R R, - R, and RB—’ Ry— 2R,

w | \ ) : é
0o I H e
01 A-2 [ A2
é
L’

- ‘

) 1 ) : |
=l 4 g o .
6 6 e Yau=1e] TET

o) Unigapua Sol”
3 Fim=3lc)=3 then
g0 2 A*E ond u-16 0

F 16\ et qi WQ\I Have anzyaw

=
(4> No Seluhion

8 FiR+ Jie) = F(p)=2
> A-6 =0 and U-16 #O

gL gol” (i) Nlo <0

)7 i) Infrnite’ no- e

So}"d

A= 2 a/)'ld M:&- [Z—O)Q*QO]

— —

i) nfinite no.

&9 0 OoO-Y g &

iyrz =6 — &

Fsrom D, ‘j-)'B—’— Y
- =

me@ p) )(“\"{+2 :6
=) X_-_B
Henee, So)?. I —

5 =6 ] and Ju #1£] |

——

lsi_—q (

s gz =Yy ——CD
Bate" o 1=n

=8, 4= - | 4 [Z2=2=
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HOME WORK

I, (i) Test the consistency of the l'o]]owAing system of equations:;
Dx+dy+Tz=4,3x+ 26y + 22=9,Tx + 2y + 112 =5,
(1i) Test for the consistency of the following system of equations:
'3 4 5 6.1 [7]
4 b6 6 T 8
5 6 T 8 =9

10 11 12 13(|"3| |14
15 16 17 18)L™] [19)

(iti) Show that the equations 2x + 6y +11=0,6x+20y-62+3=0 and 6y-18z+1=0arenot
consistent. (UKT.U. 2011)

2. Solye the following system of equations by matrix method:
()t+y4+z=8x—y+22=6,3c+5y-Tz=14
(i) x+y+z=6,x-y+2=53c+y+z=8
(i)x+2y 4+ 32=1,20+3y +22=2, 3+ 3y +&2=1.
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ANSWERS

1. (1) Consistent
(i) Consistent with many solutions.

1. (I) x=5,y=5/3,z=4/3
(i) x=1,y=2,z2=3
(i) x=-3/7,y=8/7, z=-2/7.
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| ecture-8
Solution of

Homogenous System of Linear
Equations
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Linear System, Coefficient Matrix, Augmented Matrix

A linear system of m equations in n unknowns X, ... , X, IS a set of
equations of the following form

AX = B, (B = 0), then system is called homogenous system.
AX =B, (B # 0), then system is called non- homogenous system.



Mict

System Of Linear Equations

Homogeneous System Non-Homogeneous System
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Homogenous System (AX=0,B=0))

|
| |

Unique Solution Infinite Solutions
If rank(A) =n (no. of If rank(A) < n (no. of
unknowns, trivial solution) unknowns)

[ Trivial Solution OR Zero solution ] [ Non-Trivial Solution ]
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EXAMPLE =

Show that the equationsx +y+z=0, 2x +y —z =0,
x —2y +z = 0 have only the trivial solution.

SOLUTION:

The matrix form of the equations 1s

1 1 1) (0
2 1 -1 0
1 -2 1)\ :z L0

O

X
.,1!
A X
|
Applying R, - R,—2R,, R; > R; — R,

R

11
A =12 1 =




Mit
1 1 1)
A ~|0 -1 =3
0 -3 0
Applying R, = R; - 3R,
1 1 1)
A ~|0 -1 =3
0 0 9)

Obviously,
p(A)=3
The number of unknowns 1s 3.
Hence p (A) = the number of unknowns.

.. The equations have only the trivial solution.



EXAMPLE “"Et

Show that the equations 3x +y +9z =0, Ix +2y +12z =0,
2x +y+T7z=10 have non trivial solutions also.

SOLUTION:
The matrix form of the equations 1s

31 9 x (0
3 2 12| |v| =10
2 1 7 z L0
A X = 0

3 1 9

A =13 2 12

2 1 7



301 9 s

Al =P 2 12/ =0, [ | =3%0
2 1 7

L p(A)=2

The number of unknowns 1s 3.

Hence p(A) < the number of unknowns.
.. The equations have non trivial solutions also.



Jud: Find A veblwe of R which the syctim
Lquam (3k~6)x+.3é;L+3z=O %
Ix 4 (3fk—8)lj +-32 =0
3x + 3y 4 (3k-6)= =0
oo o nen- Duvial  gelution. [ﬂmu—zow}
So0)": For the given m P-fluah'ow! o hawve L
— tdvial Soluhon, Y(Rp) jz) wha .
_ | 3k-8 3 3 . s -
9_{ o, 3],w the loefficient Mabix.
y S 3 3.k-0
Foo this, IA) =0
348 3 k.
3z 3kB8 3 =0
3 3  3%-8|

=




oy S5 G 'Cz’ C3
|
? |

(3’&-2)
=
3 iy ?d
&
3 E :
-2 3k-06 Pt o
3 i : R3 1
32-2 oo ’
3 . Rz'* 3 :
) . 3R-1) |
Op 2) O O
(3 k- 0

)=
£- 2-)(3792
-

»

5
: 3
° -8
.- IR
5




EXAMPLE “"gt

Solve
X o4y — 2z 4 3w =0
xr—2v4+z—w=10
4y 4+ v — 5z 4 Bw =10
Sy — Ty 4 2z —w=0.
SOLUTION:

The coefficient matrix A 1s

B | —_ 3
- | —

A= 4 | —5 =
5 =7 L —
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4 FR: — F'tz - R4
o F:-EI; e H.3 -—.L"I.F{;._
Ra — Ra - 5Ri1

Fz — Rz - R1
Ra — Ra - 4Rz



r(A) =2 =4 = nn = number of wariables.

Non-trivial soluations exist in terms of
Fi— 75 —= 4 — 2 = 2 variables.
Choose z — k&3, and w — k5. Then solving

x4+ v—2z 4+ 3w =0
3__'!-’—334"*’41.1'_]:'3

We get
1 £ 4
r—= —(3z—4dw)—=—z — —w = &1 — k>
> 3( u) z 3 1 3 ~2
A
x = —v + 2z — 3w = —&1 + gﬁ:g—l— 251 — 34
5
I=Rl—§k2

where k; and ko are arbitrary constants.

14
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EXAMPLE Find values of A
=D&+ Br+Dy+20z2=0
A-Dx+4h-2)y+(A+83)z=0
2+ (Bh+ Dy +3h-1)2=0.

If system Is consistent and have Non-trivial solution .Also find
solution.
SOLUTION: System has Non-Trivial solution

A-1 3A+1 2A
A=|A-1 4L-2 A+3
2 3+1 3A-1)

For this, |A[ =0



;'L*—]. JA+ 1
A—1 4A -2

Operating R, —» R, — Ry

[ |

A
A+ 3

2 3A+1 3(A-1|

O — A+ 3
A—1 4ra—2
2 3+ 1
Operating C, = C,+ (5
0 0

b3

A—1 5A+1
2 6A—2 3A-—3

(A—3)[(A=1)(BA—-2)—2(6A+1)] =0

A—23
A+ 3

3A -3 |

A—3
A+ 3

A=0,3



Putting A = 0, we get miot

Operating R, — R - R,

_ ' -1 1 0
R, — Ry + 2R,
T - O —3 3
O 3 —
GPE:I‘.‘EI,ting B, = B, + R:
— 1 1 0O
— o —3 =
) O 0O
— +J.' =
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Let z = £, then from (2), y=¢,
From (-D:-I - kl

. Infinite solutions are given hy x = k,y=k,z=k wherek, is arbitrary.

Putting A = 3, we gef

2 10 6]

A= (2 10 g

2 10 6

2 10 6]
~{0 0 0of R - R, -R,
-ﬂ 0 ﬂJl H3 — H3 - Rl
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Equivalent system of equations is
2c+ 10y +62=0
Letz = k,, y = &, then from (3),
x = — bk, - 3k,
Hence infinite solutions are given by

x:—ﬁka—akz,y=k3,3=k2
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HOME WORK

1. x 4+ v — 3z + 2wy —
Z2x — v + 2z — 3w —
3Ix — 2v + = —
—Ax +— v — 3=z + w2

Arrs. Trivial solution x — v — =z — 0O,
since ~(A) — 4 — r2

2. X + x=2 4+ X3 4+ xa —
x1 + 3x2 + 2x3 + dxa
23{1[ —+ X3 — X4 — .

cCQ0

|
e ¥

A rFrs. S — —;_L,.Iﬂi'{ —+ ék—z, N —%k{ _TE.IELTE,
x3 — K1.XxX4q4 =— k2 where &) and &> are arbitrarwy
constants ziving infinite number of scolutions:
LAY = 2, rn — 4



HOME WORK

3. Determine the values of b for which the sys-

tem of equations has non-trivial solutions. Find
them.

b—1Dx+@4b—2)y+(b+3)z =0,
b—1x+@Bb+ 1)y +2bz =0,
2x + @b+ 1)y +3(b — 1)z =0.

Ans. 1. b=0,x =y =7z
ii. b:3,x: —5k1 —3k2,y:k1,Z:k2
where k; and k, are arbitrary

Miet



HOME WORK

4. Find the values of b for which the system has
non-trivial solutions. Find them
2x +3by +3b+ 4)z =0,
x+b+4)y+@b+2)z =0,
x+2b+ 1Dy + @b+ 4)z =0.

Ans. 1. b # £ 2,only trivial solutionx =y =z=0
il. b=2,x=0,z=k, y= — 5k/3, k arbitrary
ili. b = —2,x = 4k, y = z = k, k arbitrary.

Miet
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LECTURE-10

Eigen values
and
Its Properties



| - Migt
Eigen values of a square matrix

Let A be any square matrix of the ordern X n, I
be the identity matrix of the same order and A Is
any parameter then we have the following

definitions:



(1) Characteristic matrix: The matrix A — s called the characteristic matrix of A, where

-ﬂll_ Aoy ; (e |

q yy  Op—4 i @
A-i=| R T

|y (i 5 iy, = /.
(2) Characteristic polynomial: The determinant of the characteristic matrix that is [4 — /1|

15 called the characteristic polynomial.
(3) Characteristic equation: The baquati:::n

[A—=AI| = 0is called the characteristic equation.
(4) Eigen values or Characteristic values or latent roots of a square matrix: The roots of

miet

the characteristic equation are known as the Eigen values of that matrix



2-% 2 | Mmiot

For example, ' 3-A | B
l 2 2=\

= (2= (6-5A+A=2)=2(2-A-1)+1{2=3+N)==A"+TA =11 A+

Characteristic Equation: The equation | 4 - A/ | = 0 is called the characteristic equation
of the matrix 4 e.g.

M-+ 11A=-5=0

Characteristic Roots or Eigen Values: The roots of charactenstic equation | A ~A/| =0
are called characteristic roots of matrix 4. e.g.

AV-7M2+114-5=0
5 - A-DA-DA-5=0 L 1R T % I,
Characteristic roots are I, 1, 5.
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Remember :

» Characteristic Equation:
A—AlIl =0

» No, of eigen values 1s equal to order
of matrix.
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Method to form cubic equation

Ag- (Trace of A) Az'l' (M11 + Mzz + M33) A - |A| =0
Where Trace of A = Sum of Diagonal Elements of A

& My, M,, and M, are the respective minors of the
matrix A
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Some Important Properties of Eigen
Values

(1) Any square matrix 4 and its transpose 4" have the same eigen values.

Note. The sum of the elements on the principal diagonal of a matrix is called the trace of the
matrix.

(2) The sum of the eigen values of a matrix is equal to the trace of the matrix.

(3) The product of the eigen values of a matrix 4 is equal to the determinant of 4.

AR, A, .. A are the eigen values of 4, then the eigen values of

() kAarekh, kA, ..., kL (if) A" are A" AT ... A"

|
vins sl & U s
(1) A " are M. 7*2’ "

n



Applications of Eigen Values mlgt

(1).Eigen values are used iIn electric circuits,
guantum mechanics, control theory, etc.

(2).They are used In the design of car stereo
systems.

(3).They are also used to design bridges.

(4).1t 1s not surprising to know that Eigen values are
also used In determining Google's page rank.

(5).They are used in geometric transformations.



Question 1: Find the Eigen values of the matrix 4 =

2 2 1 (et
131‘ -

1 2 2
Solution: The characteristic polynomial of the given matrix is
2— A 2 1
|[A—All=] 1 3—A4 1
1 2 2—A
5—-4 2 1

5—4A 3—-4 1
5— A 2 2—A

by operating C; — C{+0C5 + (5

1 2 1
=(5-A4)|1 3—-4 1
1 2 2— A
1 2 1
=(5—-A4)|1 3—-4 1 |byR,—»R,—R;,R; > Ry;— R,
1 2 2— A

=(5—-)(1-21)?
so the characteristic equation of

(5—A2)(1— )% =0 soeigen values of Aare A= 1,1,5



Question 2: Find the characteristic roots of the matrix mlnt
(8 -6 2]
A=1-6 7 -4
12 -4 3]

Solution: The characteristic polynomial of the given matrix is

A-AMl=|-6 T7-41 -4

8—-4 0 2
=| -6 -5-1 —4 |byoperating C; — C; +3C5
2 5-31 3-1
on Expanding the determinant we get

A-Al| = 4187245 = —A(A=3)(A-15)

and the characteristic equation of matrix Ais [A — AI| = 0

Or —AM(A-3)(A=15)=0s0 4= 0,3, 15these arethe Eigen values of the matrix A.
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Example 3. (i) Obtain the eigen value of A® where A = [:'j g] .

2 21

(fi) Two eigen values of the matrix A= |1 3 I|areequal to 1 each, Find the eigen
1212

values of A
Sol. () Characteristic eqn. of A i
i-4 2
1 2-4|°
= A=l 4

So, the eigen values of A% are 1%, 4%1.c,, 1, 64.
(fi) Lot 3, be the third eigen value then,

Mel41=24342
= A=D

The three eigen values of A are 1, 1, 5.

. The eigen values of Alare 1.1, 1
]



(1 2 -3 llllﬂ'[

Example 4. The matrix A is defined as A=[0 3 2
00 -2

Find the eigen values of 3 A> + 5 A* — 64 + 2I.
Solution. |4 -A/|=0

— 1-A)@B-A)(-2-A)=0o0r A=1,3,-2
Eigen values of A>=1, 27,-8:; Eigen values of 42 = 1,9, 4
Eigen values of 4 = 1, 3, -2; Eigen valuesof /=1, 1, 1
. Eigen values of 3 4> + 54> - 64 + 21
First eigen value =3 (1’+51)°-6(1)+2(1) =4
Second eigen value =3 (27) +5(9) -6 (3) +2(1) =110
Third eigen value =3(-8)+5(4)-6(-2)+2(1)=10
Reauired eigen values are 4. 110. 10
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Practice Questions

3 -1 T
Ql
Two of the eigen values of A= -1 9 —I|wre § and 6. Find the eigen
1 -1 3
vafues of A~ Ans:1/2,1/3,1/6

Find the sum and product of the eigen values of the matrix
2 0 1
Q2 =

2 0
0 2

Ans:6,6



Q3. Find the sum and product of the eigen values of the matrix
-1 1 I
I -1 1
1 -1

QA. Find the eigenvalues of

3A3+5A2—-6A + 2| where

A=

Miet

Ans: -3, 4

1 2 -2
o 3 2
0 0 -2

Ans: 4,110, 10
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LECTURE-11

Definitions of Eigen vectors
and
Problems
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Eigen Vectors

Figenvectors: 415t Een value of any 1 X matre A thenfhe ko olion o
A=A
Or(d- 1)1 =
sknown s the Egen vector correspondng o e Een valle
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Praperties of Figenvectors: If X is the Figen vector of a matrik A corresponding to the Figen

i
i

i)
(iv
[v)

value 4 then we have the following properties of Elgen vectors:

Fioen vector 15 always a non-zero vector.,

;

vere may be more than one Figen vectors corresponding to the same Eigen value

0

3 Matrix.

Fioen vectors corresponding to the different Eigen values are inearly independent.

Fioen vectors corresponding to the same Eigen values may be inearly dependent.

Fioen vectors of  symmetric matrix are orthogonal,



- Mmiet

' , he matrix A =
Example . Find the eigen values and eigen vectors of th -8 1‘

: ' IX 18
Sol. The characteristic equation of the given matrix

|A-AT|=0
A -2
. ,—5 4-x"°
- M- Bh-6=0
- % B, =1,

Thus, the eigen values of A are 6, - 1.
Corresponding to A = 6, the eigen vectors are given by

(A-61)X1=O
1-6 -2 1[x,]
or bl
[‘5 4"6- _xzd-o
-5 =-2[x,
or L 1=
[-5 ‘2_ x2 -O

We get only one independent equation - 5, - 2t, = 0
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_ 2
The eigen vectors are X, = &, [_ 5]
Corresponding to A = — 1, the eigen vectors are given by

(A+DX,=0

2 -2 x 0
] M
= X, —%,=0
X1 _ X

11 =k, (say)
Xy = kﬂ "IE = kz

The eigen vectors are X, =k, [ﬂ



EXAMPLE: miﬂt

Find the eigemaluea and ergenvectors of the matrix
3

]
26|
5 |

A=i0
o 0
SOLUTION:
The characteristic equation of the given matrix is
1A -AT[=0
I—A 1 4
0 2 — A & |=0
() 0 52— A

or(3-A)(2-2){(5-A1)=0
o A=3,2,5
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Thus the eigenvalues of the given matrix are —
M=2, k=3 =3

The eigenvectors of the matrix A corresponding to A =2 ig

[A =Ml X=10

[3-2 1 4 Ix] [0
ie| 0 2-2 6 |x,|=|0
0 0 5-2f x| [0

11
0 0 6]x,
0 0 3|x

1.8, %1 + X2 + dxa =0
bxs =0 = x3 =0
X1 F X7 =(]



Mitt
x1 + xz =0
= x1 = =x2= ki (say), ki =0
Thus, the corresponding vector is

1
}:] ™ -u!'r-j = _kl EI"';.t _1
X, 0 ()

b — [ e -




The eigenvector corresponding to eigenvalue Az =3 “"gt

[A-A]] X=10

3-3 1 4 x|

0 2-3 6 |x
0 0 5-3|x] [0

il
- =

1 4|x] [0
0 -1 6]x,|=
00 2x| |0
e, xa+dxy=10
=%7 + %1 = ()

and 2x1 =0 = xy =0
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L.e. %z ={ (. %3 =0)
Now let x1 = kg, we get the corresponding eigenvector as

w1 [k ] 1]
X, =[x, [=] 0 |=k,|0
| [0 0




Again when A = 5, the eigenvector is given by mlgt
[A-AsI] X=0

— — — oy —-—

" 3-5 1 4 %, ] [o
0 2 -5 i X, |=| 0
0 () E_EJ:_:'{.:,_, L0

-2 1 4=
= 0 =3 6 || %
0 0 0| =x 0

Il
= o

i@, =2 xy + x73 + dxz =0

- 3xz + 6x3 =10

or xz = 2x3 = ka (sav), ka=0
Then

2xy = ¥ + dxa = ky + 2k

= 3k

3
Xy = Eka
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Thus, the corresponding vector is

3
%] (2%, [3]
L%3 lk il
Bt
At Eigen d=2,A2=3,A3=5
Values
Eigen Vectors are
— -1_ '_1-' __3_
k| -1 k,| 0 lk, 2
2
- I::I.-- -ﬂ— ".1'




EXAMPLE: Find eigen values and eigen vectors.

Miet

The characteristic equation of the given matrixis | A - ?-.I-| =0 i.e.

1 B 1
1 2 0
0 0 3
SOLUTION:
1-A 6 1
1 2-4 0 |=0
0 0 3-A]

A=34, -1
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Mow, eigenvectors corresponding to =
= A=-115

[A = Aq] Xy =0

[1+1 & 1 |[x,] [0
e, | 1 241 O |[[x (=0
0 0 3+1|x,| [0

(2 6 1|[x, ] [o]
=|1 3 0O|lx,|=|0
0 0 4|x, 0

ie. 2x + Bxs + x3 =0
%1+ 3xa=10
dxs =0 = %3 =0



Miet

X1 = = 3x2
suppose X2 = k, then x = - 3k, k=0
The eigenvector is
x| [-3k] -3
X, =|x, |=| k|[=k|1
x| | 0 0




Eigenvector corresponding to Az = 3 1s
[A = AzI]Xz =0

1-3 6 1 | =, | 1IIII
1.e. 1 2—3 0 [|x|=|0]
i O b 3-3 || =y | [0
-2 6 1=, | [0
=] 1 -1 O % |=[0
o 0 Ofl=1 [0]

1.8, =2 x1] + Bxo 4+ x5 =[
x1 -x2=0 xi=xz=k(say), k=0
w3 = 2x1 —6x2= 2k - 6k = - 4k
The eigenvector is

EN k [ 1]
X, = :-:EI= k |=Ek| 1

x, | | -4k | -4 |

Bt



Miet

Eigenvector corresponding to Az = 4 is =

[A - Aal] X5 =0

1-4 6 1 |[x] [0
2—4d [] .iH11=ID
0 3-4}x, 0

1

0
-3 6 1]x ¥
=:+l:1 -2 0%, =0
o 0 -1 0

Seo= 3K + bxs #+ %y =0

X1 = 2an =0 =% %1 = 2%

-x3 =0 = 12 =0

Let xz = k then x; = 2k, Thus, the eigenvector is



2k

o

Miet



Example . Find the eigen yglyeq and eigen vectops 0f the matriy A =

Miet

.9 9 -]
2 1 -6
-1 -2 0

UKTU. 2011, 63717, (gt 2010
Sol. The characteristic equation of the giyep

atrix ig
|A~RI|=0
-2-1 2 -3
or 2 1-1 -2
-1 -2 )
or (-2-1)[-1(1-1%12]—2[—21-6]-3[..
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By trial, A = — 3 satisfies it. -
A+3DA4-24-15)=0 = A+3)AL+3)A-5=0 = A=-3,-3,5
Thus, the eigen values of A are - 3, - 3, 5.

Corresponding to A = - 3, the eigen vectors are given by

(A+3DX, =0
f'_ 1 2 E 3-‘ “’l ‘
_“1 : 2 3J -.r'qj

We get only one independent equation x, + 26y~ 3x, = ()
Letxy =k, x, =k, then x, = 3k, - 2k,

The eigen vectors are given by
r-B-kl = Zkz

Xl= k-z =k10+k2 1
AT I B B A

B




Corresponding to A = 5, the eigen vectors are given by (A - 5) X, = O mlgt

-7 2 -3][x] [0

= 2 -4 -6 Xo | = 0
-1 -2 -5 _xa_J O

= —Tx; +2x, - 32, =0
x,—2x,—3x,=0
-x;—26,—-05x,=0

From first two equations,

X1 X2 X3

10-6 3+5 -2-2

1% _% _} (say)
1 9 <=1 °

X, =hky, xo=2ky, x3=-F4

Hence the eigen vectors are given by

K
X,=ky| 2.
=]



Yxample .F ind all the eigen values and eigen vectors of the matrix

2 2 -3
A=| 2 1 -6
=l =2 0]
Solution. Characteristic equation of 4 is
-2-A 2 -3

-1 -2 0-A

2 1—)\. —6 '=0

S (WM -12]-2-2h-6)-3 (4+1-D) =0

-2 -45=0

By tral: If A==}, lhan-27+9+63«45=0, 50 (A+3) 1s one factor of (1),

Miet



The remaining factors are obtained on dividing (1) by A +3, mlat

-3 |1 : 21 45 o
-3 0 45
l -2 15 0
AP=20-15=0 . = (AL-5)(L+3)=0

= A+)A+3)A-5=0 = A=5-3,-3
To find the eigen vectors for corresponding eigen values, we will consider the matrix equation

- - = =

[-2-2 2 -3 x| [0
(A-ADX =0 ie., 2 1-A -6 y|=|0 .. (2)
- -1 -2 0-A j[z]| |0
On putting ), =5 1n eq. (2), it becomes
| -7 2 3x] [o
2 4 -6|y|=|0
-1 -2 5][z] [0

Wehave -T7x+2y-3z=0,
2x—4y—-62=0



X ._ v _z X _ Yy _z
-12-12 —6-42 28-4 ¥ 24 48 24
x=k y=2k z=-k |

- i
Hence, the eigen vector X =2k |=k]| 2
-k -1

Put ) = _3 in eq. (2), it becomes

Wehave x+2y_3z=0,
2x + 4y — 6z = (),

—x -2y +3z=
Here first,

Let,l‘:k

second and third equations are the same.

pY =k, then z = —;—{k, +2k,)

H

En " "
“€, the eigen vector is k5




w k-=0.‘:=3. Hm Xz = 3

Since the matrix is non-symmetric, the correspondin

timearly independent. This can be done by choosing

k]=3. k2=0,and Hence X; =

B &
Hm,xl= 2
—l.j

X2=

- -

3
0

el

Miet

g eigen vectors X, and X, must be

s




HOME WORK Miet

1) Find the eigen values and eigen vectors of the following
matrix

prd —1 1
A =|—1 pra —1
1 —1 =
Ans. Eigen values: 1, 1, 4; eigenvectors: [1 1 0], [-1 0 117, [1 -1 1]

2) Find the eigen values and eigen vectors of the following
matrix

1 1 =3
A= \|1 5 1
=3 1 1

Ans. Eigenvalues: -2, 6, 3; Eigenvectors [-1 011", [1 2 177, [1 -1 1]

=3 10 5
3) Show thatmatrix.d = | —2 —3 — 4| has less than three
3 5 7

limnearly independent vectors. Also find them.

Ans. Eigen values: 2, 2, 3; eigenvectors: [5 2 —5]1", [11 -2]".



Miet
LECTURE-12

Cayley- Hamilton Theorem
and
Its Applications
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Statement

Every square matrix satisfies its own
characteristic equation.



Verify Cayley Hamilton theorem for the matrix

Also find A~1.

Example 1

[ 2

-1 1]
-1 2 -1
1 -1 2

Miet
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Solution

* The characteristic equation of Alis:  |A-AI|=0

2-1 -1 1 3 ,
or or A—=6A"4+94-4=0
-1 2-4 -1|=0

1 -1 2-1

By Cayley Hamilton theorem, we get A’ —6A*+9A-41 =0

(6 -5 5] [ 22 21 21

Here ) and 3
AN=|-5 6 -5 A=|-21 22 -21
5 5 6 21 -21 22 |

A’ —6A°+9A-41 =0

Hence proved



lerification:

2 -1
-1 2
1 -1

(44141

=|-2-2-1
24142

k-d

1 2 -1

-1-1 2 -1

21 1 -1

-2-2-1
1+4+1
-1-2-2

2+14+2Y [ 6 -5
~1-2-2] =
1+1+4

5

:

Bt
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(6 -5 53 2 -1 1)

AE:{fﬁ & -JL—l 2 -ﬂ
5 -5 6441 -1 2
(124545 —6-10+5  &+5+10Y 22 -21 213

:L—ID—G—ﬂ 5+12+5 —5—6—1DJ:L—21 22 —EIJ
l0+5+6 -5-10-6  545+12 21 =41 22

A=-21 22 -21
21 -21 22
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Lo+ 944

fon 21 21y (6 -5 5y (2 -1 1y f1 0 0

:L-zl ) —EIJ—ﬁt—ﬂ 5 -5J+9L-1 2 -1J-4L91 DJ
21 =21 22 5 -5 g 1 -1 2 00 1

(22-%6+18-4 -21430-9-0  21-3049-0 Y {0 O O
“21430-9-0 22-36+18-4  =21+430-9-0 |=|0 0 0]=0
L 21-3049-0 -21+30-9-0  22-36+18-4/) \0 0 0




Inverse of Matrix A,
A4+ 94-41=0
On multiplving by A7 we get
A—BA+9T-441=0  or 4A =42 — 644 9]

f 6 -5 57 {2 -1 1Y {1 0 0)
4}1‘1:L—5 & —5J—5L—1 2 —1J+9LD 1 DJ

5 -5 g 1 -1 2 00 1
(6-12+9 —-54+6+0 5-6+0 ) f 31 -1

=L—5+6+D 6-12+% —5+6+DJ,£1“1= Ll 3 IJ
5-6+0  -5+640 6-12+7% =

o | —
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Example 2

Find the characteristic equation of the matrix
(2 1 1
A=|0 1 0
11 2]

Compute A also find the matrix represented
By:

A° —B5A" +7TA° —3A° + A" —5A° +8A* —2A+1.



Characteristic equation of the matrix A 13

2-A 1

0
1

1

1-4 0

1

2- A

=0

5 (2-A[1-A)2-A)-1{0)+1(0-1+4)=0 = 43 _53247h-3=0

According to Cayley-Hamilton Theorem

£-54474-31=0
We have to verify the equation

A% =

2 1
o1
1 1

1

2
0

1

= O Lk

i

Ith O

(1)

Bt



S _ Mmict
2 11715 4 4] [14 13 13
L=g4=l0 1 0llo 1 ol=|0o 1 0

11 2)[4 43] [1313 14

14 13 13] [5 4 4] [2 1 1] [1 0 0
Losf+74-3T= 0 1 o0l-5/01 ol+7l0 1 ol-3l0 1 0
1313 14| (44 5] (112 (001

0 0 O
=0 0 0|=0
0 0 0]
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Inverse of A —

Pre multiplying (1) by A~

A°—54+71-34"=0

5 4 4
We get, -
A4 =0 1 o0
|4 4 5
and —1 1 2
A Zi(d — 54 + T771).
From (2), 2 —1 —1
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A° —5A" +7A° —3A°+ A" —5A° +8A° —2A+1.

Now,

;ﬂ?@f—ﬁﬂz+1ﬂ—ﬂj+ALf—5ﬂz+1ﬂ—ﬂj+ﬂ3+ﬂ+f

= A RO+ AO+ A+ AT -= A AT
5 4 4] 21 171 0 o
=|0 1 o|+|0 1 O|+|0 1 O
4 4 5| [1 1 2] |0 0 1
(5+24+1  4+1+0 4+1+0 | [8 5 5]
=|04+0+0 14+1+1 O+0+0|={0 3
4+1+0  4+1+0 S5+42+1 | |5 5 8]
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%.’—VMIW @M—wan%'fm, T madli's Az Z ;’2/_
WWWA” ] 0 /
o' )A-A2(=0 ;a/‘f—/f 0 / (2019-20]
- 0 141 2 |=D

| o 1-4

2 - (tr-of YA + (Anthy, +A33)A - 1A =0
=) 43444843 =5

AL;’AXA: U 0 | H 0 ) 16t0+) 04010 Y +o+
0 1) & 4 1 - 0toftl o0+1+0 0414
| _ 0 § [ 0|

L 4t0+)  0+0+D Jto+l
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Home work

1. Verify Cayley Hamilton theorem for the matrix

2 -1 1
A=[-1 2 -1
1 -1 2

2. ComputeA™ also find the matrix represented

By: A®°_6A%>+9A* —2A%+12A% +23A—9l.

Ans: A~ 1=

s |
- 1
=L
L) s
|
=i
I —
|
Y=
o |
LA
| un
LA
| |

Bt



2. Verify Cayley Hamilton theorem for the matrix

A=

3. Verify Cayley Hamilton theorem for the matrix

w N

NN W

o B DN

W

o O1 W

Bt



